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SmallȬangleȱXȬrayȱscatteringȱ(SAXS)ȱisȱaȱbiophysicalȱtechniqueȱthatȱallowsȱoneȱtoȱ
studyȱtheȱstatisticalȱconformationȱofȱaȱbiopolymerȱinȱsolution.ȱTheȱtwoȬdimensionalȱdataȱ
obtainedȱfromȱSAXSȱisȱaȱlowȬresolutionȱprobeȱofȱtheȱstatisticalȱconformationȱȬȱitȱisȱaȱ
populationȱweightedȱorientationalȱaverageȱofȱallȱconformersȱwithinȱaȱconformationalȱ
ensemble.ȱTraditionalȱbiologicalȱSAXSȱexperimentsȱseekȱtoȱdescribeȱanȱ“average”ȱ
structureȱofȱaȱprotein,ȱorȱenumerateȱaȱ“minimalȱensemble”ȱofȱaȱproteinȱatȱtheȱatomicȱ
resolutionȱscale.ȱHowever,ȱforȱhighlyȱflexibleȱproteins,ȱanȱaverageȱstructureȱorȱminimalȱ
ensembleȱmayȱbeȱanȱinsufficientȱrepresentationȱofȱconformationalȱspace,ȱandȱhaveȱmoreȱ
detailsȱthanȱareȱjustifiedȱbyȱtheȱinformationȱcontentȱofȱtheȱdata.ȱThisȱworkȱdescribesȱaȱ
SAXSȱanalysisȱofȱhighlyȱflexibleȱproteinsȱandȱpresentsȱaȱprotocolȱforȱdescribingȱtheȱ
statisticalȱconformationȱbasedȱonȱminimallyȱparameterizedȱpolymerȱphysicsȱmodelsȱandȱ
judiciousȱuseȱofȱensembleȱmodeling.ȱThisȱprotocolȱisȱappliedȱtoȱtheȱstructuralȱ
characterizationȱofȱS.ȱaureusȱproteinȱAȱ(aȱcrucialȱvirulenceȱfactor)ȱandȱFibronectinȱIIIȱ
domainsȱ1Ȭ2ȱ(anȱimportantȱextracellularȱmatrixȱproteinȱinȱmanyȱhigherȱeukaryotes).ȱThisȱ
workȱalsoȱdiscussesȱwhenȱitȱisȱappropriateȱtoȱuseȱaȱminimallyȱparameterizedȱpolymerȱ
physicsȱmodelȱandȱwhenȱusingȱmoreȬparameterizedȱensembleȱmodelsȱisȱjustifiedȱbyȱtheȱ
informationȱcontentȱofȱtheȱSAXSȱdata.ȱ
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1.1 Introduction 
SmallȬangleȱxȬrayȱscatteringȱ(SAXS)ȱisȱaȱfundamentalȱbiophysicalȱmethodȱusedȱinȱ
structuralȱanalysisȱofȱbiologicalȱmacromoleculesȱandȱotherȱbiopolymers.ȱTheȱscatteringȱ
ofȱxȬraysȱatȱsmallȱanglesȱcontainsȱimportantȱinformationȱaboutȱtheȱinȬhomogeneitiesȱinȱ
electronȱdensityȱofȱbiologicalȱmacromoleculesȱwithȱcharacteristicȱlengthȱscalesȱbetweenȱ1ȱ
–ȱ100ȱnmȱ(10ȱ–ȱ1000ȱÅ)ȱ(Roe,ȱ2000).ȱȱGlobalȱstructuralȱparametersȱ(volume,ȱandȱradiusȱofȱ
gyration)ȱofȱbiologicalȱmacromoleculesȱcanȱbeȱdeterminedȱfromȱSAXSȱanalysis.ȱMoreȱ
importantly,ȱSAXSȱisȱsensitiveȱtoȱtheȱinternalȱstructureȱofȱdisordered,ȱpartiallyȱordered,ȱ
andȱhighlyȱflexibleȱsystems.ȱȱThus,ȱitȱisȱanȱidealȱtechniqueȱforȱstudyingȱtheȱshapeȱandȱ
conformationsȱofȱbiologicalȱmacromoleculesȱinȱsolutionȱ(ReceveurȬBrechotȱandȱDurand,ȱ
2012).ȱȱThisȱchapterȱwillȱprovideȱanȱintroductionȱtoȱSAXSȱandȱtheȱfundamentalȱ
principlesȱofȱxȬrayȱscatteringȱwillȱbeȱderivedȱandȱreviewed.ȱInȱChapterȱ2ȱmodernȱ
methodsȱofȱmodelingȱbiologicalȱmacromoleculesȱusingȱinformationȱdeterminedȱfromȱ
SAXSȱexperimentsȱwillȱbeȱreviewed.ȱTheȱlimitationsȱofȱSAXSȱinȱmolecularȱmodelingȱwillȱ
alsoȱbeȱdiscussed,ȱwithȱaȱparticularȱemphasisȱonȱdeterminingȱtheȱinformationȱcontentȱofȱ
SAXSȱdata.ȱȱChaptersȱ3,ȱ4,ȱandȱ5ȱdescribeȱtheȱresultsȱofȱSAXSȱanalysisȱofȱsystemsȱofȱ
highlyȱflexibleȱproteins.ȱFinally,ȱChapterȱ6ȱprovidesȱaȱdiscussionȱofȱtheȱfutureȱofȱSAXSȬ
basedȱstructuralȱmodeling.ȱ
ȱȱ
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1.2 General properties of X-rays 
XȬraysȱareȱelectromagneticȱwavesȱofȱwavelengthsȱfromȱ10Ȭ3ȱtoȱ10ȱnmȱinȱ
wavelengthȱ(10Ȭ2ȱtoȱ102ȱÅ).ȱNormally,ȱtheȱwavelengthsȱusedȱtoȱstudyȱbiologicalȱ
macromoleculesȱbyȱscatteringȱorȱdiffractionȱareȱ0.05ȱ–ȱ0.25ȱnmȱ(0.5ȱ–ȱ2.5ȱÅ)ȱ(Kochȱetȱal.,ȱ
2003).ȱAlthoughȱxȬraysȱareȱelectromagneticȱradiation,ȱwithȱbothȱanȱelectricȱfieldȱandȱaȱ
magneticȱfield,ȱonlyȱtheȱelectricȱfieldȱwillȱbeȱconsideredȱbecauseȱthisȱisȱtheȱcomponentȱofȱ
electromagneticȱradiationȱthatȱgivesȱriseȱtoȱscatteringȱandȱdiffraction.ȱThus,ȱforȱtheȱ
purposeȱofȱthisȱdiscussion,ȱxȬraysȱareȱdefinedȱasȱanȱelectricȱfieldȱoscillatingȱinȱaȱsingleȱ
plane,ȱwhereȱtheȱplaneȱisȱperpendicularȱtoȱtheȱdirectionȱofȱpropagationȱ(Figureȱ1).ȱ
ȱ
Figureȱ1:ȱAȱplanarȱwave.ȱTheȱwaveȬfront,ȱoscillatingȱinȱtheȱplaneȱzy,ȱisȱ
perpendicularȱtoȱtheȱdirectionȱofȱpropagationȱ(x).ȱ
ȱ
ȱȱ
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WhenȱxȬraysȱinteractȱwithȱmatterȱtheȱenergyȱandȱamplitudeȱofȱtheȱxȬrayȱareȱ
dissipatedȱbyȱtheȱejectionȱofȱanȱorbitalȱelectronȱorȱbyȱscattering.ȱThisȱdissipationȱresultsȱ
inȱseveralȱphysicalȱeffectsȱthatȱcanȱbeȱdetectedȱbyȱexperimentalȱmethodsȱ(Roe,ȱ2000):ȱ
1. AbsorptionȱofȱxȬrayȱenergyȱbyȱtheȱmatterȱandȱejectionȱofȱanȱorbitalȱelectronȱ
2. EmissionȱofȱanȱxȬrayȱofȱaȱcharacteristicȱwavelengthȱ(fluorescentȱxȬray)ȱ
3. Heatȱgenerationȱ
4. ScatteringȱofȱtheȱxȬraysȱ
Itȱisȱimportantȱtoȱnoteȱthatȱabsorptionȱandȱfluorescenceȱresultȱinȱaȱchangeȱinȱ
energyȱofȱtheȱemittedȱxȬrayȱ(changeȱinȱwavelength).ȱTheseȱeffectsȱareȱdueȱtoȱtheȱphysicalȱ
realitiesȱofȱtheȱexperimentȱ–ȱscatteringȱisȱnotȱcompletelyȱelastic.ȱHowever,ȱforȱtheȱ
purposesȱofȱthisȱmanuscript,ȱscatteringȱisȱconsideredȱtoȱbeȱelastic.ȱ
1.3 X-ray scattering – definition and description 
XȬrayȱscatteringȱoccursȱwhenȱtheȱincomingȱxȬraysȱcauseȱvibrationsȱofȱtheȱshellȱ
electronsȱinȱtheȱatomsȱtheyȱencounter.ȱThisȱaccelerationȱofȱshellȱelectronsȱresultsȱinȱtheȱ
emissionȱofȱsecondaryȱradiation.ȱSinceȱtheȱaccelerationȱofȱshellȱelectronsȱisȱstimulatedȱbyȱ
theȱoscillatingȱelectricȱfieldȱofȱtheȱincidentȱradiation,ȱtheȱscatteredȱxȬraysȱhaveȱtheȱsameȱ
wavelengthȱasȱtheȱincidentȱradiationȱ(DrenthȱandȱMesters,ȱ2007).ȱInȱotherȱwords,ȱtheȱ
electronsȱoscillateȱatȱtheȱsameȱfrequencyȱasȱthatȱofȱtheȱincidentȱradiation.ȱ
ȱȱ
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BeforeȱdelvingȱfurtherȱintoȱtheȱdescriptionȱofȱxȬrayȱscattering,ȱthereȱareȱ
importantȱassumptionsȱandȱsimplificationsȱaboutȱtheȱscatteringȱofȱxȬraysȱthatȱmustȱbeȱ
statedȱ(Roe,ȱ2000):ȱ
1. TheȱscatteredȱxȬraysȱareȱcoherent.ȱ
2. TheȱscatteredȱxȬraysȱareȱpropagatedȱinȱthreeȬdimensionsȱoverȱtheȱwholeȱofȱ
space.ȱTheȱshapeȱofȱthisȱpropagationȱisȱdependentȱonȱtheȱsizeȱandȱshapeȱofȱ
theȱelectronȱorbitalsȱinȱtheȱinteractingȱmatter.ȱForȱnow,ȱtheȱpropagationȱofȱ
scatteredȱxȬraysȱisȱconsideredȱtoȱbeȱsphericallyȱsymmetric.ȱ
3. ScatteredȱxȬraysȱdoȱnotȱinteractȱwithȱmoreȱthanȱoneȱscatteringȱsite.ȱInȱotherȱ
words,ȱtheȱscatteredȱxȬraysȱinterfereȱwithȱotherȱscatteredȱxȬrays,ȱbutȱtheȱ
observableȱeffectsȱofȱsecondaryȱinteractionsȱbetweenȱscatteredȱxȬraysȱandȱtheȱ
interactingȱmatterȱareȱdisregarded.ȱ
4. TheȱincidentȱxȬraysȱareȱparallel,ȱasȱareȱallȱtheȱxȬraysȱarrivingȱatȱaȱspecificȱ
observationȱpoint,ȱgivenȱaȱlargeȱdistanceȱbetweenȱtheȱinteractingȱmatterȱandȱ
theȱobservationȱpoint.ȱ
1.4 A diagrammatic description of scattering 
WhenȱanȱxȬrayȱbeamȱinteractsȱwithȱaȱsingleȱparticleȱofȱconstantȱelectronȱdensity,ȱ
mostȱofȱtheȱincidentȱphotonsȱwillȱpassȱthroughȱtheȱparticleȱwithoutȱbeingȱscattered.ȱ
However,ȱscatteringȱofȱaȱsmallȱfractionȱofȱphotonsȱwillȱoccurȱinȱthreeȱdimensionsȱ
ȱȱ
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(GlatterȱandȱKratky,ȱ1982).ȱToȱsimplifyȱtheȱrepresentationȱofȱtheȱfollowingȱdiagrams,ȱ
bothȱtheȱincidentȱxȬraysȱandȱtheȱscatteredȱxȬraysȱareȱrepresentedȱinȱtwoȱdimensionsȱasȱ
waveȬfronts.ȱȱDepictedȱbelowȱ(Figureȱ2)ȱisȱaȱdiagramȱofȱtwoȬdimensionalȱxȬrayȱ
scattering.ȱTheȱincidentȱradiationȱisȱdepictedȱasȱaȱseriesȱofȱparallelȱplaneȱwavesȱ(black),ȱ
withȱtheȱpeaksȱofȱtheȱwavesȱrepresentedȱbyȱsolidȱlinesȱandȱtheȱtroughsȱrepresentedȱbyȱ
dashedȱlines.ȱTheȱscatteredȱxȬraysȱemanatingȱfromȱtheȱinteractingȱmatterȱ(blueȱbox)ȱareȱ
representedȱbyȱtheȱcircularȱblueȱlines.ȱ
ȱ
Figureȱ2:ȱTwoȬdimensionalȱdiagramȱofȱscatteringȱfromȱaȱsingleȱobject.ȱBlack:ȱ
theȱincidentȱxȬrays,ȱrepresentedȱasȱaȱparallelȱwaveȬfront.ȱBlue:ȱscatteredȱxȬraysȱasȱaȱ
sphericallyȱsymmetricȱwaveȬfrontȱemanatingȱfromȱtheȱcenterȱofȱtheȱscatteringȱmaterialȱ
(blueȱbox).ȱ
ȱ
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Wavesȱcanȱalsoȱbeȱrepresentedȱasȱvectorsȱ(Figureȱ3).ȱInȱthisȱcaseȱtheȱplanarȱ
incidentȱxȬrayȱ(black),ȱtheȱtransmittedȱxȬrayȱ(black),ȱandȱtheȱscatteredȱxȬrayȱ(blue)ȱareȱ
representedȱbyȱvectors.ȱTheȱdirectionȱofȱtheȱscatteredȱxȬrayȱisȱ2Όȱwithȱrespectȱtoȱtheȱ
incidentȱxȬray.ȱThisȱresultsȱfromȱtheȱdefinitionȱofȱtheȱscatteringȱvectorȱ(red).ȱȱTheȱ
scatteringȱvectorȱisȱdefinedȱasȱtheȱdifferenceȱbetweenȱtheȱincidentȱxȬrayȱandȱtheȱscatteredȱ
xȬrayȱ(GlatterȱandȱKratky,ȱ1982).ȱȱThus,ȱtoȱdetermineȱtheȱmagnitudeȱofȱtheȱscatteringȱ
vector,ȱtheȱangleȱbetweenȱtheȱincidentȱandȱscatteredȱxȬraysȱisȱbisected,ȱsuchȱthatȱtwoȱ
rightȱtrianglesȱareȱformed.ȱThenȱtheȱmagnitudeȱofȱtheȱscatteringȱvectorȱisȱsimplyȱʹ  ߠ.ȱ
Thisȱconventionȱofȱdefiningȱtheȱscatteringȱangleȱasȱ2ΌȱpersistsȱthroughoutȱtheȱxȬrayȱ
scatteringȱliterature.ȱ
ȱ
Figureȱ3:ȱAȱvectorȱdepictionȱofȱscattering.ȱTheȱmagnitudeȱandȱdirectionȱofȱtheȱ
scatteredȱxȬrayȱisȱgivenȱbyȱtheȱscatteringȱvector.ȱ
ȱ
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ItȱisȱusefulȱtoȱemployȱbothȱtheȱwaveȬfrontȱdiagramsȱandȱvectorȱdepictionsȱofȱ
scatteringȱatȱthisȱearlyȱstage.ȱLater,ȱweȱwillȱexclusivelyȱuseȱtheȱvectorȱrepresentationȱinȱ
scatteringȱdiagramsȱforȱitsȱsimplicity.ȱ
1.5 Interference 
Thusȱfar,ȱonlyȱscatteringȱresultingȱfromȱinteractionsȱofȱxȬraysȱwithȱaȱsingleȱpointȱ
hasȱbeenȱconsidered.ȱȱHowever,ȱinȱreality,ȱweȱobserveȱtheȱscatteringȱfromȱelectronsȱinȱ
manyȱatomsȱwithinȱmanyȱmolecules.ȱTheȱexperimentallyȱobservedȱscatteringȱfromȱaȱ
moleculeȱisȱtheȱresultȱofȱtheȱscatteringȱofȱxȬraysȱfromȱindividualȱelectronsȱandȱtheȱ
interferenceȱamongȱtheȱwavesȱscatteredȱbyȱtheseȱprimaryȱeventsȱ(Roe,ȱ2000).ȱȱFigureȱ4ȱ
showsȱtheȱtwoȱdimensionalȱwaveȬfrontȱdiagramsȱofȱscatteringȱfromȱaȱsystemȱofȱtwoȱ
identicalȱatoms.ȱTheȱscatteredȱsphericalȱwaveȬfrontȱfromȱtheȱblueȱatomȱisȱinȱblue,ȱandȱ
fromȱtheȱredȱatomȱisȱinȱred.ȱAgain,ȱsolidȱlinesȱrepresentȱtheȱpeaksȱofȱtheȱwaveȬfrontsȱandȱ
dashedȱlinesȱrepresentȱtheȱtroughs.ȱSinceȱtheȱtwoȱatomsȱareȱidentical,ȱtheyȱwillȱscatterȱ
theȱincidentȱxȬraysȱidentically.ȱInȱaȱsystemȱofȱtwoȱatoms,ȱtheȱscatteredȱwaveȬfrontsȱ
generatedȱbyȱtheȱtwoȱatomsȱoverlapȱ–ȱtheyȱinterfereȱwithȱeachȱother.ȱȱVectorȱBȱshowsȱ
constructiveȱinterference:ȱtheȱpeaksȱofȱtheȱtwoȱscatteredȱwaveȬfrontsȱoverlap.ȱȱTheȱ
amplitudeȱofȱtheȱresultantȱxȬrayȱalongȱBȱwillȱbeȱtwiceȱthatȱfromȱaȱsingleȱwaveȬfrontȱ
(Figureȱ4B).ȱȱLikewise,ȱalongȱvectorȱC,ȱtheȱtwoȱwavesȱdestructivelyȱinterfere:ȱtheȱpeakȱofȱ
ȱȱ
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oneȱwaveȬfrontȱcoincidesȱwithȱtheȱtroughȱofȱtheȱotherȱwaveȬfront.ȱInȱthisȱcase,ȱtheȱ
amplitudeȱofȱtheȱresultantȱxȬrayȱalongȱCȱwillȱbeȱzeroȱ(Figureȱ4C).ȱȱȱ
ȱ
Figureȱ4:ȱScatteringȱfromȱaȱsystemȱofȱtwoȱidenticalȱatoms.ȱA)ȱTwoȱdimensionalȱ
waveȬfrontȱdiagramȱofȱscatteringȱfromȱtwoȱatoms.ȱTheȱtwoȱwaveȬfrontsȱconstructivelyȱ
ȱȱ
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interfereȱalongȱdirectionȱB,ȱandȱdestructivelyȱinterfereȱalongȱdirectionȱC.ȱB)ȱAȱwaveȱ
diagramȱofȱtheȱconstructiveȱinterferenceȱalongȱvectorȱB.ȱȱTheȱtwoȱwavesȱ(blue,ȱred)ȱ
sumȱtoȱgiveȱaȱresultantȱwaveȱ(black)ȱthatȱisȱtwiceȱtheȱamplitudeȱofȱtheȱoriginalȱwaves.ȱ
C)ȱAȱwaveȱdiagramȱofȱdestructiveȱinterferenceȱalongȱvectorȱC.ȱTheȱtwoȱwavesȱ(blue,ȱ
red)ȱsumȱtoȱgiveȱaȱresultantȱwaveȱwithȱzeroȱamplitude.ȱ
ȱ ȱ
Figureȱ4BȱandȱCȱareȱexamplesȱofȱscatteredȱxȬraysȱfromȱtwoȱpointsȱthatȱareȱaddedȱ
together.ȱInȱtheȱcaseȱofȱ4B,ȱtheȱresultingȱwaveȱisȱtwiceȱtheȱamplitudeȱofȱtheȱindividualȱ
waves.ȱȱThisȱisȱbecauseȱtheȱcrestȱandȱtroughȱofȱeachȱwaveȱcoincide.ȱTheȱoppositeȱisȱtrueȱ
inȱtheȱcaseȱofȱ4C,ȱtheȱcrestȱofȱeachȱwaveȱcorrespondsȱtoȱtheȱtroughȱofȱtheȱotherȱwave.ȱInȱ
4C,ȱtheȱredȱwaveȱlagsȱbehindȱtheȱblueȱwaveȱbyȱ½ȱaȱwavelength.ȱInȱangularȱterms,ȱitȱlagsȱ
behindȱtheȱblueȱwaveȱbyȱΔȱradians.ȱȱInȱotherȱwords,ȱthereȱisȱaȱphaseȱdifferenceȱbetweenȱ
theȱtwoȱwavesȱ(DrenthȱandȱMesters,ȱ2007).ȱThisȱphaseȱdifferenceȱhasȱbeenȱexpressedȱinȱ
termsȱofȱtheȱangularȱdifferenceȱbetweenȱtheȱassociatedȱcircularȱmotionsȱ(inȱunitsȱofȱ
ʹߨ ߣൗ ሻȱ(Roe,ȱ2000).ȱVectorȱCȱisȱnotȱunique;ȱtheȱscatteredȱwavesȱinȱallȱdirectionsȱinterfereȱ
withȱeachȱotherȱtoȱgiveȱaȱresultantȱwaveȱthatȱisȱtheȱsumȱofȱtheȱamplitudesȱandȱphasesȱofȱ
theȱcomponentȱwaves.ȱItȱisȱtheȱdifferenceȱinȱphasesȱandȱamplitudesȱinȱallȱtheȱscatteredȱ
XȬraysȱthatȱallowsȱshapeȱspecificȱinformationȱtoȱbeȱobtainedȱfromȱscatteringȱandȱ
diffractionȱdata.ȱ
ȱȱ
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1.6 Mathematical description of scattering 
Untilȱnow,ȱscatteringȱhasȱbeenȱdiscussedȱsemiȬgraphicallyȱandȱqualitatively.ȱThisȱ
method,ȱwhileȱitȱsetsȱtheȱbasisȱforȱanȱintuitiveȱunderstandingȱofȱscattering,ȱhasȱseriousȱ
limitationsȱwhenȱappliedȱtoȱtheȱactualȱproblemȱofȱdataȱanalysis.ȱTheȱfollowingȱ
mathematicalȱtreatmentȱofȱscatteringȱfromȱmanyȱatomsȱwillȱreinforceȱtheȱintuitiveȱ
understandingȱofȱscatteringȱdevelopedȱinȱpreviousȱsectionsȱandȱwillȱpermitȱaȱdeeperȱ
understandingȱofȱtheȱrelationshipsȱbetweenȱtheȱvariablesȱinvolvedȱinȱscattering.ȱFirstȱweȱ
willȱdiscussȱhowȱtheȱamplitudeȱandȱphaseȱdifferencesȱofȱscatteredȱwavesȱareȱcalculatedȱ
andȱthenȱendȱwithȱaȱdiscussionȱofȱtheȱscatteringȱformȱfactor.ȱ
&DOFXODWLRQRIDPSOLWXGHDQGSKDVHGLIIHUHQFHVRIVFDWWHUHG
ZDYHV
TheȱamplitudeȱofȱaȱwaveȱofȱfrequencyȱfȱandȱwavelengthȱΏȱtravelingȱinȱtheȱxȱ
directionȱcanȱbeȱexpressedȱasȱ
ܣሺݐǡ ݔሻ ൌ ȁܣ଴ȁ݁௜ଶగሺ௙௧ି
ೣ
ಓሻȱ ȱ ȱ ȱ ȱ 1.1ȱ
ȁܣ଴ȁȱisȱtheȱabsoluteȱvalueȱofȱA(t,x).ȱTheȱtermȱଶగ௫஛ ȱgivesȱtheȱchangeȱinȱphaseȱofȱaȱwaveȱasȱitȱ
travelsȱaȱdistanceȱxȱtoȱanȱobservationȱpoint.ȱThisȱgeneralȱdefinitionȱofȱaȱwaveȱcanȱbeȱ
adaptedȱtoȱdescribeȱtheȱscatteringȱofȱanȱxȬrayȱinȱrelationȱtoȱtheȱincidentȱxȬray.ȱSinceȱxȬrayȱ
scatteringȱisȱelasticȱandȱconsideredȱtoȱbeȱinstantaneous,ȱfȱandȱtȱmayȱbeȱdisregardedȱ(Roe,ȱ
2000).ȱTheȱamplitudeȱofȱaȱscatteredȱwaveȱcanȱbeȱexpressedȱasȱ
ܣሺݔሻ ൌ ȁܣ଴ȁܾ݁ି௜
మഏೣ
ഊ ȱ ȱ ȱ ȱ ȱ ȱ 1.2ȱ
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Inȱthisȱcase,ȱȁܣ଴ȁȱisȱtheȱabsoluteȱvalueȱofȱtheȱincidentȱxȬray,ȱandȱbȱisȱtheȱscatteringȱ
efficiency.ȱTheȱmagnitudeȱofȱbȱdependsȱonȱtheȱcompositionȱofȱtheȱparticle.ȱForȱexample,ȱ
anȱatomȱwithȱaȱlargerȱnumberȱofȱelectronsȱwillȱhaveȱaȱscatteringȱefficiencyȱthatȱisȱlargerȱ
thanȱanȱatomȱwithȱaȱsmallerȱnumberȱofȱelectronsȱ(Roe,ȱ2000).ȱForȱnow,ȱitȱisȱassumedȱthatȱ
theȱscatteringȱparticlesȱhaveȱanȱidenticalȱscatteringȱefficiency.ȱWhenȱtwoȱscatteringȱsitesȱ
areȱpresent,ȱtheȱscatteredȱxȬraysȱinterfere,ȱandȱtheȱamplitudeȱofȱtheȱresultantȱxȬrayȱinȱtheȱ
xȱdirectionȱwillȱbeȱtheȱsumȱofȱtheȱtwoȱscatteredȱxȬrays:ȱ
ܣ்ሺݔଵଶሻ ൌ ܣሺݔଵሻ ൅ ܣሺݔଶሻȱ ȱ ȱ ȱ ȱ ȱȱ…ȱ
ܣ்ሺݔଵଶሻ ൌ ȁܣ଴ȁܾ݁ି௜
మഏೣభ
ഊ ൅ ȁܣ଴ȁܾ݁ି௜
మഏೣమ
ഊ ȱ ȱ ȱȱ 1.3ȱ
SinceȱtheȱincidentȱxȬrayȱandȱtheȱscatteringȱefficiencyȱofȱtheȱtwoȱscatteringȱsitesȱareȱ
identical,ȱtheȱonlyȱdifferenceȱbetweenȱtheȱtwoȱxȬraysȱisȱtheȱpathȱlength,ȱx1ȱandȱx2.ȱȱTheȱ
incidentȱandȱscatteredȱxȬrayȱtravelsȱaȱdistanceȱthatȱisȱdependentȱonȱtheȱpositionȱofȱtheȱ
scatteringȱsitesȱrelativeȱtoȱeachȱother.ȱThisȱdifferenceȱinȱpathȱlength,ȱ̇x,ȱisȱwhatȱresultsȱ
inȱaȱphaseȱdifferenceȱbetweenȱtheȱtwoȱscatteredȱxȬrays,ଶగ௱௫ఒ .ȱDeterminingȱtheȱpathȱ
lengthȱdifferenceȱ(andȱphaseȱdifference)ȱliesȱatȱtheȱheartȱofȱinterpretingȱscatteringȱdataȱ
fromȱcomplexȱmacromolecules.ȱ
ȱȱ
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ȱ
Figureȱ5:ȱAȱthreeȬdimensionalȱvectorȱdiagramȱforȱscatteringȱfromȱtwoȱsites.ȱ
ȱ
Aȱvectorȱdiagramȱwillȱbeȱusedȱtoȱderiveȱanȱexpressionȱforȱtheȱpathȱlengthȱ
differenceȱandȱphaseȱdifferenceȱbetweenȱtwoȱscatteringȱsitesȱ(Richardson,ȱ2014ȱ–ȱ
personalȱcommunication).ȱFigureȱ5ȱshowsȱtheȱscatteringȱbetweenȱtwoȱpoints,ȱAȱandȱB,ȱaȱ
distanceȱrȱapart.ȱAȱisȱarbitrarilyȱlocatedȱatȱtheȱorigin.ȱȱTheȱincidentȱxȬray,ȱtravelingȱinȱtheȱ
directionȱspecifiedȱbyȱunitȱvectorȱs0ȱ(black),ȱisȱscatteredȱbyȱpointsȱAȱandȱBȱ(greenȱcircles)ȱ
ȱȱ
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inȱtheȱdirectionȱspecifiedȱbyȱunitȱvectorȱsȱ(blue).ȱVectorsȱs0,ȱs,ȱandȱSȱdefineȱaȱplane.ȱTheȱ
pathȱlengthȱdifference,ȱ߂ݔ,ȱisȱgivenȱbyȱ
߂ݔ ൌ ݀ଶ െ ݀ଵȱ ȱ ȱ ȱ ȱ ȱ ȱ 1.4ȱ
݀ଵȱisȱtheȱprojectionȱofȱrȱonȱs0,ȱandȱ݀ଶisȱtheȱprojectionȱofȱrȱonȱs.ȱSo,ȱ
݀ଵ ൌ ࢘ ή ࢙૙ȱ ȱ ȱ ȱ ȱ ȱ ȱ 1.5ȱ
݀ଶ ൌ ࢘ ή ࢙ȱ ȱ ȱ ȱ ȱ ȱ ȱ 1.6ȱ
߂ݔ ൌ ࢘ ή ࢙ െ ࢘ ή ࢙૙ȱ ȱ ȱ ȱ ȱ ȱ ….ȱȱȱ
߂ݔ ൌ ࢘ ή ሺ࢙ െ࢙૙ሻȱ ȱ ȱ ȱ ȱ ȱ 1.7ȱ
Recallȱthatȱtheȱscatteringȱvector,ȱS,ȱisȱdefinedȱasȱ(fromȱsectionȱ1.4)ȱ
ࡿ ൌ ࢙ െ ࢙૙ȱȱ ȱ ȱ ȱ ȱ ȱ ȱ ȱȱȱȱȱ.ȱ
Ifȱthisȱisȱsubstitutedȱintoȱequationȱ1.7,ȱtheȱpathȱlengthȱdifferenceȱbetweenȱtheȱtwoȱ
scatteringȱsitesȱbecomesȱ
߂ݔ ൌ ࢘ ή ࡿȱ ȱ ȱ ȱ ȱ ȱ ȱ 1.8ȱ
TheȱamplitudeȱofȱtheȱresultantȱxȬrayȱinȱdirectionȱxȱisȱthereforeȱgivenȱbyȱ
ܣሺࡿሻ ൌ  ȁ࡭૙ȁܾ݁ି
೔మഏ࢘ήࡿ
ഊ ȱ ȱ ȱ ȱ ȱ ȱ 1.9ȱ
bȱisȱtheȱscatteringȱefficiencyȱofȱtheȱscatteringȱsite.ȱSoȱfar,ȱSȱhasȱbeenȱdefinedȱasȱtheȱ
absoluteȱpathȱlengthȱdifferenceȱbetweenȱpointsȱAȱandȱB.ȱThisȱisȱbecauseȱsȱandȱs0ȱareȱunitȱ
vectors.ȱToȱdescribeȱtheȱrelativeȱpathȱlengthȱdifferenceȱbetweenȱpointsȱAȱandȱB,ȱͳ ߣൗ ȱisȱ
appliedȱtoȱtheȱunitȱvectors.ȱȱTheȱrelativeȱphaseȱdifferenceȱbetweenȱtheȱtwoȱscatteringȱ
ȱȱ
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sitesȱhasȱbeenȱdefinedȱaboveȱasȱଶగ௱௫ఒ .ȱApplyingȱ
ͳ ߣൗ toȱtheȱunitȱvectorsȱandȱsubstitutingȱ
equationȱ1.8ȱinȱforȱ߂ݔ,ȱ(Roe,ȱ2000)ȱ
ଶగ௱௫
ఒ ൌ ʹߨ࢘ ή ࡿȱ ȱ ȱ ȱ ȱ ȱ ȱ 1.10ȱ
Equationȱ1.10ȱrelatesȱtheȱpathȱdifferenceȱtoȱtheȱprojectionȱofȱrȱontoȱtheȱscatteringȱvectorȱ
S.ȱNowȱaȱnewȱscatteringȱvector,ȱq,ȱisȱdefined.ȱȱItȱconvertsȱtheȱrelativeȱpathȱlengthȱ
differenceȱtoȱtheȱrelativeȱphaseȱdifference:ȱ

ࢗ ൌ ʹߨࡿȱ ȱ ȱ ȱ ȱ ȱ ȱ 1.11ȱ
equationȱ1.10ȱbecomesȱ
ଶగ௱௫
ఒ ൌ ࢘ ή ࢗȱ ȱ ȱ ȱ ȱ ȱ ȱ 1.12ȱ
andȱequationȱ1.9ȱbecomesȱ
ܣሺࢗሻ ൌ  ȁ࡭૙ȁܾ݁ି௜࢘ήࢗȱ ȱ ȱ ȱ ȱ ȱ 1.13ȱ
Recallȱfromȱsectionȱ1.4ȱthatȱtheȱmagnitudeȱofȱscatteringȱvectorȱSȱisȱ2sinΌ.ȱTherefore,ȱtheȱ
magnitudeȱofȱqȱisȱ(GuinierȱandȱFournet,ȱ1955):ȱ
ȁࢗȁ ൌ ଶగ ଶୱ୧୬ఏఒ ȱ ȱ ȱ ȱ ȱ ȱ ȱȱȱȱȱȱȱ……….ȱ
ȁࢗȁ ൌ ସగ ୱ୧୬ఏఒ ȱ ȱ ȱ ȱ ȱ ȱ ȱ 1.14ȱ
Equationȱ1.14ȱdefinesȱqȱinȱreferenceȱtoȱtheȱscatteringȱangle,ȱ2Ό.ȱȱ
Aȱgeneralȱexpressionȱforȱtheȱsummationȱofȱtheȱphaseȱdifferenceȱbetweenȱtwoȱ
scatteringȱsitesȱatȱaȱparticularȱscatteringȱangle,ȱrepresentedȱbyȱq,ȱhasȱbeenȱderivedȱ
ȱȱ
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(equationȱ1.13).ȱThisȱequationȱcanȱbeȱextendedȱtoȱȱaȱlargeȱnumberȱofȱscatteringȱsites,ȱN,ȱ
andȱtheirȱphaseȱdifferenceȱrelativeȱtoȱanȱarbitraryȱoriginȱbyȱ
ܣሺࢗሻ ൌ  ȁ࡭૙ȁܾ σ ݁ି௜࢘೔ήࢗே௜ୀଵ ȱ ȱ ȱ ȱ ȱ 1.15ȱ
forȱallȱiȱscatteringȱsitesȱinȱtheȱparticleȱ(Roe,ȱ2000).ȱAgain,ȱbȱisȱtheȱscatteringȱefficiencyȱofȱ
eachȱscatteringȱsite,ȱassumingȱallȱscatteringȱsitesȱareȱidentical.ȱ
Soȱfar,ȱtheȱscatteringȱsitesȱhaveȱbeenȱtreatedȱasȱdimensionlessȱpoints.ȱHowever,ȱ
inȱreality,ȱwhetherȱweȱareȱconsideringȱatoms,ȱorȱlater,ȱhomogenousȱshapes,ȱeachȱ
scatteringȱsiteȱhasȱaȱdefinitiveȱmassȱandȱelectronȱdensity.ȱInȱfollowingȱsectionsȱthisȱ
componentȱofȱmassȱandȱelectronȱdensityȱwillȱbeȱaddedȱtoȱtheȱamplitudeȱequation.ȱȱ
7KHUHODWLRQVKLSEHWZHHQUHDODQGUHFLSURFDOVSDFH
Anȱequationȱdefiningȱtheȱamplitudeȱofȱaȱcollectionȱofȱdimensionlessȱpointsȱhasȱ
beenȱderived.ȱHowever,ȱtheȱscatteringȱvolumeȱofȱanȱobjectȱmustȱalsoȱbeȱconsidered.ȱInȱ
equationȱ1.14ȱtheȱcombinedȱamplitudeȱofȱallȱpointȱscatterersȱrelativeȱtoȱanȱarbitraryȱ
originȱisȱderived.ȱSinceȱinteractionsȱofȱxȬraysȱwithȱelectronsȱisȱwhatȱgivesȱriseȱtoȱ
scattering,ȱnowȱweȱwillȱdiscussȱscatteringȱinȱtermsȱofȱtheȱnumberȱofȱelectronsȱwithinȱaȱ
particularȱvolumeȱ–ȱtheȱelectronȱdensityȱ(GuinierȱandȱFournet,ȱ1955).ȱIfȱitȱisȱassumedȱ
thatȱtheȱnumberȱofȱscatteringȱpointsȱisȱlargeȱandȱtheyȱareȱcontinuouslyȱdispersedȱwithinȱ
aȱparticularȱvolume,ȱtheȱsumȱinȱequationȱ1.15ȱmayȱbeȱreplacedȱwithȱanȱintegralȱȱ
ܣሺࢗሻ ൌ ܣ଴ ׬ ߩሺ࢘ሻ݁ି௜ࢗή࢘௏ ݀ݎȱȱ ȱ ȱ ȱ ȱ 1.16ȱ
ȱȱ
16
Whereȱߩሺ࢘ሻrepresentsȱaȱnumberȱofȱelectronsȱwithinȱaȱvolumeȱelement:ȱ݀ݎ ൌ ݀ݔ݀ݕ݀ݖ.ȱ
Theȱunitsȱofȱߩሺ࢘ሻȱareȱthereforeȱÅȬ3,ȱwhileȱdrȱhasȱunitsȱofȱÅ3.ȱThisȱisȱalsoȱcalledȱtheȱ
scatteringȱlengthȱdensityȱdistributionȱ(Roe,ȱ2000).ȱVȱinȱtheȱintegrationȱdenotesȱthatȱtheȱ
integralȱisȱtoȱbeȱperformedȱoverȱaȱfiniteȱvolumeȱȬȱtheȱscatteringȱvolume.ȱIfȱweȱassumeȱ
thatȱtheȱparticleȱisȱmadeȱupȱofȱuniformlyȱdistributedȱelectrons,ȱtheȱamplitudeȱcanȱbeȱ
generallyȱwrittenȱasȱ
ܣሺࢗሻ ൌ ׬ ߩሺ࢘ሻ݁ି௜ࢗή࢘௏ ݀ݎȱȱ ȱ ȱ ȱ ȱ 1.17ȱ
whereȱܣሺࢗሻȱisȱnowȱunderstoodȱtoȱbeȱtheȱnormalizedȱscatteringȱamplitudeȱȱȬȱtheȱratioȱofȱ
ܣሺࢗሻ
ܣ଴൘ .ȱȱInȱtheȱaboveȱequationȱ(equationȱ1.17)ȱA(q)ȱisȱproportionalȱtoȱtheȱthreeȬ
dimensionalȱFourierȱtransformȱofȱߩሺ࢘ሻͳǤȱȱThus,ȱaȱFourierȱtransformȱofȱtheȱvolumeȱofȱaȱ
scatteringȱobjectȱwillȱyieldȱtheȱamplitudeȱofȱtheȱscatteringȱasȱaȱfunctionȱofȱq:ȱ
ߩሺ࢘ሻ ൌ ׬ ܣሺࢗሻஶ଴ ݁ି௜ࢗή࢘݀ݍȱ ȱ ȱ ȱ ȱ 1.18ȱ
OneȱimportantȱcaveatȱinȱthisȱequationȱisȱthatȱtheȱFourierȱtransformȱisȱonlyȱtakenȱoverȱaȱ
finiteȱscatteringȱangle,ȱqȱ(sinceȱexperimentallyȱqȱisȱfinite),ȱsoȱinȱrealityȱequationȱ1.18ȱisȱ
onlyȱanȱapproximationȱofȱߩሺ࢘ሻȱthatȱisȱdependentȱonȱtheȱresolutionȱofȱtheȱexperimentȱ
(Svergun,ȱ1992).ȱ ȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
1ȱForȱanȱexcellentȱexplanationȱofȱFourierȱtransformsȱasȱappliedȱtoȱscatteringȱpleaseȱseeȱAppendixȱBȱofȱ
“MethodsȱofȱxȬrayȱandȱneutronȱscatteringȱinȱpolymerȱscience”ȱ(Roe,ȱ2000),ȱOxfordȱUniversityȱPress.ȱ
ȱȱ
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Equationȱ1.18ȱallowsȱusȱtoȱdefineȱtheȱrelationshipȱbetweenȱrealȱandȱreciprocalȱ
spaceȱinȱxȬrayȱscattering.ȱItȱhasȱalreadyȱbeenȱdemonstratedȱthatȱtheȱmagnitudeȱofȱ
scatteringȱvector,ȁࢗȁ,ȱhasȱunitsȱofȱÅȬ1ȱwhileȱȁ࢘ȁȱhasȱunitsȱofȱÅ.ȱThus,ȱtheseȱtwoȱvectorsȱareȱ
reciprocallyȱrelated:ȱrȱisȱcalledȱtheȱrealȬspaceȱvector,ȱwhileȱqȱisȱtheȱreciprocalȬspaceȱ
vector.ȱInȱotherȱwords,ȱforȱaȱcomplexȱparticleȱwithȱaȱvolumeȱspecifiedȱbyȱߩሺ࢘ሻ,ȱwhichȱisȱ
theȱsetȱofȱallȱvectorsȱrȱwithinȱtheȱparticleȱvolumeȱV,ȱthereȱwillȱexistȱaȱsetȱofȱvectorsȱqȱinȱ
reciprocalȱspaceȱthatȱfullyȱaccountsȱforȱallȱelementsȱinȱr.ȱOneȱelementȱinȱvectorȱrȱinȱrealȬ
spaceȱwillȱmapȱtoȱoneȱelementȱofȱvectorȱqȱinȱreciprocalȱspace.ȱȱSo,ȱxȬrayȱscatteringȱandȱxȬ
rayȱdiffractionȱanalysisȱcanȱbeȱdescribedȱasȱaȱmethodȱtoȱdetermineȱtheȱpatternȱofȱ
scatteringȱsitesȱinȱrealȱspaceȱthatȱcorrespondsȱtoȱtheȱdirectionȱandȱamplitudesȱofȱtheȱ
scatteredȱxȬraysȱobservedȱinȱtheȱreciprocalȱspaceȱexperiment.ȱ
ȱ Itȱisȱclearȱthatȱsinceȱߩሺ࢘ሻandȱA(q)ȱareȱrelatedȱbyȱaȱFourierȱtransform,ȱtheyȱareȱ
interchangeableȱequivalentȱexpressionsȱ(Figureȱ6)ȱ(GlatterȱandȱKratky,ȱ1982).ȱ
ȱ
Figureȱ6:ȱRelationshipȱbetweenȱrealȬspaceȱandȱreciprocalȬspaceȱ
ȱ
ȱȱ
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7KHLQWHQVLW\FDOFXODWLRQ
Soȱfar,ȱtheȱamplitudeȱofȱaȱparticleȱwithȱaȱspecificȱvolumeȱhasȱbeenȱdetermined.ȱ
However,ȱbecauseȱofȱtheȱnatureȱofȱxȬrays,ȱtheȱamplitudeȱofȱtheȱscatteredȱwavesȱcannotȱ
beȱexperimentallyȱobserved.ȱInstead,ȱwhatȱisȱobservedȱduringȱtheȱscatteringȱexperimentȱ
isȱtheȱintensityȱofȱtheȱscatteredȱwaves.ȱTheȱintensityȱofȱtheȱscatteredȱxȬrayȱasȱaȱfunctionȱofȱ
scatteringȱangleȱisȱdefinedȱasȱ(GlatterȱandȱKratky,ȱ1982)ȱ
ܫሺݍሻ ൌ ܣሺࢗሻ ή ܣכሺࢗሻȱȱ ȱ ȱ ȱ ȱ ȱ 1.19ȱ
ܫሺݍሻ ൌ ൣ׬ ߩሺ࢘ሻ݁ି௜ࢗή࢘௏ ݀ݎ൧ൣ׬ ߩሺ࢘ሻ݁௜ࢗή࢘

௏ ݀ݎ൧ȱȱ ȱ ȱ 1.20ȱ
TheȱintensityȱisȱtheȱabsoluteȱsquareȱofȱtheȱFourierȱtransformȱofȱtheȱscatteringȱ
volumeȱdensity.ȱȱTherefore,ȱthereȱisȱnoȱwayȱtoȱdirectlyȱconvertȱI(q)ȱdirectlyȱtoȱ
ߩሺ࢘ሻ(Figureȱ7).ȱWhenȱܣሺࢗሻȱisȱmultipliedȱbyȱitsȱcomplexȱconjugateȱtoȱyieldȱI(q)ȱsomeȱofȱ
theȱinformationȱcontainedȱinȱߩሺ࢘ሻȱisȱlost.ȱThisȱisȱbecauseȱtheȱscatteringȱamplitudeȱisȱaȱ
complexȱquantity;ȱwhenȱitȱisȱconvertedȱtoȱintensity,ȱinformationȱaboutȱtheȱphaseȱangleȱ
betweenȱeachȱscatteringȱsiteȱandȱtheȱoriginȱisȱcompletelyȱlost.ȱItȱisȱnecessaryȱtoȱhaveȱaȱ
startingȱmodelȱforȱtheȱscatteringȱlengthȱdensityȱdistributionȱ(Roe,ȱ2000).ȱȱMostȱmodernȱ
methodsȱofȱscatteringȱdataȱinterpretationȱrelyȱonȱaȱgoodȱstartingȱmodel(s),ȱcompareȱtheȱ
scatteringȱdataȱtoȱthisȱmodel,ȱthenȱoptimizeȱtheȱfitȱofȱtheȱmodelȱtoȱtheȱdata.ȱTheseȱ
methodsȱwillȱbeȱreviewedȱinȱdetailȱinȱChapterȱ2.ȱȱ
ȱȱ
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ȱ
Figureȱ7:ȱRelationshipȱbetweenȱ࣋ሺ࢘ሻ,ȱA(q)ȱandȱI(q)ȱ
ȱ
2ULHQWDWLRQDODYHUDJLQJLQVPDOODQJOHVFDWWHULQJ
Soȱfar,ȱtheȱscatteringȱfromȱaȱsingleȱorientedȱparticleȱhasȱbeenȱconsidered.ȱ
Additionally,ȱallȱtheȱconceptsȱpresentedȱaboveȱareȱcommonȱtoȱxȬrayȱscatteringȱandȱxȬrayȱ
diffraction.ȱNow,ȱtheȱdiscussionȱnarrowsȱtoȱfocusȱsolelyȱonȱxȬrayȱscatteringȱofȱparticlesȱ
inȱsolution.ȱȱ
Equationȱ1.17ȱisȱaȱgeneralȱequationȱthatȱdefinesȱtheȱscatteringȱamplitudeȱasȱaȱ
functionȱofȱtheȱscatteringȱlengthȱdensityȱdistribution.ȱTheȱproblemȱwithȱthisȱequationȱisȱ
thatȱtheȱorientationȱofȱvectorȱrȱhasȱtoȱbeȱspecifiedȱwithȱrespectȱtoȱqȱ(Figureȱ5).ȱHowever,ȱ
ȱȱ
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theȱorientationȱofȱmoleculesȱinȱsolutionȱisȱnotȱfixed.ȱMoleculesȱareȱableȱtoȱfreelyȱrotate.ȱ
TheȱexperimentallyȱobservedȱintensityȱisȱaȱsuperȬpositionȱofȱallȱpossibleȱorientationsȱofȱ
theȱmoleculeȱ(Putnamȱetȱal.,ȱ2007).ȱThereȱisȱanȱimportantȱassumptionȱinȱinterpretationȱofȱ
xȬrayȱscatteringȱdata:ȱtheȱsolutionȱmustȱbeȱisotropic.ȱTherefore,ȱrȱisȱintegratedȱinȱthreeȱ
dimensions.ȱAnȱexpressionȱforȱtheȱorientationallyȱaveragedȱscatteringȱamplitudeȱisȱ
derivedȱbelow.ȱIfȱrȱisȱexpressedȱinȱsphericalȱpolarȱcoordinatesȱinȱtermsȱofȱr,ȱ̋,ȱandȱ̘,ȱ
andȱ(Roe,ȱ2000)ȱ
݀ݎ ൌ ݎଶ ȣ ݀ݎ݀߆݀ߔȱȱ ȱ ȱ ȱ ȱ 1.212ȱ
then,ȱ
ܣሺࢗሻ ൌ ׬ ׬ ׬ ߩሺ࢘ሻஶ௥ୀ଴
గ
௵ୀ଴
ଶగ
ఃୀ଴ ݁ି௜ࢗή࢘ݎଶ ߆ ݀ݎ݀߆݀ߔȱȱ ȱ 1.22ȱ
Sinceȱߩሺ࢘ሻȱisȱtheȱrealȬspaceȱscatteringȱlengthȱdensityȱdistribution,ȱA(q)ȱisȱaȱrealȱfunctionȱ
ofȱlengthȱq.ȱIfȱweȱchooseȱtheȱpolarȱaxisȱtoȱcoincideȱwithȱtheȱdirectionȱofȱq,ȱ
ࢗ ή ࢘ ൌ ݍݎ  ȣȱȱ ȱ ȱ ȱ ȱ ȱ 1.23ȱ
Equationȱ1.23ȱchangesȱࢗ ή ࢘ȱtoȱaȱscalarȱquantity.ȱȱIfȱweȱassumeȱthatȱtheȱisotropicȱ
averagingȱofȱtheȱparticleȱisȱcentrosymmetric,ȱߩሺݎሻ ൌ ۃߩሺ࢘ሻۄ,ȱthenȱtheȱaverageȱamplitude,ȱ
A(q)ȱ=ȱۃܣሺࢗሻۄȱalsoȱbecomesȱaȱscalarȱquantityȱ(GuinierȱandȱFournet,ȱ1955):ȱ
ۃܣሺࢗሻۄ ൌ ܾ௘ ׬ ׬ ׬ ۃߩሺ࢘ሻۄஶ௥ୀ଴
గ
௵ୀ଴
ଶగ
ఃୀ଴ ݁ି௜௤௥ୡ୭ୱఏݎଶ ߆ ݀ݎ݀߆݀ߔȱȱȱȱȱȱȱȱȱ.ȱ
ܣሺݍሻ ൌ ܾ௘ ׬ ׬ ׬ ߩሺݎሻஶ௥ୀ଴
గ
௵ୀ଴
ଶగ
ఃୀ଴ ݁ି௜௤௥ୡ୭ୱఏݎଶ ߆ ݀ݎ݀߆݀ߔȱ 1.24ȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
2ȱReferȱtoȱAppendixȱAȱforȱthisȱderivation.ȱ
ȱȱ
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IfȱaȱuȬsubstitutionȱisȱdoneȱsuchȱthatȱuȱ=ȱcosȱ̋,ȱequationȱ1.22ȱbecomesȱ
ܣሺݍሻ ൌ ܾ௘ ׬ ׬ ׬ ߩሺݎሻஶ௥ୀ଴
ଵ
௨ୀିଵ
ଶగ
ఃୀ଴ ݁ି௜௤௥௨ݎଶ ߆ ݀ݎ݀ݑ݀ߔȱȱ 1.25ȱ
ܣሺݍሻ ൌ ʹߨܾ௘ ׬ ߩሺݎሻݎଶ ௘
೔೜ೝି௘ష೔೜ೝ
௜௤௥ ݀ݎ
ஶ
௥ୀ଴ ȱȱ ȱ ȱ ȱ 1.26ȱ
Recallȱthatȱ
 ݔ ൌ ௘೔ೣି௘ష೔ೣଶ௜ ȱȱ ȱ ȱ ȱ ȱ ȱ 1.27ȱ
Substitutingȱthisȱexpressionȱintoȱtheȱequation,ȱ
ܣሺݍሻ ൌ Ͷߨܾ௘ ׬ ߩሺݎሻݎଶ ୱ୧୬ ௤௥௤௥ ݀ݎ
ஶ
௥ୀ଴ ȱȱ ȱ ȱ ȱ 1.283ȱ
TheȱaverageȱamplitudeȱofȱtheȱscatteredȱxȬraysȱasȱaȱfunctionȱofȱscatteringȱangleȱisȱ
determinedȱbyȱtheȱdistributionȱofȱscatteringȱcentersȱasȱaȱfunctionȱofȱtheirȱdistanceȱfromȱ
theȱcenterȱofȱtheȱparticle.ȱItȱisȱthisȱorientationalȱaveragingȱthatȱmakesȱscatteringȱdistinctȱ
fromȱcrystallography.ȱȱ
6FDWWHULQJIURPSRO\DWRPLFPROHFXOHV
Scatteringȱfromȱaȱcollectionȱofȱdimensionlessȱpointsȱandȱscatteringȱfromȱanȱobjectȱ
withȱuniformȱelectronȱdensityȱhaveȱbeenȱdiscussed.ȱNow,ȱtheȱequationȱforȱtheȱscatteringȱ
amplitudeȱandȱintensityȱofȱaȱcollectionȱofȱatomsȱisȱconsidered.ȱȱRecallȱfromȱequationȱ1.15ȱ
thatȱtheȱscatteringȱfromȱaȱnumberȱofȱidenticalȱdimensionlessȱpointsȱcanȱbeȱexpressedȱby:ȱ
ܣሺࢗሻ ൌ  ȁ࡭૙ȁܾ σ ݁ି௜࢘೔ήࢗே௜ୀଵ ȱȱ ȱ ȱ ȱ ȱ ȱ.ȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
3ȱUnitȱanalysisȱofȱequationȱ1.28:ȱߩሺݎሻȱisȱinȱunitsȱofȱÅȬ3.ȱBecauseȱweȱareȱinȱtheȱsphericalȱpolarȱcoordinateȱ
system,ȱrȱhasȱunitsȱofȱÅ,ȱandȱdrȱhasȱunitsȱofȱÅ.ȱThus,ȱA(q)ȱisȱdimensionless.ȱ
ȱȱ
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And,ȱtheȱscatteringȱfromȱaȱuniformlyȱdenseȱobjectȱexpressedȱbyȱtheȱscatteringȱlengthȱ
densityȱdistributionȱisȱgivenȱbyȱequationȱ1.16:ȱ
ܣሺࢗሻ ൌ ܣ଴ ׬ ߩሺ࢘ሻ݁ି௜ࢗή࢘௏ ݀ݎȱ ȱ ȱ ȱ ȱ ȱȱȱȱȱ.ȱ
Now,ȱb,ȱtheȱscatteringȱefficiency,ȱisȱaȱfunctionȱofȱߩሺ࢘ሻ,ȱandȱ݁ି௜ࢗή࢘ȱinȱthisȱequationȱrelatesȱ
theȱscatteringȱofȱallȱvectors,ȱr,ȱwithinȱparticleȱvolumeȱVȱinȱߩሺ࢘ሻȱtoȱtheȱcorrespondingȱ
scatteringȱvector,ȱq.ȱThisȱtermȱinȱequationȱ1.16ȱcanȱbeȱredefinedȱas:ȱ
ܣ௏ሺࢗࢂሻ ൌ ܣ଴ ׬ ߩሺ࢘ࢂሻ݁ି௜ࢗࢂή࢘ࢂ௏ ݀ݎȱ ȱ ȱ ȱ 1.29ȱ
toȱindicateȱthatȱtheȱscatteringȱresultsȱfromȱaȱparticularȱscatteringȱlengthȱdensityȱ
distributionȱinȱscatteringȱvolumeȱV.ȱȱInȱorderȱtoȱconsiderȱscatteringȱfromȱaȱnumberȱofȱ
atomsȱwithȱdefinedȱscatteringȱlengthȱdensityȱdistribution,ȱequationȱ1.29ȱandȱ1.15ȱcanȱbeȱ
combined(GlatterȱandȱKratky,ȱ1982):ȱ
ܣሺࢗሻ ൌ  ȁ࡭૙ȁσ ൫׬ ߩሺ࢘ࢂ࢏ሻ݁ି௜ࢗࢂ࢏ή࢘ࢂ࢏௏௜ ݀ݎ൯݁ି௜࢘೔ήࢗே௜ୀଵ ȱ ȱ 1.30ȱ
Sinceȱequationsȱforȱaȱcollectionȱofȱatomsȱareȱbeingȱderived,ȱ׬ ߩሺ࢘ࢂ࢏ሻ݁ି௜ࢗࢂ࢏ή࢘ࢂ࢏௏௜ ݀ݎȱisȱtheȱ
atomicȱscatteringȱfactorȱforȱeachȱatom,ȱ݂ሺࢗሻǡȱ(DrenthȱandȱMesters,ȱ2007)ȱandȱcanȱbeȱ
substitutedȱintoȱequationȱ1.30:ȱ
݂ሺࢗሻ ൌ ׬ ߩሺ࢘ࢂ࢏ሻ݁ି௜ࢗࢂ࢏ή࢘ࢂ࢏௏௜ ݀ݎȱ ȱ ȱ ȱ ȱ 1.31ȱ
ܣሺࢗሻ ൌ  ȁ࡭૙ȁσ ݂ሺࢗሻ݁ି௜࢘೔ήࢗே௜ୀଵ ȱ ȱ ȱ ȱ ȱ 1.324ȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
4ȱInȱcrystallography,ȱܣሺࢗሻȱinȱequationȱ1.32ȱisȱcalledȱtheȱstructureȱfactorȱbecauseȱitȱdependsȱonȱtheȱ
arrangementȱofȱtheȱatomsȱinȱtheȱmolecule.ȱThisȱdefinitionȱisȱslightlyȱdifferentȱthanȱtheȱ“structureȱfactor”ȱ
definitionȱusedȱinȱsmallȬangleȱxȬrayȱscatteringȱ–ȱseeȱbelow.ȱ
ȱȱ
23
Thisȱderivationȱhighlightsȱtheȱfractalȱnatureȱofȱscattering.ȱȱTheȱscatteringȱ
amplitudeȱofȱaȱmoleculeȱisȱdependentȱonȱtheȱspatialȱarrangementȱofȱitsȱmonomerȱunits.ȱ
Theȱmonomerȱunitsȱofȱtheȱmoleculeȱcanȱbeȱsubdividedȱintoȱsmallerȱmonomersȱandȱ
describedȱbyȱtheirȱspatialȱarrangementȱ(Roe,ȱ2000).ȱTheȱfractalȱnatureȱofȱscatteringȱisȱ
apparentȱuntilȱtheȱmonomerȱunitsȱareȱatoms.ȱWhenȱtheȱmonomerȱunitsȱareȱatoms,ȱtheȱ
atomicȱformȱfactorȱforȱeachȱatomȱisȱdefinedȱasȱ݂ሺࢗሻȱandȱnoȱfurtherȱsubdivisionȱisȱ
possible.ȱȱ
Theȱscatteringȱintensityȱofȱaȱpolyatomicȱmoleculeȱisȱgivenȱinȱequationȱ1.19:ȱ
ܫሺݍሻ ൌ ܣሺࢗሻ ή ܣכሺࢗሻȱ ȱ ȱ ȱ ȱ ȱ ȱȱȱȱȱ.ȱ
Therefore,ȱsubstitutingȱequationȱ1.32ȱinȱforȱܣሺࢗሻ:ȱ
ܫሺݍሻ ൌ σ σ ௜݂ሺࢗሻ ௝݂ሺࢗሻே௝ୀଵே௜ୀଵ ݁ି௜ࢗή࢘࢏࢐ ȱ ȱ ȱ ȱ 1.33ȱ
Whenȱ݅ ൌ ݆,ȱ
௜݂ሺࢗሻ ௝݂ሺࢗሻ݁ି௜ࢗή࢘࢏࢐ȱ=ȱ ௜݂ଶሺࢗሻȱ ȱ .ȱ
Sinceȱscatteringȱisȱanȱorientationalȱaverageȱofȱallȱscatteringȱvectorsȱinȱtheȱmolecule,ȱ
whenȱ݅ ് ݆,ȱȱ
ܫሺݍሻ ൌ σ σ ۃ ௜݂ሺݍሻۄۃ ௝݂ሺݍሻۄே௝ୀଵே௜ୀଵ ୱ୧୬ሺ௤௥೔ೕሻ௤௥೔ೕ ȱȱ ȱ ȱ 1.34ȱ
ୱ୧୬ሺ௤௥೔ೕሻ
௤௥೔ೕ ȱinȱequationȱ1.34ȱdescribesȱtheȱorientationallyȱaveragedȱspatialȱrelationshipȱ
betweenȱatomsȱinȱaȱmolecule.ȱȱThisȱtermȱcanȱalsoȱbeȱappliedȱmoreȱbroadlyȱtoȱdescribeȱ
ȱȱ
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theȱorientationallyȱaveragedȱspatialȱarrangementȱofȱmonomersȱwithinȱaȱpolymer.ȱUsedȱ
inȱthisȱway,ȱୱ୧୬ሺ௤௥೔ೕሻ௤௥೔ೕ ȱisȱdescribedȱasȱtheȱstructureȱfactor.ȱȱ
Recallȱthatȱf(q)ȱisȱalsoȱorientationallyȱaveraged,ȱsoȱ
ۃ݂ሺݍሻۄ ൌ Ͷߨ ׬ ߩሺݎሻݎଶ ୱ୧୬ ௤௥௤௥ ݀ݎ
ஶ
௥ୀ଴ ȱȱ ȱ ȱ ȱ .ȱȱ..ȱȱ
describesȱtheȱorientationallyȱaveragedȱscatteringȱlengthȱdensityȱdistributionȱforȱaȱ
particleȱwithȱaȱgivenȱvolumeȱandȱscatteringȱlengthȱdensityȱdistribution.ȱTherefore,ȱI(q)ȱ
inȱequationȱ1.34ȱisȱtheȱorientationallyȱaveragedȱscatteringȱfromȱaȱmoleculeȱinȱsolutionȱ
(GlatterȱandȱKratky,ȱ1982).ȱ
$ILQDOQRWHDERXWQRWDWLRQ
Inȱsectionȱ1.6.6ȱtheȱatomicȱscatteringȱfactorȱandȱtheȱstructureȱfactorȱforȱaȱgroupȱofȱ
atomsȱhaveȱbeenȱdefined.ȱȱTheseȱdefinitionsȱcanȱbeȱextendedȱtoȱapplyȱtoȱallȱmonomerȱ
unitsȱwhereȱtheȱscatteringȱlengthȱdensityȱdistributionȱisȱdefinedȱbyȱߩሺ࢘ሻǤȱȱTheȱformȱ
factor,ȱF(q),ȱdescribesȱtheȱshapeȱofȱtheȱmonomerȱelectronȱdensityȱdistributionȱinȱaȱ
polymerȱandȱtheȱstructureȱfactor,ȱS(q),ȱdescribesȱtheȱspatialȱarrangementȱofȱmonomersȱ
withinȱaȱpolymer.ȱMoreȱgenerally,ȱtheȱstructureȱfactor,ȱS(q)ȱisȱusuallyȱtakenȱtoȱbeȱtheȱ
orientationalȱaverageȱofȱ݁ି௜ࢗή࢘࢏࢐ forȱallȱmonomersȱiȱandȱj.ȱTogether,ȱtheȱformȱfactorȱandȱ
structureȱfactorȱfullyȱdescribeȱtheȱscatteringȱfromȱaȱmolecule,ȱandȱwillȱbeȱusedȱinȱtheȱ
modelingȱapproachesȱdescribedȱinȱtheȱfollowingȱchapters.ȱ
ȱ ȱ
ȱȱ
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2.1 Introduction 
TheȱinterpretationȱofȱsmallȬangleȱscatteringȱdataȱreliesȱonȱtheȱgenerationȱofȱ
structuralȱmodelsȱfromȱtheȱexperimentalȱscatteringȱdata.ȱAȱmajorȱchallengeȱinȱtheȱ
structuralȱmodelingȱofȱSAXSȱdataȱisȱdeterminingȱwhichȱmodelingȱmethodsȱareȱmostȱ
appropriateȱ(Putnamȱetȱal.,ȱ2007).ȱInȱthisȱchapter,ȱthreeȱapproachesȱthatȱareȱoftenȱusedȱtoȱ
modelȱproteinsȱfromȱSAXSȱdataȱareȱdescribedȱ(Figureȱ8).ȱTheseȱapproachesȱareȱpolymerȱ
physicsȱbasedȱmodelingȱ(sectionȱ2.2),ȱrigidȱbodyȱmodelingȱ(sectionȱ2.3)ȱandȱensembleȱ
basedȱmodelingȱ(sectionȱ2.4).ȱȱTheȱpurposeȱofȱthisȱchapterȱisȱnotȱtoȱexhaustivelyȱreviewȱ
allȱmodelingȱmethodsȱorȱprograms,ȱbutȱratherȱtoȱprovideȱanȱoverviewȱofȱtheȱmostȱ
commonȱmethods,ȱandȱtoȱaddressȱtheȱadvantagesȱandȱlimitationsȱofȱeachȱmethod.ȱ
Followingȱaȱdiscussionȱofȱtheȱmodelingȱapproaches,ȱaȱdiscussionȱofȱSAXSȱdataȱanalysisȱ
asȱitȱappliesȱtoȱtheȱmodelingȱofȱhighlyȱflexibleȱproteinsȱwillȱoccur.ȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
ȱInȱthisȱchapter,ȱAbȱInitioȱmodelingȱofȱmoleculesȱusingȱSAXSȱdataȱisȱnotȱdiscussed.ȱThisȱmethodȱisȱstillȱ
widelyȱusedȱandȱtheȱreaderȱisȱdirectedȱtoȱtheȱprimaryȱliterature:ȱGlatter,ȱO.,ȱandȱKratky,ȱO.ȱ(1982).ȱSmallȱ
angleȱxȬrayȱscatteringȱ(Londonȱ;ȱNewȱYork:ȱAcademicȱPress),ȱSvergun,ȱD.I.,ȱFeiࡅgin,ȱL.A.,ȱandȱTaylor,ȱG.W.ȱ
(1987).ȱStructureȱanalysisȱbyȱsmallȬangleȱxȬrayȱandȱneutronȱscatteringȱ(NewȱYork:ȱPlenumȱPress).ȱReviews:ȱ
Koch,ȱM.H.,ȱVachette,ȱP.,ȱandȱSvergun,ȱD.I.ȱ(2003).ȱSmallȬangleȱscattering:ȱaȱviewȱonȱtheȱproperties,ȱ
structuresȱandȱstructuralȱchangesȱofȱbiologicalȱmacromoleculesȱinȱsolution.ȱQuarterlyȱreviewsȱofȱbiophysicsȱ
36,ȱ147Ȭ227,ȱPutnam,ȱC.D.,ȱHammel,ȱM.,ȱHura,ȱG.L.,ȱandȱTainer,ȱJ.A.ȱ(2007).ȱXȬrayȱsolutionȱscatteringȱ(SAXS)ȱ
combinedȱwithȱcrystallographyȱandȱcomputation:ȱdefiningȱaccurateȱmacromolecularȱstructures,ȱ
conformationsȱandȱassembliesȱinȱsolution.ȱIbid.ȱ40,ȱ191Ȭ285.ȱ
ȱȱ
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ȱ
Figureȱ8:ȱTheȱthreeȱprimaryȱmodelingȱapproachesȱusedȱtoȱdetermineȱmolecularȱ
structureȱfromȱsmallȬangleȱscatteringȱdata.ȱ
ȱ
2.2 Polymer physics methods 
,QWURGXFWLRQ
Theȱsimplestȱandȱleastȱparameterizedȱmethodȱofȱmodelingȱtheȱscatteringȱ
behaviorȱofȱmacromoleculesȱisȱfoundȱinȱtheȱmaterialȱscienceȱandȱpolymerȱphysicsȱ
literatureȱ(Roe,ȱ2000).ȱHence,ȱthisȱwillȱbeȱreferredȱtoȱasȱtheȱpolymerȱphysicsȱmethod.ȱȱ
Thisȱmethodȱconsistsȱofȱdescribingȱtheȱscatteringȱlengthȱdensityȱofȱsimpleȱshapesȱ
(spheres,ȱcylinders,ȱellipsoids,ȱetc.)ȱorȱflexibleȱchains.ȱModelingȱcomplexȱdataȱusingȱ
simpleȱshapesȱhasȱaȱlongȱhistoryȱinȱtheȱsmallȬangleȱscatteringȱcommunity.ȱȱDecadesȱ
beforeȱthereȱwasȱaȱatomisticȱmodelȱofȱtheȱribosomeȱfromȱxȬrayȱcrystallographyȱstudies,ȱ
ȱȱ
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MooreȱandȱcolleaguesȱdevelopedȱaȱcompleteȱthreeȬdimensionalȱmodelȱofȱtheȱribosomeȱ
usingȱsimpleȱspheresȱtoȱrepresentȱtheȱvariousȱsubunitsȱ(EngelmanȱandȱMoore,ȱ1972;ȱ
Mooreȱetȱal.,ȱ1986)ȱ.ȱȱ
ȱAȱdescriptionȱofȱtheȱscatteringȱlengthȱdensityȱofȱsimpleȱshapesȱleadsȱtoȱaȱ
mathematicalȱderivationȱofȱaȱscatteringȱfunction.ȱAȱmodelȱbasedȱonȱpolymerȱphysicsȱ
theoryȱassumesȱthatȱaȱmacromoleculeȱisȱcomposedȱofȱuniformlyȱdenseȱsimpleȱ
geometricalȱobjectsȱandȱthatȱtheȱspatialȱrelationshipȱofȱtheseȱobjectsȱcanȱbeȱdescribedȱ
analytically.ȱTheȱscatteringȱfunctionȱforȱaȱpolymerȱmodelȱgenerallyȱconsistsȱofȱfiveȱorȱ
fewerȱparameters.ȱ
7KHRU\DQGSULQFLSOHV
2.2.2.1ȱScatteringȱfromȱsimpleȱgeometricȱobjectsȱ
Aȱparticle’sȱscatteringȱintensityȱcanȱbeȱapproximatedȱoverȱallȱreciprocalȱspaceȱifȱ
theȱparticleȱcanȱbeȱmodeledȱasȱaȱcollectionȱofȱsimpleȱshapes.ȱRecallȱthatȱequationȱ1.28ȱ
describesȱtheȱorientationallyȱaveragedȱscatteringȱamplitudeȱas:ȱ
ۃܣሺݍሻۄ ൌ Ͷߨ ׬ ߩሺݎሻݎଶ ୱ୧୬௤௥௤௥ ݀ݎ
ஶ
௥ୀ଴ ȱȱ ȱ ȱ ………..ȱ
Thus,ȱifȱaȱfunctionȱforȱtheȱparticle’sȱscatteringȱlengthȱdensityȱdistribution,ȱߩሺݎሻ,ȱisȱ
known,ȱI(q)ȱcanȱbeȱcalculated.ȱ
ȱTheȱscatteringȱfunctionȱthatȱisȱsimplestȱtoȱderiveȱfromȱequationȱ1.28ȱisȱthatȱofȱaȱ
sphereȱ(GuinierȱandȱFournet,ȱ1955).ȱThisȱisȱbecauseȱaȱsphereȱhasȱsphericalȱsymmetryȱandȱ
ȱȱ
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thereforeȱdoesȱnotȱrequireȱorientationalȱaveraging.ȱTheȱscatteringȱlengthȱdensityȱ
distributionȱforȱaȱsphereȱofȱradiusȱRȱwithȱuniformȱdensity,ȱߩ଴ ൌ ͳ,ȱis:ȱ
ߩሺݎሻ ൌ ൜ ߩ଴ǡ ݎ ൑ ܴͲǡݎ ൒ ܴȱ ȱ ȱ ȱ ȱ 2.1ȱ
ThisȱisȱdepictedȱgraphicallyȱinȱFigureȱ9Aȱandȱ9B.ȱSubstitutingȱequationȱ2.1ȱintoȱequationȱ
1.28,ȱweȱobtainȱ(GuinierȱandȱFournet,ȱ1955):ȱ
ۃܣሺݍሻۄ ൌ Ͷߨ ׬ ߩ଴ݎଶ ୱ୧୬ ௤௥௤௥ ݀ݎ
ோ
௥ୀ଴ ȱ ȱ ȱ ȱ ȱ 2.2ȱ
Sinceȱߩ଴ȱisȱaȱconstantȱitȱcanȱbeȱremovedȱfromȱtheȱintegral:ȱ
ۃܣሺݍሻۄ ൌ ସగ௤ ߩ଴ ׬ ݎሺݍݎሻ݀ݎ
ோ
௥ୀ଴ ȱ ȱ ȱ ȱ 2.3ȱ
Integrationȱofȱequationȱ2.3ȱbyȱpartsȱyields:ȱ
ۃܣሺݍሻۄ ൌ ସగ௤ ߩ଴ ቀ
ିோୡ୭ୱሺ௤ோሻ
௤ ൅ ቂ
ୱ୧୬ሺ ௤௥ሻ
௤ ቃ
ܴ
Ͳቁȱȱ ȱ ȱ ….ȱ
ۃܣሺݍሻۄ ൌ ସగ௤ ߩ଴ ቀ
ିோୡ୭ୱሺ௤ோሻ
௤ ൅
ୱ୧୬ሺ௤ோሻ
௤మ ቁȱȱ ȱ ȱ ȱ ….ȱ
ۃܣሺݍሻۄ ൌ ସగ௤య ߩ଴ሺെݍܴ ሺݍܴሻ ൅ ሺݍܴሻሻȱȱ ȱ ȱ ….ȱ
ۃܣሺݍሻۄ ൌ ସଷ ߨܴଷߩ଴
ଷሺୱ୧୬ሺ௤ோሻି୯ୖୡ୭ୱሺ௤ோሻሻ
ሺ௤ோሻయ ȱ ȱ ȱ ȱ 2.4ȱ
Equationȱ2.4ȱisȱtheȱorientationallyȱaveragedȱscatteringȱamplitudeȱofȱaȱsphere.ȱSinceȱସଷ ߨܴଷȱ
isȱtheȱvolumeȱofȱaȱsphereȱwithȱradiusȱR,ȱȱ
ۃܣሺݍሻۄ ൌ ௦ܸߩ଴ ଷሺୱ୧୬ሺ௤ோሻି୯ୖୡ୭ୱሺ௤ோሻሺ௤ோሻయ ȱ ȱ ȱ ȱ 2.5ȱ
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whereȱVsȱ=ȱସଷ ߨܴଷ.ȱEquationȱ2.5ȱemphasizesȱthatȱaȱvolumeȱcomponentȱwillȱbeȱpresentȱinȱ
allȱscatteringȱfunctionsȱofȱsimpleȱuniformlyȱdenseȱshapesȱ(GlatterȱandȱKratky,ȱ1982).ȱ
ȱ Becauseȱtheȱintensityȱofȱscatteringȱisȱ(equationȱ1.19):ȱ
ܫሺݍሻ ൌ ܣሺࢗሻ ή ܣכሺࢗሻȱȱ ȱ ȱ ȱ ȱ …….…....ȱ
or,ȱforȱorientationallyȱaveragedȱamplitudes:ȱ
ܫሺݍሻ ൌ  ۃܣሺݍሻۄଶȱȱ ȱ ȱ ȱ ȱ ……..…...ȱ
then,ȱforȱaȱsphereȱtheȱscatteringȱintensityȱasȱaȱfunctionȱofȱqȱis:ȱ
ܫሺݍሻ ൌ ߩ଴ଶ ௦ܸଶܨሺݍሻଶȱ ȱ ȱ ȱ ȱ ȱ 2.6ȱ
whereȱܨሺݍሻȱisȱtheȱformȱfactorȱofȱtheȱsphere:ȱ
ܨሺݍሻ ൌ ଷሺୱ୧୬ሺ௤ோሻି୯ୖୡ୭ୱሺ௤ோሻሺ௤ோሻమ ȱ ȱ ȱ ȱ ȱ 2.7ȱ
Theȱscatteringȱintensity,ȱI(q),ȱforȱaȱsingleȱuniformlyȱdenseȱsphereȱofȱradiusȱRȱisȱplottedȱinȱ
Figureȱ9C.ȱȱTheȱscatteringȱfunctionsȱofȱotherȱsimpleȱshapesȱ(e.g.ȱcylinderȱ(Glatterȱandȱ
Kratky,ȱ1982),ȱthinȱrod,ȱandȱdiskȱ(Roe,ȱ2000))ȱareȱplottedȱinȱFigureȱ9D.ȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
ȱDimensionalȱanalysisȱofȱequationȱ2.6:ȱ ௦ܸisȱinȱunitsȱofȱÅ3,ȱߩ଴ȱ–ȱlikeȱߩሺݎሻȱ–ȱisȱinȱunitsȱofȱÅȬ3,ȱsoȱA(q)ȱandȱI(q)ȱ
areȱdimensionless.ȱ
ȱȱ
ȱ
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ȱ
ȱ Similarly,ȱthereȱareȱanalyticalȱscatteringȱfunctionsȱforȱflexibleȱpolymers.ȱSeveralȱ
excellentȱarticlesȱandȱbooksȱderiveȱscatteringȱfunctionsȱforȱfreelyȱjointedȱchains,ȱfreelyȱ
rotatingȱchains,ȱwormȬlikeȱchains,ȱetc.ȱ(BurchardȱandȱKajiwara,ȱ1970;ȱPedersenȱetȱal.,ȱ
1996;ȱRoe,ȱ2000).ȱItȱisȱimportantȱtoȱnoteȱthatȱinȱmostȱcasesȱtheȱmonomerȱunitȱforȱpolymerȱ
chainsȱisȱconsideredȱtoȱbeȱ“nearly”ȱdimensionless.ȱInȱotherȱwords,ȱallȱofȱtheȱscatteringȱ
fromȱaȱmonomerȱisȱconcentratedȱatȱtheȱcenterȱofȱtheȱmonomerȱinȱanȱinfinitesimallyȱsmallȱ
volume.ȱȱ
2.2.2.2ȱObservationsȱofȱtheȱscatteringȱprofileȱcanȱhelpȱdecideȱwhatȱsimpleȱshapeȱ
modelȱtoȱuse.ȱ
Whenȱequationȱ2.6ȱisȱplottedȱasȱlogȱI(q)ȱvs.ȱlogȱq,ȱtheȱrepetitiveȱnatureȱofȱthisȱ
functionȱisȱemphasized.ȱThisȱfeatureȱresultsȱfromȱtheȱFourierȱtransformȱofȱtheȱscatteringȱ
lengthȱdensityȱdistributionȱandȱisȱaȱcommonȱfeatureȱofȱallȱscatteringȱfunctionsȱofȱsimpleȱ
shapes.ȱȱTheȱnatureȱofȱscatteringȱfromȱaȱuniformlyȱdenseȱsphereȱresultsȱinȱdecayingȱ
oscillationsȱinȱtheȱscatteringȱprofile.ȱBecauseȱscatteringȱisȱtheȱreciprocalȱspaceȱtransformȱ
ofȱrealȬspace,ȱtheȱscatteringȱfunctionȱofȱaȱsmallȱsphereȱhasȱfewerȱoscillationsȱoverȱtheȱ
sameȱscatteringȱanglesȱthanȱaȱlargeȱsphereȱ(Figureȱ9C).ȱȱTheȱsizeȱofȱaȱparticleȱisȱaȱmodelȬ
freeȱparameterȱdeterminedȱbyȱobservingȱtheȱmajorȱfeaturesȱinȱtheȱscatteringȱprofile.ȱForȱ
aȱmoreȱcomprehensiveȱdescriptionȱofȱtheȱrelationshipȱbetweenȱtheȱsizeȱofȱanȱobjectȱandȱ
itsȱscatteringȱprofileȱreferȱtoȱRoe,ȱ2000.ȱ
ȱȱ
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Theȱ“powerȬlawȱrelationship”ȱbetweenȱIȱandȱqȱisȱanotherȱmodelȬfreeȱparameterȱ
determinedȱfromȱscatteringȱdataȱ(GlatterȱandȱKratky,ȱ1982).ȱThisȱpowerȱlawȱrelationshipȱ
statesȱthatȱtheȱscatteringȱintensityȱdecaysȱexponentiallyȱasȱtheȱscatteringȱangleȱincreasesȱ
andȱisȱasymptoticȱatȱlargeȱscatteringȱangles:ȱȱȱ
ܫሺݍሻ̱ݍି௉ȱ ȱ ȱ ȱ ȱ ȱ 2.7ȱ
whereȱPȱisȱcalledȱtheȱ“Porodȱexponent.”ȱTheȱPorodȱexponentȱisȱproportionalȱtoȱtheȱratioȱ
ofȱaȱmolecule’sȱvolumeȱtoȱitsȱsurfaceȱarea.ȱForȱaȱsphere,ȱPȱ=ȱ4;ȱinȱotherȱwords,ȱitȱhasȱaȱ
largeȱvolumeȱ:ȱsurfaceȱareaȱratioȱ(RamboȱandȱTainer,ȱ2011).ȱTheȱpowerȱlawȱrelationshipȱ
isȱgeneralȱforȱallȱsimpleȱshapes,ȱandȱPȱisȱdependentȱonȱtheȱcompactnessȱandȱdimensionȱ
ofȱtheȱparticle.ȱȱForȱexample,ȱP=2ȱforȱinfinitelyȱthinȱdisksȱ(twoȬdimensional),ȱandȱP=1ȱforȱ
infinitelyȱthinȱrodsȱ(oneȬdimensional)ȱ(Figureȱ10A).ȱLikewise,ȱforȱflexibleȱpolymers,ȱtheȱ
valueȱofȱPȱrangesȱfromȱହଷȱforȱ“swollenȱGaussianȱcoils”ȱtoȱ3ȱforȱmassȱandȱsurfaceȱfractalsȱ
(Roe,ȱ2000).ȱȱ
ComplexȱmacromoleculesȱexhibitȱdifferentȱpowerȬlawȱbehaviorsȱatȱdifferentȱ
scatteringȱanglesȱ(Roe,ȱ2000).ȱForȱexample,ȱtheȱintensityȱofȱaȱsemiȬflexibleȱwormȬlikeȱ
chainȱdecaysȱasȱܫሺݍሻ̱ݍିଶȱatȱsmallȱscatteringȱangles,ȱbutȱdecaysȱasȱܫሺݍሻ̱ݍିଵȱatȱhigherȱ
scatteringȱangles.TheȱtransitionȱfromȱP=2ȱtoȱP=1ȱisȱdependentȱonȱtheȱflexibilityȱofȱtheȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
ȱTheȱpowerȱlawȱisȱalsoȱreferredȱtoȱasȱtheȱPorodȱlawȱinȱsomeȱbooksȱandȱarticlesȱ
ȱ
ȱReferȱtoȱGlatterȱandȱKratky,ȱ1982ȱforȱaȱgoodȱdiscussionȱofȱpowerȱlawȱbehaviorsȱofȱdifferentȱshapedȱobjects.ȱ
ȱȱ
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chainȱ(Figureȱ10B)ȱ(Pedersen,ȱ1996)ȱ.ȱGenerally,ȱtheȱfirstȱstepȱinȱpolymerȱmodelingȱisȱtoȱ
determineȱtheȱpowerȬlawȱbehaviorȱinȱtheȱexperimentalȱSAXSȱdata.ȱThisȱobservationȱ
assistsȱinȱchoosingȱtheȱappropriateȱpolymerȱmodelȱforȱtheȱdata.ȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
ȱAȱclassicȱworkȱonȱscatteringȱfunctionsȱofȱwormȬlikeȱchainsȱisȱBurchardȱandȱKajiwara,ȱ1970.ȱ
ȱȱ
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ȱ
Figureȱ10:ȱTheȱpowerȬlawȱrelationshipȱbetweenȱscatteringȱintensityȱandȱ
scatteringȱangle.ȱA)ȱAtȱintermediateȱscatteringȱanglesȱ(0.15ȱ<ȱqȱ<ȱ0.5ȱÅȬ1)ȱtheȱscatteringȱ
profileȱofȱsimpleȱshapesȱdecaysȱaccordingȱtoȱtheirȱvolumeȱ:ȱsurfaceȱareaȱratio.ȱRed:ȱ
sphere,ȱgreen:ȱdisk,ȱpurple:ȱrod.ȱB)ȱTheȱpowerȬlawȱrelationshipȱinȱaȱwormȬlikeȱchain.ȱ
ȱȱ
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Atȱlowȱscatteringȱangles,ȱtheȱintensityȱofȱscatteringȱdecaysȱasȱqȬ2ȱandȱatȱhighȱscatteringȱ
anglesȱitȱdecaysȱasȱqȬ1.ȱ
ȱ
2.2.2.3ȱScatteringȱfromȱmultiȬphaseȱparticlesȱ
Theȱscatteringȱfunctionsȱofȱpolyatomicȱmoleculesȱwereȱderivedȱinȱsectionȱ1.6.6.ȱ
Equationȱ1.34ȱwasȱderivedȱforȱallȱatomsȱinȱaȱmolecule.ȱȱPolymerȱphysicsȱmodelingȱdoesȱ
notȱdescribeȱtheȱshapeȱofȱaȱpolymerȱatȱtheȱatomicȱlevel,ȱitȱonlyȱdescribesȱtheȱglobalȱshapeȱ
ofȱtheȱparticle.ȱHowever,ȱtheȱshapeȱofȱtheȱparticleȱdoesȱnotȱnecessarilyȱneedȱtoȱbeȱ
modeledȱasȱaȱsingleȱphase.ȱForȱmoreȱprecision,ȱmultiȬphaseȱmodelsȱareȱoftenȱusedȱtoȱ
describeȱtheȱscatteringȱofȱparticles.ȱForȱaȱtwoȱphaseȱsystem,ȱaȱformȱfactorȱisȱusedȱtoȱ
describeȱtheȱscatteringȱfromȱaȱsimpleȱshape.ȱTheȱmonomersȱwithinȱeachȱphaseȱareȱ
identical.ȱThen,ȱstructureȱfactorsȱdescribingȱtheȱspatialȱarrangementȱofȱtheȱmonomersȱ
withinȱaȱphaseȱcanȱbeȱderived.ȱȱFinally,ȱaȱcrossȬtermȱmustȱbeȱderivedȱthatȱdescribesȱtheȱ
scatteringȱinterferenceȱbetweenȱmonomersȱofȱtwoȱdifferentȱphases.ȱȱAȱsimpleȱmodelȱisȱ
describedȱbelow.ȱ
Considerȱaȱpolymerȱcomposedȱofȱtwoȱsphericalȱmonomersȱandȱtwoȱrods.ȱ
Equationȱ1.34ȱdefinesȱtheȱintensityȱofȱscatteringȱforȱaȱpolyatomicȱmoleculeȱas:ȱ
ۃܫሺݍሻۄ ൌ σ σ ۃ ௜݂ሺݍሻۄۃ ௝݂ሺݍሻۄே௝ୀଵே௜ୀଵ ୱ୧୬ሺ௤௥೔ೕሻ௤௥೔ೕ ȱ ȱ ȱ 2.8ȱ
Theȱsetȱofȱmonomersȱwithinȱthisȱpolymerȱisȱ(sphereȱ1,ȱsphereȱ2,ȱrodȱ1,ȱrodȱ2).ȱIfȱ
sphereȱ1ȱisȱidenticalȱtoȱsphereȱ2ȱandȱrodȱ1ȱisȱidenticalȱtoȱrodȱ2,ȱthenȱthereȱareȱformȱ
ȱȱ
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factors,ȱ(ܨ௦ሺݍሻǡ ܨ௥ሺݍሻ)ȱthatȱdescribeȱtheȱscatteringȱofȱeachȱtypeȱofȱmonomer,ȱwhereȱsȱ
denotesȱtheȱformȱfactorȱofȱtheȱsphereȱandȱrȱdenotesȱtheȱformȱfactorȱofȱtheȱrod.ȱTheȱsetȱofȱ
structureȱfactors,ȱusedȱtoȱdescribeȱtheȱspatialȱarrangementȱofȱtheȱmonomers,ȱisȱ
(ܵ௦ሺݍሻǡ ܵ௥ሺݍሻǡ ܵ௦௥ሺݍሻ),ȱwhereȱsȱdenotesȱtheȱspatialȱarrangementȱofȱtheȱspheresȱ–ȱtheȱ
scatteringȱinterferenceȱbetweenȱspheres,ȱrȱdenotesȱtheȱspatialȱarrangementȱofȱtheȱrodsȱ–ȱ
theȱscatteringȱinterferenceȱbetweenȱrods,ȱandȱsrȱdenotesȱtheȱcrossȬtermȱ–ȱtheȱscatteringȱ
interferenceȱbetweenȱrodsȱandȱspheres.ȱȱItȱisȱimportantȱtoȱnoteȱthatȱexpressionsȱ
ܵ௦ሺݍሻǡ ܵ௥ሺݍሻǡ ܵ௦௥ሺݍሻȱareȱorientationallyȱaveragedȱstructureȱfactorsȱthatȱreplaceȱtheȱ
expressionȱୱ୧୬ሺ௤௥೔ೕሻ௤௥೔ೕ ȱinȱequationȱ1.34.ȱȱTheȱscatteringȱintensityȱofȱthisȱpolymerȱisȱ(Glatterȱ
andȱKratky,ȱ1982):ȱ
ሺሻ ൌ σ σ ܨ௜ሺݍሻܨ௝ଶ௝ୀଵ ሺݍሻ ௜ܵ௝ሺݍሻଶ௜ୀଵ ȱ ȱ ȱ ȱ ȱ2.9ȱ
ሺሻ ൌ ʹ	ୱଶሺሻୱሺሻ ൅ Ͷ	ୱሺሻ	୰ሺሻୱ୰ሺሻ ൅ ʹ	୰ଶሺሻ୰ሺሻȱ 2.10ȱ
Theȱscatteringȱfunctionȱforȱpolymersȱwithȱmoreȱthanȱoneȱphaseȱareȱderivedȱusingȱ
equationȱ2.10,ȱgivenȱtheȱanalyticalȱfunctionsȱforȱtheȱformȱandȱstructureȱfactorsȱofȱeachȱ
phase,ȱasȱwellȱasȱtheȱcrossȬterm.ȱ
6RIWZDUHILWWLQJPHWKRGV
Theȱpolymerȱphysicsȱliteratureȱisȱrepleteȱwithȱscatteringȱfunctionsȱforȱaȱvarietyȱofȱ
polymers.ȱThereȱareȱseveralȱsoftwareȱpackagesȱthatȱenableȱtheȱfittingȱofȱexperimentalȱ
ȱȱ
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scatteringȱdataȱtoȱtheseȱpolymerȱmodels.ȱTheȱtwoȱmostȱcommonȱsoftwareȱpackagesȱareȱ
SASViewȱ(www.sasview.org),ȱandȱNCNR_SANSȱ(Kline,ȱ2006).ȱ
NCNR_SANSȱfitsȱexperimentalȱscatteringȱdataȱtoȱpolymerȱmodelsȱusingȱaȱnonȬ
linearȱleastȱsquaresȱfittingȱalgorithmȱimplementedȱinȱIgorPro.ȱȱTheȱregularlyȱupdatedȱ
modelȱfunctionȱlibraryȱcontainsȱallȱtheȱscatteringȱfunctionsȱpublishedȱinȱtheȱscientificȱ
literatureȱ–ȱbothȱformȱfactorsȱandȱstructureȱfactors.ȱ
SASViewȱisȱessentiallyȱanȱimplementationȱofȱNCNR_SANSȱinȱaȱPythonȱ
computingȱenvironment.ȱItȱcontainsȱallȱtheȱmodelȱfunctionsȱfoundȱinȱNCNR_SANS,ȱbutȱ
reliesȱonȱnonȬlinearȱleastȱsquaresȱfittingȱasȱimplementedȱinȱSciPyȱ(aȱPythonȱmodule)ȱtoȱ
fitȱexperimentalȱdata.ȱSASViewȱalsoȱallowsȱforȱtheȱglobalȱfittingȱofȱaȱseriesȱofȱscatteringȱ
curvesȱtoȱtheȱsameȱmodel.ȱThisȱfeatureȱisȱimportantȱforȱfittingȱbothȱSANSȱ(smallȬangleȱ
neutronȱscattering)ȱcontrastȱvariationȱexperiments,ȱasȱwellȱasȱSAXSȱdataȱfromȱpolymersȱ
withȱvaryingȱnumbersȱofȱmonomers.ȱ
/LPLWDWLRQVRIWKHSRO\PHUSK\VLFVPHWKRGV
ȱ Aȱprimaryȱassumptionȱinȱpolymerȱphysicsȱmodelingȱisȱthatȱmonomerȱunitsȱ
possessȱuniformȱelectronȱdensity.ȱȱThus,ȱtheȱapplicationȱofȱthisȱmethodȱtoȱbiologicalȱ
macromoleculesȱisȱlimitedȱtoȱlowȱresolutionȱstudies.ȱAlthoughȱpolymerȱphysicsȱmodelsȱ
canȱdescribeȱtheȱoverallȱdimensionsȱandȱlowȱresolutionȱshapeȱofȱaȱmacromoleculeȱtheyȱ
mayȱnotȱadequatelyȱdescribeȱtheȱscatteringȱatȱtheȱresolutionȱlevelȱofȱproteinȱsecondaryȱ
ȱȱ
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structure.ȱTherefore,ȱifȱdetailsȱaboutȱtheȱstructureȱofȱproteinȱdomainsȱareȱtheȱgoal,ȱaȱ
methodȱthatȱtakesȱintoȱconsiderationȱtheȱnonȬuniformityȱofȱproteinȱsecondaryȱstructureȱ
mayȱbeȱbetterȱforȱinterpretingȱSAXSȱdata.ȱ
ȱ Anotherȱlimitationȱofȱtheȱpolymerȱphysicsȱmodelȱisȱthat,ȱforȱflexibleȱpolymers,ȱ
careȱmustȱbeȱtakenȱtoȱaccountȱforȱtheȱexcludedȱvolumeȱeffectsȱofȱrealȱpolymers.ȱManyȱ
scatteringȱfunctionsȱforȱpolymersȱwithȱaȱveryȱlargeȱmonomerȱnumberȱareȱbasedȱonȱtheȱ
“randomȱflight”ȱflexibleȱpolymerȱmodel.ȱThisȱmodelȱallowsȱforȱoverlapȱbetweenȱhardȱ
sphereȱmonomers.ȱInȱotherȱwords,ȱtwoȱmonomersȱcanȱinhabitȱtheȱsameȱvolume.ȱȱWhileȱ
thisȱapproximationȱhasȱbeenȱshownȱtoȱbeȱvalidȱforȱpolymersȱconsistingȱofȱhundredsȱorȱ
thousandsȱonȱmonomers,ȱitȱmayȱnotȱbeȱvalidȱforȱshortȱpolymers.ȱAnyȱanalysisȱofȱ
experimentalȱscatteringȱdataȱusingȱaȱpolymerȱphysicsȱapproachȱmustȱtakeȱintoȱ
considerationȱtheseȱtwoȱlimitations.ȱDependingȱonȱtheȱhypothesisȱbeingȱtested,ȱhigherȱ
resolutionȱmodelingȱmightȱbeȱmoreȱappropriate,ȱdependingȱonȱtheȱinformationȱcontentȱ
ofȱtheȱSAXSȱdata.ȱ
2.3 Rigid body modeling 
,QWURGXFWLRQ
Whenȱanȱatomisticȱmodelȱofȱaȱproteinȱexists,ȱtheȱtheoreticalȱscatteringȱprofileȱofȱ
theȱatomisticȱmodelȱcanȱbeȱcomparedȱtoȱtheȱexperimentalȱscatteringȱprofile.ȱOftenȱthisȱ
approachȱisȱusefulȱforȱdistinguishingȱbetweenȱtwoȱorȱmoreȱproteinȱstructuresȱobtainedȱ
fromȱotherȱexperimentalȱtechniquesȱ(xȬrayȱcrystallographyȱorȱNMR).ȱȱThisȱapproachȱcanȱ
ȱȱ
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alsoȱbeȱusedȱwhenȱlookingȱatȱcomplexesȱofȱmacromolecules.ȱComparingȱtheȱSAXSȱ
profilesȱpredictedȱforȱdifferentȱarrangementsȱofȱtheȱcomponentȱstructuresȱallowsȱforȱtheȱ
selectionȱofȱanȱatomisticȱmodelȱofȱtheȱsolutionȱstructureȱofȱtheȱcomplexȱ(Putnamȱetȱal.,ȱ
2007).ȱThisȱmodelingȱmethodȱreliesȱonȱanȱaccurateȱandȱappropriateȱtheoreticalȱscatteringȱ
profileȱdeterminedȱfromȱcomponentȱatomisticȱmodels.ȱ
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2.3.2.1ȱTheȱDebyeȱsumȱ–ȱreconstructingȱscatteringȱprofilesȱfromȱatomisticȱmodelsȱisȱanȱ
O(N2)ȱproblemȱ
Reconstructingȱtheoreticalȱscatteringȱprofilesȱfromȱatomisticȱmodelsȱcanȱbeȱ
computationallyȱchallenging.ȱSeveralȱapproximationsȱandȱsimplificationsȱhaveȱbeenȱ
proposedȱtoȱovercomeȱthisȱchallengingȱproblem.ȱȱTheȱdiscreteȱformȱofȱequationȱ1.34ȱ
givesȱtheȱscatteringȱprofileȱforȱaȱpolyatomicȱmodel.ȱ
ܫሺݍሻ ൌ෍෍ۃ ௜݂ሺݍሻۄۃ ௝݂ሺݍሻۄ
ே
௝ୀଵ
ே
௜ୀଵ
ሺݍݎ௜௝ሻ
ݍݎ௜௝ ȱ
forȱallȱpairsȱofȱatomsȱinȱaȱmolecule.ȱThisȱisȱcommonlyȱcalledȱtheȱ“Debyeȱsum.”ȱۃ ௜݂ሺݍሻۄȱ
andȱۃ ௝݂ሺݍሻۄȱareȱtheȱatomicȱformȱfactorsȱ(GlatterȱandȱKratky,ȱ1982).ୱ୧୬ሺ௤௥೔ೕሻ௤௥೔ೕ ȱdescribesȱtheirȱ
spatialȱrelationship.ȱTheȱcomplexityȱofȱthisȱcomputationȱisȱonȱtheȱorderȱofȱN2,ȱ(O(N2),ȱ
whereȱNȱisȱtheȱnumberȱofȱatoms,ȱforȱeachȱqȱevaluatedȱbecauseȱallȱpairsȱofȱatomsȱmustȱbeȱ
consideredȱinȱtheȱdoubleȱsum.ȱȱForȱlargeȱproteins,ȱtheȱnumberȱofȱatomsȱisȱveryȱlargeȱ(Nȱǃȱ
105)ȱsoȱtheȱcomputationalȱcostȱofȱtheȱcalculationȱcanȱbeȱprohibitiveȱ(Gumerovȱetȱal.,ȱ
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2012).ȱWhileȱsomeȱrigidȱbodyȱmodelingȱalgorithmsȱexplicitlyȱcomputeȱtheȱDebyeȱsumȱ
forȱallȱatomsȱinȱtheȱmodelȱandȱovercomeȱtheȱcomputationalȱcomplexityȱbyȱ
parallelizationȱofȱtheȱalgorithmȱ(Gumerovȱetȱal.,ȱ2012),ȱotherȱalgorithmsȱseekȱtoȱsimplifyȱ
theȱDebyeȱsumȱbyȱaȱseriesȱofȱapproximationsȱinȱorderȱtoȱspeedȱupȱtheȱcalculation.ȱ
ȱ TheȱfirstȱapproximationȱofȱtheȱDebyeȱsumȱisȱtheȱmultipoleȱexpansionȱofȱ݁ି௜ࢗή࢘࢏ȱ
proposedȱbyȱSturhmanȱandȱimplementedȱinȱCRYSOLȱ(Svergunȱetȱal.,ȱ1995).ȱThisȱ
substitutionȱexpandsȱtheȱpreȬorientationallyȱaveragedȱsumȱintoȱaȱseriesȱofȱsphericalȱ
harmonics.ȱTheȱsphericalȱharmonicsȱareȱthenȱorientationallyȱaveragedȱtoȱapproximateȱ
theȱscatteringȱprofileȱofȱtheȱprotein.ȱȱItȱisȱimportantȱtoȱnoteȱthatȱtheȱmultipoleȱexpansionȱ
isȱnotȱanȱinfiniteȱseriesȱofȱsphericalȱharmonics.ȱInsteadȱtheȱseriesȱexpansionȱisȱtruncatedȱ
toȱaȱsmallȱnumberȱofȱharmonics,ȱpȱ(theȱCRYSOLȱdefaultȱvalueȱisȱ15ȱharmonics),ȱsoȱthatȱ
theȱcomputationalȱcomplexityȱofȱcomputingȱtheȱsumȱisȱreducedȱtoȱO(p2N).ȱHowever,ȱ
thisȱapproximationȱmayȱnotȱaccuratelyȱcalculateȱtheȱtheoreticalȱscatteringȱprofileȱfromȱ
anȱatomisticȱmodel,ȱparticularlyȱforȱsmallȱpȱvalues.ȱHigherȱpȱvaluesȱresultȱinȱaȱbetterȱ
approximation,ȱbutȱincreaseȱtheȱcomputationalȱtimeȱofȱtheȱalgorithm.ȱȱ
AȱrelatedȱmethodȱforȱsimplifyingȱtheȱDebyeȱsumȱisȱtoȱuseȱaȱthreeȬdimensionalȱ
Zernikeȱpolynomialȱexpansionȱinsteadȱofȱsphericalȱharmonicȱexpansionȱinȱtheȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
ȱReferȱtoȱTableȱ1ȱforȱaȱsummaryȱofȱtheȱtypesȱofȱtechniquesȱusedȱtoȱovercomeȱtheȱcomputationalȱcomplexityȱ
ofȱtheȱDebyeȱsumȱ
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approximationȱ(Liuȱetȱal.,ȱ2012).ȱThisȱmethodȱisȱsimilarȱtoȱtheȱmultipoleȱexpansionȱandȱ
resultsȱinȱaȱsimilarȱreductionȱofȱcomputationalȱcomplexity.ȱ
ȱ AnotherȱmethodȱcalculatesȱtheȱpairȬdistanceȱdistributionȱfunction,ȱP(r),ȱofȱtheȱ
atomisticȱmodelȱinȱorderȱtoȱsimplifyȱtheȱDebyeȱsum.ȱTheȱP(r)ȱfunctionȱisȱaȱhistogramȱofȱ
allȱtheȱinteratomicȱdistancesȱwithinȱtheȱmodel.ȱThisȱhistogramȱisȱseparatedȱintoȱaȱseriesȱ
ofȱcoarseȬgrainedȱbinsȱ(D.ȱWalther,ȱ2000)ȱandȱtheȱDebyeȱsumȱisȱapproximatedȱusingȱtheȱ
binnedȱinteratomicȱdistancesȱinȱtheȱP(r)ȱfunction.ȱȱThisȱmethodȱisȱcomputationallyȱfasterȱ
thanȱtheȱdirectȱDebyeȱsum.ȱHowever,ȱtheȱcomputationalȱtimeȱisȱstillȱlimitedȱbyȱtheȱ
numberȱofȱbins,ȱandȱbyȱtheȱgenerationȱofȱtheȱinitialȱP(r)ȱfunction,ȱwhichȱstillȱhasȱO(N2)ȱ
complexity.ȱAdditionally,ȱthisȱmethodȱresultsȱinȱanȱapproximationȱofȱtheȱtheoreticalȱ
scatteringȱprofile:ȱtheȱ“resolution”ȱofȱtheȱresultantȱscatteringȱprofileȱisȱlimitedȱbyȱtheȱ
numberȱofȱbinsȱusedȱinȱtheȱP(r)ȱfunctionȱ(Gumerovȱetȱal.,ȱ2012).ȱ
AȱcoarseȬgrainedȱtechniqueȱforȱcalculatingȱtheȱtheoreticalȱscatteringȱprofileȱfromȱ
anȱatomisticȱmodelȱisȱtoȱrepresentȱanȱentireȱproteinȱresidueȱwithȱaȱsingleȱformȱfactorȱ
centeredȱonȱtheȱC΅ȱcarbonȱinsteadȱofȱusingȱaȱcalculatedȱformȱfactorȱforȱeachȱindividualȱ
atomȱ(Yangȱetȱal.,ȱ2009).ȱȱThisȱeffectivelyȱreducesȱtheȱO(N2)ȱcalculationȱtoȱO(R2),ȱwhereȱRȱ
isȱtheȱnumberȱofȱresidues.ȱHowever,ȱwhileȱthisȱapproximationȱdecreasesȱcomputationalȱ
time,ȱitȱdoesȱnotȱaccountȱforȱrotamerȱdifferencesȱinȱtheȱaminoȱacids.ȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
ȱP(r)ȱisȱdefinedȱasȱߩሺݎሻݎଶ.ȱ
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2.3.2.2ȱAccountingȱforȱtheȱhydrationȱshellȱaroundȱaȱproteinȱ
Allȱofȱtheȱscatteringȱequationsȱderivedȱtoȱthisȱpointȱareȱforȱaȱmoleculeȱinȱaȱ
vacuum.ȱInȱpractice,ȱtheȱscatteringȱfromȱaȱmoleculeȱorȱaȱcollectionȱofȱmoleculesȱisȱ
observedȱwhileȱinȱanȱaqueousȱsolution.ȱȱTheȱtrueȱscatteringȱdataȱisȱthereforeȱobtainedȱbyȱ
subtractingȱtheȱscatteringȱprofileȱofȱaȱperfectlyȱmatchedȱbufferȱsolutionȱfromȱtheȱproteinȱ
+ȱbufferȱexperimentalȱSAXSȱdataȱ(Roe,ȱ2000):ȱ
ܫ௣௥௢௧௘௜௡ሺݍሻ ൌ ܫ௣௥௢௧௘௜௡ା௕௨௙௙௘௥ሺݍሻ െ ܫ௕௨௙௙௘௥ሺݍሻȱ
Thisȱapproachȱworksȱinȱpolymerȱphysicsȱmodelingȱbecauseȱtheȱscatteringȱobjectȱisȱ
assumedȱtoȱhaveȱaȱconstantȱelectronȱdensity.ȱȱHowever,ȱifȱweȱmodelȱtheȱscatteringȱofȱaȱ
proteinȱinȱsolutionȱusingȱanȱatomisticȱmodel,ȱthenȱtheȱhydrationȱshellȱsurroundingȱtheȱ
proteinȱmustȱalsoȱbeȱaccountedȱforȱinȱtheȱmodel.ȱ
Variousȱmethodsȱhaveȱaccountedȱforȱtheȱhydrationȱshellȱbyȱassumingȱthatȱtheȱ
scatteringȱlengthȱdensityȱdistributionȱinȱtheȱhydrationȱshellȱisȱdifferentȱfromȱthatȱofȱ
eitherȱtheȱbulkȱsolventȱorȱtheȱprotein.ȱThus,ȱtheseȱmethodsȱintroduceȱoneȱorȱmoreȱ
adjustableȱparametersȱintoȱtheȱcalculationȱofȱtheȱtheoreticalȱscatteringȱprofileȱtoȱaccountȱ
forȱtheȱcontrastȱdifference.ȱ
TheȱmethodȱimplementedȱinȱCRYSOLȱmodelsȱtheȱhydrationȱlayerȱusingȱaȱ
continuousȱenvelopeȱaroundȱtheȱproteinȱmodelȱ(Svergunȱetȱal.,ȱ1995).ȱTheȱthicknessȱandȱ
scatteringȱefficiencyȱofȱthisȱborderȱlayerȱareȱadjustableȱparametersȱthatȱareȱoptimizedȱ
whenȱfittingȱtheȱtheoreticalȱscatteringȱprofileȱtoȱexperimentalȱdata.ȱȱOneȱlimitationȱofȱ
ȱȱ
42
thisȱmethodȱisȱthatȱifȱtheȱproteinȱhasȱaȱhollowȱcoreȱorȱisȱringȬshaped,ȱtheȱhydrationȱlayerȱ
ofȱtheȱinsideȱringȱisȱnotȱconsidered.ȱ
TheȱmethodȱusedȱinȱFOXSȱrepresentsȱtheȱhydrationȱlayerȱusingȱaȱseriesȱofȱ
sphericalȱdummyȱatomsȱthatȱ“decorate”ȱtheȱsurfaceȱofȱtheȱproteinȱ(SchneidmanȬ
Duhovnyȱetȱal.,ȱ2010).ȱThereȱareȱthreeȱadjustableȱparametersȱinȱthisȱmodel:ȱtwoȱ
coefficientsȱthatȱmodelȱtheȱexcludedȱsolventȱandȱboundȱsurfaceȱwater,ȱandȱaȱtermȱforȱtheȱ
solventȱaccessibilityȱofȱtheȱsurfaceȱatom.ȱTheȱparametersȱthatȱmodelȱtheȱexcludedȱ
solventȱandȱboundȱsurfaceȱwaterȱdetermineȱtheȱsizeȱofȱtheȱdummyȱatoms.ȱTheȱsolventȱ
accessibility,ȱcalculatedȱfromȱtheȱatomisticȱmodel,ȱisȱusedȱtoȱdetermineȱwhereȱtheȱ
dummyȱatomsȱareȱplacedȱinȱtheȱhydrationȱlayerȱsurroundingȱtheȱprotein.ȱInȱotherȱ
words,ȱtheȱsolventȱaccessibilityȱdeterminesȱtheȱnumberȱofȱdummyȱatoms.ȱOneȱlimitationȱ
ofȱthisȱmethodȱisȱthatȱitȱcanȱresultȱinȱaȱnonȬuniformȱdensityȱofȱtheȱhydrationȱlayerȱ
becauseȱitȱallowsȱtheȱdummyȱatomsȱtoȱoverlapȱandȱthereȱareȱemptyȱspacesȱbetweenȱ
sphericalȱdummyȱatoms.ȱPortionsȱofȱtheȱdensityȱareȱ“countedȱtwice”ȱwhileȱotherȱ
portionsȱofȱanȱassumedȱconstantȱhydrationȱlayerȱareȱnotȱrepresentedȱatȱallȱinȱthisȱ
approximation.ȱ
TheȱmethodȱusedȱinȱSASTBXȱtoȱmodelȱtheȱhydrationȱlayerȱaroundȱatomsȱisȱcalledȱ
theȱmodifiedȱcubeȱapproachȱ(Liuȱetȱal.,ȱ2012).ȱThisȱapproachȱusesȱtheȱZernikeȱ
polynomialȱexpansionȱtoȱapproximateȱtheȱDebyeȱsumȱfromȱtheȱatomisticȱmodel,ȱandȱ
likewiseȱaccountsȱforȱtheȱhydrationȱlayerȱwithinȱtheȱvoxelizationȱprocedureȱthatȱ
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convertsȱtheȱatomisticȱmodelȱintoȱaȱseriesȱofȱcubicȱvoxels.ȱȱTheȱhydrationȱlayerȱisȱthenȱ
modeledȱasȱcubicȱvoxelsȱaroundȱtheȱproteinȱelectronȱdensity.ȱȱThisȱmethodȱavoidsȱtheȱ
overȬȱandȱunderȬȱcountingȱofȱtheȱhydrationȱlayerȱthatȱoccursȱwhenȱusingȱtheȱdummyȱ
atomȱapproach,ȱbutȱitȱdoesȱrelyȱonȱanȱapproximationȱofȱtheȱtotalȱDebyeȱsum.ȱ
ȱFinally,ȱinȱAXES,ȱORNLȬSAS,ȱandȱFastȬSAXSȱwaterȱmoleculesȱareȱexplicitlyȱ
addedȱtoȱtheȱatomisticȱmodelȱusingȱmolecularȱdynamicsȱsimulationsȱtoȱplaceȱtheȱwaterȱ
moleculesȱalongȱtheȱsolventȱaccessibleȱsurfaceȱareaȱofȱtheȱproteinȱ(Grishaevȱetȱal.,ȱ2010)ȱ
(Gumerovȱetȱal.,ȱ2012),(Ravikumarȱetȱal.,ȱ2013).ȱ
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Aȱsummaryȱofȱcommonȱmethodsȱforȱpredictingȱtheȱtheoreticalȱscatteringȱprofileȱ
isȱgivenȱinȱTableȱ1.ȱȱInȱallȱcasesȱexceptȱforȱtheȱHierarchicalȱAlgorithm,ȱtheȱcomputationalȱ
complexityȱofȱcalculatingȱaȱtheoreticalȱscatteringȱprofileȱfromȱatomisticȱmodelsȱisȱ
decreasedȱbyȱeitherȱapproximatingȱtheȱDebyeȱsumȱorȱmodelingȱanȱimplicit,ȱthusȱ
minimallyȱparameterized,ȱhydrationȱlayer.ȱWhenȱexplicitȱwaterȱmodelsȱareȱusedȱinȱtheseȱ
methodsȱtoȱcalculateȱtheȱhydrationȱlayer,ȱtheȱlocationȱofȱtheȱwaterȱmoleculesȱisȱ
determinedȱbyȱsomeȱformȱofȱenergyȱfunction.ȱItȱisȱnotȱalwaysȱclearȱwhatȱtheseȱenergyȱ
functionsȱareȱbasedȱon,ȱorȱwhetherȱtheyȱareȱphysicallyȱrealistic.ȱȱThusȱevenȱexplicitȱwaterȱ
modelingȱmayȱbeȱconsideredȱanȱapproximation.ȱȱ
ȱ
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Tableȱ1:ȱMethodsȱforȱtheoreticalȱSAXSȱprofileȱcalculationȱ
Programȱ CalculationȱofȱtheȱDebyeȱ
sumȱ
Calculationȱofȱtheȱ
hydrationȱlayerȱ
CRYSOLȱ(Svergunȱetȱal.,ȱ
1995)ȱ
Sphericalȱharmonicsȱ
approximationȱ
Implicitȱsolventȱenvelopeȱ
FOXSȱ(SchneidmanȬ
Duhovnyȱetȱal.,ȱ2010)ȱ
Directȱcalculationȱ Dummyȱatomsȱ
AXESȱ(Grishaevȱetȱal.,ȱ2010)ȱ Sphericalȱharmonicsȱ
approximationȱ
Explicitȱ
SASTBXȱ(Liuȱetȱal.,ȱ2012)ȱ Zernikeȱpolynomialȱ
expansionȱ
Modifiedȱcubeȱapproachȱ
FastȬSAXSȱ(Ravikumarȱetȱ
al.,ȱ2013)ȱ
CoarseȬgrainȱresidueȱ
approximationȱ
Explicitȱ
ORNL_SASȱ(Tjioe,ȱ2007)ȱ Binningȱ Explicitȱ
Hierarchicalȱalgorithmȱ
(Gumerovȱetȱal.,ȱ2012)ȱ
Directȱcalculationȱ Explicitȱ
ȱ
ItȱisȱinterestingȱtoȱcompareȱtheȱtheoreticalȱSAXSȱprofilesȱcalculatedȱbyȱeachȱofȱ
theseȱmethodsȱwhenȱthereȱisȱnoȱexperimentalȱSAXSȱdataȱtoȱconstrainȱtheȱresults.ȱFigureȱ
11ȱshowsȱtheȱtheoreticalȱscatteringȱprofilesȱcalculatedȱforȱtwoȱatomisticȱmodels:ȱ
lysozymeȱ(pdb:ȱ3A8Z)ȱandȱtheȱantibody,ȱIgG2ȱ(pdb:ȱ1IGT).ȱLysozymeȱisȱoftenȱusedȱasȱaȱ
standardȱinȱSAXSȱexperimentsȱandȱisȱaȱglobularȱmolecule.ȱȱIgG2ȱisȱsphericallyȱ
asymmetric.ȱ
Thereȱisȱsignificantȱagreementȱinȱtheȱveryȱlowȱqȱregionȱbetweenȱtheȱvariousȱ
theoreticalȱscatteringȱcurvesȱcalculatedȱforȱbothȱlysozymeȱandȱIgG2ȱ(Figureȱ11A,C).ȱȱThisȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
ȱNeitherȱORNL_SASȱorȱtheȱHierarchicalȱAlgorithmȱareȱpublicallyȱavailable,ȱsoȱnoȱtheoreticalȱSAXSȱ
generatedȱbyȱtheseȱmethodsȱareȱpresented.ȱ
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regionȱisȱrepresentativeȱofȱtheȱglobalȱstructureȱofȱtheȱmolecule.ȱHowever,ȱthereȱisȱnoȱ
agreementȱbetweenȱtheȱunconstrainedȱtheoreticalȱscatteringȱcurvesȱatȱhighȱqȱforȱeitherȱ
lysozymeȱorȱIgG2.ȱThisȱregionȱofȱtheȱscatteringȱcurveȱisȱdependentȱonȱtheȱintraȬdomainȱ
structureȱofȱtheȱmoleculeȱandȱtheȱhydrationȱlayerȱsurroundingȱtheȱmolecule.ȱThus,ȱ
variationsȱinȱhowȱtheȱDebyeȱsumȱisȱcalculatedȱandȱinȱhowȱtheȱhydrationȱlayerȱisȱ
approximatedȱcontributeȱtoȱtheȱlackȱofȱagreementȱbetweenȱmethods.ȱȱ
ȱ
Figureȱ11:ȱComparisonȱofȱtheoreticalȱscatteringȱcurvesȱofȱtwoȱproteins:ȱ
lysozymeȱ(pdb:ȱ3A8Z)ȱandȱIgG2ȱ(pdb:ȱ1IGT).ȱA)ȱTheoreticalȱscatteringȱcurvesȱ
calculatedȱbyȱ5ȱprogramsȱforȱlysozyme,ȱusingȱ3A8Zȱasȱtheȱinputȱmolecule.ȱBlack:ȱ
ExperimentalȱdataȱobtainedȱfromȱtheȱBioȬIsisȱdatabaseȱ(bid:ȱLYSOZP)ȱB)ȱStructureȱofȱ
ȱȱ
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lysozyme.ȱC)ȱTheoreticalȱscatteringȱcurvesȱcalculatedȱbyȱ5ȱprogramsȱforȱIgG2,ȱusingȱ
1IGTȱasȱtheȱinputȱmolecule.ȱD)ȱStructureȱofȱIgG2.ȱFiguresȱ4Bȱandȱ4Dȱareȱnotȱtoȱscale.ȱ
ȱ
Inȱaddition,ȱwhenȱtheȱunȬconstrainedȱtheoreticalȱscatteringȱprofilesȱcalculatedȱforȱ
lysozymeȱareȱcomparedȱtoȱexperimentalȱdataȱ(Figureȱ11A),ȱnoȱsingleȱtheoreticalȱ
scatteringȱcurveȱfullyȱpredictsȱtheȱexperimentalȱdataȱoverȱtheȱentireȱqȱrange.ȱAtȱlowȱ
scatteringȱangles,ȱtheȱSASTBXȱprogramȱbestȱfitsȱtheȱexperimentalȱdata.ȱHowever,ȱatȱhighȱ
scatteringȱanglesȱthisȱisȱnoȱlongerȱtrue.ȱInȱthisȱqȬregion,ȱtheȱdataȱisȱbestȱfitȱbyȱtheȱFOXSȱ
theoreticalȱscatteringȱprofile.ȱ
/LPLWDWLRQVRIULJLGERG\PRGHOLQJ
AsȱseenȱinȱFigureȱ11,ȱoneȱofȱtheȱlimitationsȱofȱrigidȱbodyȱmodelingȱisȱthatȱtheȱ
approximationsȱusedȱtoȱgenerateȱaȱtheoreticalȱscatteringȱprofileȱfromȱanȱatomisticȱmodelȱ
mayȱnotȱaccuratelyȱreflectȱtheȱscatteringȱofȱtheȱmoleculeȱinȱsolution.ȱAtȱhighȱq,ȱthereȱisȱ
noȱagreementȱinȱtheȱtheoreticalȱscatteringȱcurvesȱcalculatedȱbyȱeachȱofȱtheseȱprograms,ȱ
andȱitȱisȱimpossibleȱtoȱdetermineȱwhichȱmethodȱmayȱ“best”ȱreflectȱtheȱscatteringȱofȱtheȱ
moleculeȱinȱsolutionȱatȱallȱangles.ȱThisȱlimitationȱisȱgenerallyȱaddressedȱbyȱusingȱtheȱ
experimentalȱdataȱtoȱconstrainȱtheȱtheoreticalȱprofile.ȱTheȱadjustableȱparametersȱthatȱ
accountȱforȱtheȱhydrationȱlayerȱareȱoptimizedȱagainstȱtheȱexperimentalȱdata.ȱȱHowever,ȱ
itȱisȱnotȱalwaysȱclearȱthatȱtheseȱparametersȱreflectȱtheȱphysicalȱpropertiesȱofȱtheȱmoleculeȱ
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inȱsolution;ȱinsteadȱtheyȱmayȱoftenȱbeȱusedȱasȱ“fudgeȱfactors”ȱtoȱoptimizeȱtheȱfitȱofȱtheȱ
modelȱtoȱtheȱdataȱ(Virtanenȱetȱal.,ȱ2010).ȱ
Anotherȱlimitationȱofȱrigidȱbodyȱmodelingȱisȱitsȱassumptionȱthatȱaȱsingleȱ
atomisticȱmodelȱadequatelyȱdescribesȱtheȱconformationȱofȱtheȱmoleculeȱinȱsolution.ȱForȱ
rigidȱandȱcompactȱproteinsȱthisȱassumptionȱmayȱgenerallyȱbeȱtrue,ȱparticularlyȱwhenȱ
oneȱconsidersȱtheȱ“lowȱresolution”ȱofȱSAXSȱdataȱ(Putnamȱetȱal.,ȱ2007).ȱHowever,ȱforȱ
flexibleȱproteins,ȱthisȱassumptionȱisȱmayȱbeȱincorrect.ȱAȱflexibleȱproteinȱmayȱadoptȱ
manyȱconformationsȱinȱsolution,ȱandȱthisȱconformationalȱcomplexityȱisȱreflectedȱinȱtheȱ
SAXSȱdata.ȱ
SmallȬangleȱscatteringȱdataȱonlyȱreflectsȱtheȱglobalȱpropertiesȱofȱtheȱmoleculeȱinȱ
solutionȱandȱdetectionȱofȱsmallȬscaleȱconformationalȱheterogeneityȱ(movementȱofȱsideȱ
chains)ȱisȱbeyondȱtheȱresolutionȱlimitȱofȱtheȱexperimentalȱtechnique.ȱHowever,ȱsmallȬ
angleȱscatteringȱisȱveryȱsensitiveȱtoȱlargeȱscaleȱheterogeneityȱinȱtheȱconformationalȱ
ensembleȱofȱtheȱmoleculeȱ(Bernadoȱetȱal.,ȱ2007).ȱTheȱscatteringȱprofileȱofȱaȱmoleculeȱisȱ
theȱpopulationȬweightedȱsumȱofȱtheȱscatteringȱprofilesȱofȱallȱconformationsȱinȱsolution.ȱ
Suchȱconformationalȱshiftsȱareȱnotȱcapturedȱbyȱdiscreteȱatomisticȱmodels.ȱWhenȱlargeȱ
interȬdomainȱmotionsȱareȱsuspected,ȱensembleȬbasedȱmodelingȱorȱpolymerȱphysicsȱ
modelingȱmayȱbetterȱreflectȱtheȱconformationalȱensembleȱofȱtheȱprotein.ȱ
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2.4 Ensemble-based modeling of the macromolecule 
,QWURGXFWLRQ
EnsembleȬbasedȱmodelingȱcomparesȱtheȱexperimentalȱSAXSȱdataȱtoȱtheoreticalȱ
aggregateȱscatteringȱcurvesȱcalculatedȱfromȱatomisticȱmodelsȱbyȱsomeȱensembleȬ
generatingȱalgorithm.ȱThisȱapproachȱreliesȱonȱtheȱfactȱthatȱtheȱobservedȱscatteringȱofȱaȱ
moleculeȱinȱsolutionȱisȱtheȱpopulationȬweightedȱsumȱofȱtheȱscatteringȱfromȱallȱ
conformersȱofȱtheȱmoleculeȱ(Huraȱetȱal.,ȱ2013).ȱȱ
Modelingȱtheȱconformationalȱensembleȱgenerallyȱinvolvesȱtwoȱsteps.ȱTheȱfirstȱ
stepȱisȱtoȱgenerateȱaȱlargeȱnumberȱofȱatomisticȱmodelsȱusingȱknownȱstructuralȱ
constraints.ȱThisȱlargeȱparentȱensembleȱisȱwhittledȱdownȱtoȱaȱminimalȱensembleȱ–ȱaȱ
subsetȱofȱconformationsȱfromȱtheȱparentȱensembleȱwhoseȱtheoreticalȱscatteringȱprofilesȱ
areȱbestȱableȱtoȱfitȱtheȱexperimentalȱscatteringȱdata.ȱTheseȱtwoȱprocessesȱasȱwellȱasȱsomeȱ
programsȱthatȱperformȱthisȱcalculationȱareȱdiscussedȱinȱdetailȱbelow.ȱ
*HQHUDWLRQRIWKH³SDUHQWHQVHPEOH´±FRQIRUPDWLRQDOVDPSOLQJ
Theȱfirstȱstepȱinȱanyȱtypeȱofȱensembleȱmodelingȱisȱtoȱgenerateȱaȱseriesȱofȱ
conformersȱthatȱideallyȱsampleȱtheȱstericallyȱallowedȱconformationalȱspaceȱofȱaȱ
molecule.ȱThisȱstepȱrequiresȱsomeȱassumptionsȱaboutȱtheȱstructureȱandȱrigidityȱofȱtheȱ
molecule.ȱExperimentsȱsuchȱasȱhydrogenȬdeuteriumȱexchangeȱ(Hernandezȱandȱ
LeMaster,ȱ2009),ȱNMRȱdynamicsȱmeasurementsȱ(Bracken,ȱ2001),ȱandȱlimitedȱproteolysisȱ
(Fontanaȱetȱal.,ȱ2004)ȱcanȱidentifyȱregionsȱofȱflexibilityȱandȱrigidityȱwithinȱtheȱmolecule.ȱ
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Onceȱtheȱflexibleȱregionsȱofȱtheȱmoleculeȱareȱidentified,ȱseveralȱdifferentȱmethodsȱmayȱ
beȱusedȱtoȱgenerateȱaȱparentȱensembleȱofȱstructuresȱ(usuallyȱ10,000ȱorȱmore)ȱthatȱ
sufficientlyȱsamplesȱconformationalȱspaceȱ(BernadoȱandȱSvergun,ȱ2012).ȱInȱallȱcases,ȱ
rigidȱbodyȱmodelingȱofȱtheȱdomainsȱinȱaȱflexibleȱproteinȱisȱusedȱtoȱreduceȱtheȱ
computationalȱcomplexityȱofȱtheȱmolecularȱmodeling.ȱTheȱcomputationsȱusedȱtoȱ
generateȱtheȱparentȱensembleȱareȱappliedȱonlyȱtoȱthoseȱregionsȱwhereȱflexibilityȱisȱ
indicated.ȱ
Theȱmostȱbasicȱmethodȱforȱgeneratingȱtheȱparentȱensembleȱisȱthatȱimplementedȱ
inȱRanCHȱ(Bernadoȱetȱal.,ȱ2007)ȱandȱFlexibleȬMeccanoȱ(Ozenneȱetȱal.,ȱ2012).ȱInȱthisȱ
method,ȱbackboneȱdihedralȱanglesȱforȱeachȱaminoȱacidȱinȱtheȱflexibleȱregionȱareȱsampledȱ
fromȱaȱpopulationȬweightedȱRamachandranȱdistributionȱuniqueȱtoȱeachȱaminoȱacid.ȱȱ
Rigidȱbodyȱrotationsȱandȱtranslationsȱofȱtheȱrigidȱdomainsȱareȱthenȱperformedȱaroundȱ
theȱflexibleȱlinkers.ȱAȱhardȱsphereȱpotentialȱforȱeachȱaminoȱacidȱisȱapplied,ȱandȱ
conformationsȱareȱrejectedȱwhenȱstericȱclashesȱoccur.ȱȱInȱthisȱmethodȱnoȱotherȱforceȬ
fieldsȱareȱappliedȱtoȱaccountȱforȱattractiveȱorȱrepulsiveȱforcesȱbetweenȱaminoȱacids.ȱ
Anotherȱmethod,ȱsimilarȱtoȱtheȱoneȱabove,ȱisȱSASSIEȱ(Curtisȱetȱal.,ȱ2012).ȱInȱthisȱ
method,ȱtheȱbackboneȱdihedralȱanglesȱareȱrandomlyȱchosenȱfromȱaȱweightedȱ
Ramachandranȱdistributionȱofȱallowedȱdihedrals.ȱItȱisȱimportantȱtoȱnoteȱthatȱthisȱisȱaȱ
singleȱRamachandranȱdistribution,ȱinsteadȱofȱaȱuniqueȱdistributionȱforȱeachȱaminoȱacid.ȱ
Onceȱtheȱatomisticȱmodelȱofȱtheȱconformationȱisȱcreatedȱusingȱdihedralȱsampling,ȱtheȱ
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modelȱisȱenergyȱminimizedȱbyȱCHARMȱ22ȱ(Mackerellȱetȱal.,ȱ2004)ȱtoȱaccountȱforȱhardȬ
sphereȱconstraintsȱandȱattractiveȱandȱrepulsiveȱforces.ȱThus,ȱthisȱmethodȱusesȱaȱ
combinationȱofȱgeometricȱconstraintsȱandȱmolecularȱdynamicsȱ(MD)ȱforceȱfieldsȱtoȱ
generateȱeachȱmodelȱinȱtheȱparentȱensemble.ȱ
Aȱthirdȱsetȱofȱmethodsȱforȱgeneratingȱparentȱensemblesȱisȱtheȱminimalȱmolecularȱ
dynamicsȱapproachesȱimplementedȱinȱBILBOȬMDȱ(Pelikanȱetȱal.,ȱ2009)ȱandȱBSSȬSAXSȱ
(Yangȱetȱal.,ȱ2010).ȱInȱtheseȱmethods,ȱtheȱinitialȱmodelȱisȱsubjectedȱtoȱaȱhighȬtemperatureȱ
simulatedȱannealingȱalgorithmȱtoȱidentifyȱconformationsȱwithȱaȱlocalȱenergyȱminimum.ȱ
ThisȱMDȱsimulationȱisȱonlyȱappliedȱtoȱtheȱflexibleȱregionsȱofȱtheȱprotein.ȱAȱrigidȱbodyȱ
rotationȱandȱtranslationȱisȱappliedȱtoȱtheȱproteinȱdomainsȱaroundȱtheȱflexibleȱregions.ȱȱ
OneȱuniqueȱaspectȱofȱtheȱBILBOȬMDȱalgorithmȱisȱthatȱforceȱfieldsȱforȱelectrostaticȱandȱ
VanȱderȱWaalsȱinteractionsȱareȱexcludedȱfromȱtheȱenergyȱfunction.ȱThisȱsimplificationȱ
speedsȱupȱtheȱcalculationȱofȱtheȱparentȱensembleȱconsiderably.ȱAfterȱgeneratingȱtheȱ
atomisticȱmodel,ȱaȱsecondȱenergyȱminimizationȱisȱperformed,ȱthisȱtimeȱwithȱtwoȱotherȱ
constraints:ȱȱharmonicȱconstraintsȱonȱtheȱproteinȱeliminateȱanyȱhardȬsphereȱstericȱ
clashes,ȱandȱaȱuserȬgeneratedȱradiusȱofȱgyrationȱ(Rg)ȱconstraintȱeliminatesȱallȱmodelsȱ
withȱanȱRgȱoutsideȱparticularȱboundariesȱdeterminedȱfromȱtheȱexperimentalȱSAXSȱdata.ȱ
Thus,ȱthisȱisȱtheȱonlyȱmethodȱreviewedȱhereȱthatȱusesȱtheȱSAXSȱdataȱasȱaȱconstraintȱ
whenȱgeneratingȱtheȱparentȱensemble.ȱ
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6HOHFWLRQRIWKH³PLQLPDOHQVHPEOH´
Onceȱtheȱparentȱensembleȱhasȱbeenȱgenerated,ȱitȱisȱgeneralȱpracticeȱtoȱselectȱaȱ
minimalȱensembleȱthatȱdescribesȱtheȱexperimentalȱscatteringȱdata.ȱForȱflexibleȱproteins,ȱ
itȱisȱimportantȱtoȱrememberȱthatȱthisȱminimalȱensembleȱmayȱnotȱbeȱunique,ȱbutȱinsteadȱ
reflectsȱtheȱpropertiesȱofȱtheȱentireȱstatisticalȱconformationȱofȱtheȱmolecule.ȱInȱgeneral,ȱ
minimalȱensemblesȱconsistȱofȱ1Ȭ50ȱstructures,ȱbutȱtheȱsizeȱofȱaȱminimalȱensembleȱvariesȱ
dependingȱonȱtheȱmethodȱusedȱtoȱgenerateȱit.ȱ
Oneȱmethodȱofȱgeneratingȱaȱminimalȱensemble,ȱimplementedȱinȱtheȱEnsembleȱ
OptimizationȱMethodȱ(EOM)ȱ(Bernadoȱetȱal.,ȱ2007)ȱandȱtheȱMinimalȱEnsembleȱSearchȱ
(MES)ȱ(Pelikanȱetȱal.,ȱ2009),ȱisȱtoȱuseȱaȱgeneticȱalgorithm.ȱFirst,ȱtheȱtheoreticalȱscatteringȱ
profilesȱforȱeachȱconformerȱinȱtheȱparentȱensembleȱareȱcalculated.ȱThen,ȱtheȱscatteringȱ
profilesȱinȱtheȱparentȱensembleȱareȱrandomlyȱdividedȱintoȱsubsets.ȱTheȱsubsetsȱareȱ
subjectedȱtoȱrandomȱmixingȱbetweenȱsubsets,ȱduplicationȱofȱindividualȱconformers,ȱorȱ
deletionȱofȱconformersȱinȱtheȱsubset.ȱTheȱresultingȱaggregateȱSAXSȱprofileȱfromȱeachȱ
subsetȱisȱcomparedȱtoȱtheȱexperimentalȱdataȱandȱtheȱsubsetȱwithȱtheȱbestȱfitȬstatisticsȱtoȱ
theȱexperimentalȱdataȱisȱcarriedȱthroughȱtoȱtheȱnextȱcycleȱofȱtheȱgeneticȱalgorithm.ȱ
Generally,ȱ1000ȱorȱmoreȱcyclesȱareȱperformed.ȱInȱthisȱgeneticȱalgorithm,ȱtheȱmutationsȱinȱ
theȱsubsetsȱduringȱeachȱcycleȱareȱnotȱconstrainedȱbyȱtheȱexperimentalȱdata.ȱAtȱtheȱendȱofȱ
theȱcomputation,ȱaȱweightedȱpopulationȱofȱminimalȱconformersȱisȱobtained.ȱInȱtheȱEOMȱ
approach,ȱusuallyȱ10Ȭ50ȱconformersȱareȱusedȱtoȱdescribeȱtheȱconformationalȱensemble.ȱ
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InȱtheȱMESȱapproach,ȱ2Ȭ5ȱconformersȱareȱenumerated.ȱInȱbothȱcases,ȱtheȱauthorsȱ
emphasizeȱthatȱalthoughȱtheȱminimalȱensemblesȱareȱdepictionsȱofȱtheȱconformationalȱ
ensemble,ȱtheȱconformationsȱinȱtheȱminimalȱensembleȱdoȱnotȱrepresentȱtheȱonlyȱ
conformersȱinȱsolution.ȱȱOnlyȱtheȱradiusȱofȱgyrationȱ(Rg)ȱandȱRgȱdistributionȱofȱtheȱ
minimalȱensembleȱshouldȱbeȱconsideredȱwhenȱinterpretingȱtheȱresultsȱofȱtheȱalgorithm.ȱ
ENSEMBLEȱ(Krzeminskiȱetȱal.,ȱ2013)ȱandȱEROSȱ(Rozyckiȱetȱal.,ȱ2011)ȱuseȱaȱ
differentȱapproachȱforȱgeneratingȱaȱminimalȱensembleȱfromȱaȱparentȱensemble.ȱInȱthisȱ
approachȱanȱensembleȱwithȱaȱmaximumȱentropyȱweightȱdistributionȱisȱselected.ȱAllȱtheȱ
conformersȱinȱtheȱparentȱensembleȱareȱfirstȱclusteredȱbyȱaȱpairȬwiseȱcomparisonȱofȱtheȱ
averageȱrootȬmeanȬsquaredȬdistanceȱbetweenȱeachȱconformer0.ȱThen,ȱanȱaggregateȱ
scatteringȱcurveȱforȱeachȱclusterȱisȱcalculatedȱandȱcomparedȱtoȱtheȱexperimentalȱdata.ȱAȱ
maximumȱentropyȱandȱsimulatedȱannealingȱapproachȱisȱusedȱtoȱdetermineȱtheȱ
populationȱofȱeachȱclusterȱthatȱinȱtotalȱbestȱfitsȱtheȱexperimentalȱscatteringȱcurve.ȱȱThus,ȱ
theȱoutputȱofȱtheȱalgorithmȱisȱaȱseriesȱofȱconformersȱandȱtheirȱrespectiveȱweightsȱthatȱ
bestȱfitȱtheȱexperimentalȱscatteringȱcurve.ȱInȱcontrastȱtoȱtheȱEOMȱandȱMESȱmethodsȱ
above,ȱtheȱauthorsȱofȱEROSȱstateȱthatȱthisȱmethodȱnotȱonlyȱprovidesȱinformationȱaboutȱ
theȱglobalȱfeaturesȱofȱtheȱconformationalȱensemble,ȱbutȱthatȱtheȱatomisticȱmodelsȱfullyȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
0ȱItȱwasȱnotedȱthat,ȱforȱtheȱtestȱprotein,ȱ40%ȱofȱallȱclustersȱcontainedȱaȱsingleȱconformer.ȱ
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representȱtheȱsolutionȱconformationsȱandȱcanȱbeȱusedȱtoȱexplainȱspecificȱchemicalȱandȱ
biologicalȱprocesses.ȱ
/LPLWDWLRQVRIHQVHPEOHPRGHOLQJ
Theȱmajorȱlimitationȱofȱtheseȱmethodsȱisȱtheȱabilityȱtoȱaccuratelyȱpredictȱtheȱ
theoreticalȱscatteringȱcurveȱofȱaȱmoleculeȱfromȱaȱgivenȱatomisticȱmodel.ȱAsȱillustratedȱinȱ
Figureȱ3,ȱthisȱpredictionȱisȱbyȱnoȱmeansȱfoolȬproof.ȱWhenȱexperimentalȱSAXSȱdataȱisȱnotȱ
usedȱtoȱconstrainȱtheȱmodel,ȱeachȱmethodȱgeneratesȱvastlyȱdifferentȱscatteringȱprofilesȱ
fromȱtheȱatomisticȱmodel.ȱȱThus,ȱoneȱhasȱtoȱquestionȱwhetherȱensembleȱselectionȱ
methodsȱtrulyȱprovideȱmoreȱinformationȱthanȱdistributionalȱinformationȱofȱtheȱglobalȱ
structuralȱparameters,ȱgivenȱhowȱreliantȱtheyȱareȱonȱabȱinitioȱgenerationȱofȱtheoreticalȱ
scatteringȱcurves.ȱ
Anotherȱlimitationȱofȱthisȱapproachȱisȱthatȱtheȱparentȱensemblesȱmayȱ
significantlyȱunderȬsampleȱallowedȱconformationalȱspaceȱ(Berlinȱetȱal.,ȱ2013).ȱForȱanȱ
unfoldedȱproteinȱorȱaȱflexibleȱlinkerȱbetweenȱtwoȱdomains,ȱLevinthal’sȱParadoxȱ
(Levinthal,ȱ1968)ȱstatesȱthatȱsinceȱaȱrandomȱcoilȱpeptideȱchainȱhasȱaȱveryȱlargeȱnumberȱ
ofȱdegreesȱofȱfreedom,ȱitsȱnumberȱofȱpossibleȱconformationsȱisȱastronomicallyȱlarge.ȱȱForȱ
instance,ȱifȱaȱtwoȬdomainȱproteinȱisȱseparatedȱbyȱ31ȱflexibleȱresidues,ȱitȱhasȱ30ȱpeptideȱ
bondsȱandȱ60ȱdifferentȱpsi/phiȱbondȱangles.ȱȱIfȱeachȱphiȱandȱpsiȱangleȱisȱallowedȱtoȱadoptȱ
threeȱstableȱconformations,ȱthenȱnumberȱofȱpossibleȱconformationsȱofȱtheȱpeptideȱisȱonȱ
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theȱorderȱofȱ360ȱ=ȱ1028ȱconformations.ȱGenerally,ȱensembleȱbasedȱmethodsȱsampleȱ10,000ȱ
conformationsȱ–ȱanȱinfinitesimallyȱsmallȱfractionȱofȱtheȱtotalȱnumberȱofȱpossibleȱ
conformations.ȱȱThus,ȱcareȱmustȱbeȱtakenȱtoȱassureȱthatȱtheȱwholeȱofȱconformationalȱ
spaceȱisȱexploredȱandȱthatȱtheȱparentȱensembleȱisȱtrulyȱaȱrandomȱsamplingȱofȱ
conformationalȱspace.ȱȱ
Anotherȱlimitationȱofȱensembleȱmodelingȱisȱverificationȱofȱtheȱrobustnessȱandȱ
uniquenessȱofȱtheȱstructuralȱparametersȱofȱtheȱminimalȱensemble.ȱAsȱwillȱbeȱshownȱinȱ
Chapterȱ4,ȱsometimesȱtheȱsolutionsȱgeneratedȱbyȱtheȱminimalȱensembleȱenumerationȱ
methodsȱareȱneitherȱrobustȱnorȱunique.ȱȱ
2.5 Modeling the structure of highly flexible macromolecules 
,QWURGXFWLRQ
Rigidȱbodyȱandȱensembleȱmodelingȱapproachesȱhaveȱbeenȱveryȱsuccessfulȱinȱ
modelingȱtheȱstructuresȱofȱrigidȱandȱminimallyȱflexibleȱproteinsȱ(Putnamȱetȱal.,ȱ2007).ȱ
Forȱaȱproteinȱthatȱexistsȱinȱtwoȱconformations,ȱopenȱandȱclosed,ȱrigidȱbodyȱmodelingȱhasȱ
beenȱableȱtoȱdistinguishȱbetweenȱtheseȱtwoȱconformations,ȱandȱensembleȱmodelingȱhasȱ
beenȱableȱtoȱassignȱweightsȱtoȱtheȱrelativeȱpopulationsȱofȱtheseȱtwoȱconformationsȱinȱ
differentȱsolutionȱconditionsȱ(PetoukhovȱandȱSvergun,ȱ2005).ȱȱHowever,ȱtheseȱ
techniquesȱareȱnotȱalwaysȱsuccessfulȱinȱdeterminingȱ“structures”ȱofȱhighlyȱflexibleȱ
proteinsȱ(ReceveurȬBrechotȱandȱDurand,ȱ2012)ȱbecauseȱofȱtheȱlimitationsȱdiscussedȱ
above.ȱInȱtheȱfollowingȱsectionsȱIȱwillȱdiscussȱsomeȱofȱtheȱproblemsȱinȱmodelingȱ
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“structures”ȱofȱhighlyȱflexibleȱproteinsȱfromȱSAXSȱdata,ȱreviewȱmethodsȱforȱdeterminingȱ
ifȱaȱproteinȱisȱflexible,ȱandȱprovideȱaȱmethodȱutilizingȱpolymerȱphysicsȱandȱensembleȱ
approachesȱtoȱdescribeȱtheȱstatisticalȱconformationsȱofȱhighlyȱflexibleȱproteins.ȱ
7KHLQIRUPDWLRQFRQWHQWRI6$;6GDWD
ItȱhasȱlongȱbeenȱrecognizedȱthatȱsmallȬangleȱscatteringȱdataȱanalysisȱisȱanȱillȬ
posedȱproblem:ȱtheȱnumberȱofȱadjustableȱparametersȱusedȱinȱSAXSȱanalysisȱnormallyȱfarȱ
exceedsȱtheȱnumberȱofȱindependentȱobservablesȱinȱaȱSAXSȱdatasetȱ(Gumerovȱetȱal.,ȱ2012;ȱ
RamboȱandȱTainer,ȱ2013).ȱForȱrigidȱmolecules,ȱthisȱlackȱofȱobservablesȱresultsȱfromȱtheȱ
lackȱofȱorderingȱofȱmoleculesȱinȱsolutionȱ(Konigȱetȱal.,ȱ1993).ȱDueȱtoȱtheȱorientationalȱ
averagingȱofȱmoleculesȱinȱsolution,ȱitȱisȱchallengingȱtoȱmodelȱaȱ3Dȱstructureȱofȱaȱ
moleculeȱfromȱtheȱ1DȱSAXSȱdatasetȱ(Vachetteȱetȱal.,ȱ2003).ȱȱ
Forȱflexibleȱproteins,ȱthisȱproblemȱisȱalsoȱcompoundedȱbyȱtheȱsheerȱnumberȱ
distinctȱconformationsȱthatȱmayȱbeȱpresentȱinȱsolutionȱinȱanyȱgivenȱcondition.ȱBerlinȱandȱ
coȬworkersȱ(Berlinȱetȱal.,ȱ2013)ȱhaveȱrecentlyȱsuggestedȱthatȱforȱpolyȬubiquitinȱ2,ȱaȱtwoȱ
domainȱproteinȱwithȱaȱflexibleȱinterȬdomainȱlinker,ȱtheȱnumberȱofȱindependentȱ
observablesȱinȱaȱSAXSȱdatasetȱmayȱbeȱasȱlowȱasȱ3.ȱȱIfȱatomisticȱmodelingȱisȱusedȱtoȱ
explainȱthisȱtypeȱofȱSAXSȱdata,ȱaȱnumberȱofȱnonȬuniqueȱensemblesȱofȱmodelsȱmayȱfitȱtheȱ
experimentalȱdataȱwithȱtheȱsameȱaccuracy.ȱInȱtheseȱcases,ȱinterpretationȱofȱtheȱSAXSȱ
dataȱusingȱatomisticȱmodelsȱmayȱresultȱinȱoverȬparameterizationȱofȱtheȱmodel.ȱȱMoreȱ
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informationȱaboutȱtheȱstructureȱofȱtheȱproteinȱresultsȱfromȱtheȱmodelingȱtechniqueȱusedȱ
thanȱcanȱbeȱinferredȱfromȱtheȱexperimentalȱdataȱalone.ȱ
Despiteȱtheseȱlimitations,ȱsmallȬangleȱscatteringȱanalysisȱyieldsȱimportantȱ
informationȱaboutȱtheȱstatisticalȱconformationsȱofȱhighlyȱflexibleȱproteinsȱandȱthisȱ
informationȱbeenȱconfirmedȱbyȱotherȱexperimentalȱtechniquesȱ(Stollarȱetȱal.,ȱ2012).ȱ
RecognizingȱtheȱimportanceȱofȱSAXSȱasȱaȱbiophysicalȱtool,ȱIȱdoȱnotȱwantȱtoȱdiscourageȱ
itsȱuseȱinȱtheȱstudyȱflexibleȱmolecules.ȱRather,ȱIȱadvocateȱcarefulȱconsiderationȱofȱtheȱ
appropriatenessȱofȱeachȱmodelingȱapproach,ȱgivenȱtheȱexperimentalȱquestionȱbeingȱ
addressedȱandȱtheȱinformationȱcontentȱofȱtheȱscatteringȱdata.ȱȱTheȱnumberȱofȱparametersȱ
inȱtheȱmodelȱmustȱbeȱmatchedȱtoȱtheȱinformationȱcontentȱofȱtheȱSAXSȱdata.ȱ
,QGLFDWRUVRIIOH[LELOLW\LQWKHVFDWWHULQJGDWD"
TheȱfirstȱstepȱinȱmodelingȱmoleculesȱbasedȱonȱSAXSȱdataȱisȱtoȱdetermineȱifȱtheȱ
moleculeȱisȱcompactȱandȱglobular,ȱsphericallyȱasymmetric,ȱorȱflexible.ȱȱInȱtheȱbiologicalȱ
SAXSȱliterature,ȱthereȱareȱtwoȱrecognizedȱ“tests”ȱforȱflexibilityȱthatȱcanȱbeȱperformedȱ
withȱtheȱprimaryȱSAXSȱdataȱwithoutȱtheȱneedȱforȱmodelingȱ(RamboȱandȱTainer,ȱ2011;ȱ
ReceveurȬBrechotȱandȱDurand,ȱ2012).ȱBothȱofȱtheseȱtests,ȱtheȱdimensionlessȱKratkyȱplotȱ
andȱtheȱPorodȬDebyeȱplot,ȱareȱbasedȱonȱtheȱpowerȬlawȱrelationshipȱbetweenȱtheȱ
scatteringȱintensityȱandȱtheȱscatteringȱangle.ȱȱAlthoughȱtheseȱareȱwidelyȱacceptedȱtestsȱ
usedȱtoȱdistinguishȱbetweenȱrigidȱproteinsȱandȱflexibleȱproteins,ȱusingȱsimpleȱshapeȱ
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modelsȱIȱwillȱshowȱthatȱtheseȱtestsȱcanȱdistinguishȱbetweenȱglobularityȱandȱnonȬ
globularityȱbutȱcannotȱdistinguishȱbetweenȱflexibilityȱandȱsphericalȱasymmetry.ȱ
2.5.3.1ȱTheȱdimensionlessȱKratkyȱplotȱ
Asȱseenȱinȱsectionȱ2.2.2.2,ȱaȱlogȱIȱvs.ȱlogȱqȱplotȱofȱtheȱscatteringȱdataȱcanȱyieldȱ
importantȱinformationȱaboutȱvolumeȱ:ȱsurfaceȱareaȱratioȱofȱaȱparticleȱatȱdifferentȱlengthȱ
scales.ȱȱThisȱinformationȱcanȱthenȱbeȱusedȱtoȱstartȱtoȱdescribeȱtheȱ“shape”ȱofȱtheȱparticle.ȱ
WhileȱtheȱPorodȱexponentȱcanȱbeȱobtainedȱfromȱtheȱlogȬlogȱplotȱofȱtheȱscatteringȱdata,ȱitȱ
isȱdifficultȱtoȱdetermineȱwhereȱtheȱtransitionȱoccursȱbetweenȱoneȱtypeȱofȱpowerȬlawȱ
relationshipȱandȱanother.ȱSeveralȱtransformsȱofȱtheȱscatteringȱdataȱcanȱhelpȱclarifyȱ
whereȱthisȱtransitionȱoccurs.ȱ
InȱtheȱbiologicalȱSAXSȱliterature,ȱtheȱdimensionlessȱKratkyȱplotȱhasȱbeenȱ
promotedȱasȱaȱusefulȱtoolȱtoȱdistinguishȱbetweenȱrigidȱandȱflexibleȱbiomoleculesȱ
(Hammel,ȱ2012;ȱMertensȱandȱSvergun,ȱ2010;ȱPelikanȱetȱal.,ȱ2009;ȱWilliamsȱetȱal.,ȱ2012).ȱInȱ
thisȱplot,ȱtheȱxȬaxis,ȱq,ȱisȱscaledȱbyȱtheȱmolecule’sȱRg,ȱandȱtheȱyȬaxisȱisȱ൫ݍܴ௚൯ଶ ܫሺݍሻ ܫሺͲሻΤ .ȱ
TheȱKratkyȱplotȱallowsȱoneȱtoȱeasilyȱdetermineȱifȱaȱSAXSȱprofileȱexhibitsȱaȱܲ ൎ ͶȱpowerȬ
lawȱrelationship.ȱ
Forȱcompactȱmolecules,ȱwhereȱȱܲ ൎ Ͷ,ȱthereȱwillȱbeȱaȱpeakȱatȱݍܴ௚ ൎ ξ͵ȱandȱ
൫ݍܴ௚൯ଶ ܫሺݍሻ ܫሺͲሻΤ ൎ ͵݁ିଵȱ(Durandȱetȱal.,ȱ2010;ȱRamboȱandȱTainer,ȱ2011).ȱȱForȱaȱ
completelyȱrandomȱcoil,ȱܲ ൌ ͷ ͵ൗ ,ȱandȱonȱtheȱKratkyȱplotȱthisȱisȱindicatedȱbyȱaȱhorizontalȱ
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asymptoteȱatȱ൫ݍܴ௚൯ଶ ܫሺݍሻ ܫሺͲሻΤ ൎ ʹǤͷ.ȱȱFinally,ȱforȱaȱrigidȱrod,ȱtheȱslopeȱofȱtheȱscatteringȱ
intensityȱwillȱincreaseȱlinearly.ȱFigureȱ12ȱshowsȱtheȱdimensionlessȱKratkyȱplotȱforȱaȱ
sphere,ȱcylinder,ȱdisk,ȱrod,ȱandȱrandomȱcoil.ȱBothȱtheȱsphereȱandȱdiskȱdisplayȱaȱpeakȱatȱ
ݍܴ௚ ൎ ξ͵,ȱindicating,ȱbyȱtheȱaboveȱcriteria,ȱthatȱtheȱparticleȱisȱrigid.ȱHowever,ȱtheȱ
cylinder,ȱwhichȱisȱveryȱsphericallyȱasymmetric,ȱdoesȱnotȱhaveȱaȱpeakȱatȱݍܴ௚ ൎ ξ͵ǤȱȱInȱ
addition,ȱasȱmentionedȱabove,ȱtheȱrod,ȱwhichȱcanȱbeȱconsideredȱrigid,ȱalsoȱdoesȱnotȱ
displayȱaȱpeakȱatȱܴ௚ ൎ ξ͵ȱ.ȱInstead,ȱ൫ݍܴ௚൯ଶ ܫሺݍሻ ܫሺͲሻΤ ȱincreasesȱlinearlyȱwithȱݍܴ௚.ȱThus,ȱ
forȱelongatedȱsphericallyȱasymmetricȱmolecules,ȱitȱisȱdifficultȱtoȱdistinguishȱbetweenȱ
“flexibility”ȱandȱsphericalȱasymmetry.ȱCharacteristicȱfeaturesȱinȱtheȱdimensionlessȱ
Kratkyȱplotȱcanȱonlyȱindicateȱdeviationȱfromȱglobularityȱorȱflexibilityȱinȱconformationalȱ
ensembleȱofȱtheȱmolecule.ȱNevertheless,ȱthisȱplotȱisȱaȱhelpfulȱfirstȬassessmentȱofȱnonȬ
globularity.ȱ
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ȱ
Figureȱ12:ȱTheȱdimensionlessȱKratkyȱplotȱforȱaȱsphereȱ(red),ȱcylinderȱ(blue),ȱ
diskȱ(green),ȱrodȱ(purple),ȱandȱrandomȱcoilȱ(grey).ȱ
ȱ
2.5.3.2ȱTheȱPorodȬDebyeȱplotȱ
RamboȱandȱcolleaguesȱhaveȱsuggestedȱthatȱtheȱPorodȬDebyeȱplotȱmayȱalsoȱbeȱ
usedȱtoȱdetermineȱtheȱflexibilityȱofȱaȱproteinȱ(Hammel,ȱ2012;ȱHuraȱetȱal.,ȱ2013;ȱRamboȱ
andȱTainer,ȱ2011,ȱ2013).ȱInȱthisȱplot,ȱtheȱscatteringȱdataȱisȱplottedȱasȱݍସ ܫሺݍሻ ܫሺͲሻΤ vs.ȱݍସ.ȱȱ
Theȱauthorsȱassertȱthatȱatȱlowȱscatteringȱanglesȱtheȱscatteringȱofȱaȱfoldedȱproteinȱshouldȱ
decayȱasȱqȬ4.ȱTherefore,ȱinȱtheȱPorodȬDebyeȱplotȱfoldedȱproteinsȱwillȱdisplayȱaȱhorizontalȱ
plateauȱatȱlowȱscatteringȱangles.ȱȱWhileȱthisȱobservationȱofȱaȱhorizontalȱplateauȱisȱtrueȱ
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forȱglobularȱfoldedȱproteins,ȱitȱmayȱnotȱbeȱtrueȱforȱsphericallyȱasymmetricȱfoldedȱ
proteins.ȱȱFigureȱ13ȱshowsȱtheȱPorodȬDebyeȱplotȱforȱbasicȱshapes,ȱmeantȱtoȱsimulateȱ
foldedȱglobularȱandȱfoldedȱsphericallyȱasymmetricȱmolecules.ȱBothȱtheȱsphereȱ(Figureȱ
13A)ȱandȱcylinderȱ(Figureȱ13B)ȱPorodȬDebyeȱplotsȱhaveȱaȱhorizontalȱplateau,ȱsuggesting,ȱ
byȱRambo’sȱcriteria,ȱthatȱtheseȱareȱ“folded”ȱshapes.ȱȱThisȱisȱinȱcontrastȱtoȱtheȱ
dimensionlessȱKratkyȱplot,ȱwhereȱtheȱcylinderȱdidȱnotȱexhibitȱtheȱcharacteristicȱfeaturesȱ
ofȱglobularȱshape.ȱȱInterestingly,ȱtheȱPorodȬDebyeȱplotȱforȱtheȱdiskȱ(Figureȱ13C)ȱsuggestsȱ
thatȱthisȱshapeȱisȱ“notȱfolded”,ȱinȱcontrastȱtoȱtheȱdimensionlessȱKratkyȱplotȱthatȱ
exhibitedȱtheȱcharacteristicȱfeaturesȱofȱaȱglobularȱshape.ȱȱTheȱPorodȬDebyeȱplotȱforȱtheȱ
rodȱ(Figureȱ13D)ȱsuggestsȱthatȱthisȱshapesȱisȱ“notȱfolded.”ȱHowever,ȱoneȱcanȱimagineȱ
thatȱanȱelongatedȱbiomolecule,ȱsuchȱasȱdoubleȬstrandedȱDNA,ȱmightȱbestȱbeȱdescribedȱ
asȱeitherȱaȱcylinderȱorȱaȱrod,ȱandȱitȱisȱcertainlyȱaȱfolded,ȱhomogenousȱbiomoleculeȱinȱ
solution.ȱȱThus,ȱIȱsuggestȱthatȱwhileȱtheȱPorodȬDebyeȱplotȱmayȱbeȱhelpfulȱinȱvisualizingȱ
theȱglobularityȱofȱaȱmolecule,ȱlackȱofȱaȱhorizontalȱasymptoteȱatȱlowȱscatteringȱanglesȱ
doesȱnotȱindicateȱthatȱtheȱmoleculeȱisȱflexible,ȱonlyȱthatȱitȱmayȱbeȱsphericallyȱ
asymmetric.ȱȱThisȱplot,ȱlikeȱtheȱdimensionlessȱKratkyȱplot,ȱcanȱonlyȱdistinguishȱbetweenȱ
globularityȱandȱnonȬglobularity.ȱ
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Theseȱsimulatedȱresultsȱdemonstrateȱthatȱaȱprimaryȱanalysisȱofȱtheȱscatteringȱ
dataȱisȱsufficientȱtoȱdistinguishȱbetweenȱglobular,ȱnearlyȱspherical,ȱmoleculesȱandȱnonȬ
globularȱmolecules.ȱHowever,ȱinȱorderȱtoȱinferȱflexibility,ȱexperimentalȱdataȱfromȱotherȱ
sourcesȱisȱneeded.ȱȱWithoutȱcorroboratingȱexperimentalȱevidence,ȱifȱtheȱKratkyȱorȱ
PorodȬDebyeȱplotsȱindicateȱthatȱaȱproteinȱisȱflexibleȱorȱsphericallyȱasymmetric,ȱitȱisȱbestȱ
toȱstartȱmodelingȱtheȱ“structure”ȱofȱtheȱproteinȱusingȱtheȱleastȱparameterizedȱmodelingȱ
approachȱthatȱcanȱexplainȱtheȱSAXSȱdataȱȬȱaȱsphericallyȱasymmetricȱmodel.ȱȱOnlyȱinȱ
casesȱwhereȱthisȱmodelingȱapproachȱfailsȱtoȱadequatelyȱdescribeȱtheȱexperimentalȱdataȱ
shouldȱflexibilityȱbeȱinferred.ȱ
$PHWKRGIRUGHVFULELQJWKHVWDWLVWLFDOFRQIRUPDWLRQRIKLJKO\
IOH[LEOHSURWHLQV
NowȱthatȱIȱhaveȱdiscussedȱaȱmethodȱtoȱdetermineȱwhetherȱaȱproteinȱisȱglobularȱ
orȱsphericallyȱasymmetric/flexibleȱfromȱtheȱprimaryȱSAXSȱdata,ȱwithoutȱanyȱmodeling,ȱIȱ
wouldȱlikeȱtoȱproposeȱaȱprotocolȱforȱmodelingȱtheȱstructureȱ–ȱtheȱstatisticalȱ
conformationȱ–ȱofȱhighlyȱflexibleȱproteinsȱ(Figureȱ14).ȱȱThisȱsimpleȱprotocolȱusesȱ
polymerȱphysics,ȱrigidȱbody,ȱandȱensembleȱmodelingȱapproachesȱinȱaȱgraduatedȱwayȱ
thatȱstartsȱfromȱmodelingȱtheȱstatisticalȱconformationȱwithȱaȱsmallȱnumberȱofȱ
parametersȱandȱonlyȱincreasesȱtheȱ“resolution”ȱofȱtheȱmodelingȱapproachȱwhenȱdoingȱsoȱ
isȱsupportedȱbyȱtheȱSAXSȱdata.ȱ
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ȱ
Figureȱ14:ȱAȱprotocolȱforȱmodelingȱhighlyȱflexibleȱproteinsȱusingȱSAXSȱdata.ȱ
Whenȱaȱprogramȱisȱlisted,ȱthisȱisȱtheȱpreferredȱprogramȱtoȱuseȱforȱthisȱstepȱinȱtheȱ
protocol.ȱ
ȱ
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Theȱfirstȱstepȱinȱthisȱprotocolȱisȱtoȱdetermineȱifȱtheȱproteinȱisȱglobularȱorȱnotȱ
usingȱtheȱtwoȱtestsȱforȱglobularityȱdescribedȱaboveȱ–ȱtheȱdimensionlessȱKratkyȱplotȱandȱ
theȱPorodȬDebyeȱplot.ȱȱ
1) Ifȱtheȱproteinȱisȱglobular,ȱdeterminedȱbyȱ“passing”ȱbothȱtheȱ
dimensionlessȱKratkyȱtestȱandȱtheȱPorodȬDebyeȱtest,ȱthenȱitȱisȱ
appropriateȱtoȱmodelȱtheȱstructureȱusingȱaȱrigidȱbodyȱapproach.ȱ
2) ȱIfȱtheȱSAXSȱdataȱfailsȱtheȱtestȱforȱglobularity,ȱthenȱtwoȱtypesȱofȱ
modelingȱshouldȱbeȱperformed.ȱIfȱthereȱisȱnoȱadditionalȱexperimentalȱ
evidenceȱsuggestingȱthatȱtheȱproteinȱisȱflexible,ȱpolymerȱphysicsȱ
modelingȱusingȱrigidȱsimpleȱshapes,ȱorȱrigidȱbodyȱmodelingȱusingȱ
atomisticȱmodelsȱshouldȱbeȱperformed.ȱIfȱexperimentalȱevidenceȱotherȱ
thanȱSAXSȱsuggestsȱthatȱtheȱproteinȱisȱflexible,ȱthenȱpolymerȱphysicsȱ
modelingȱusingȱflexibleȱmodels:ȱe.g.,ȱwormȬlikeȱchain,ȱflexibleȱcylinder,ȱ
Gaussianȱcoil,ȱandȱpearlȱnecklaceȱshouldȱbeȱperformed.ȱIfȱnoȱexistingȱ
polymerȱmodelȱfitsȱtheȱSAXSȱdata,ȱaȱnewȱmodelȱcanȱbeȱdefinedȱbasedȱ
onȱtheȱcharacteristicsȱofȱtheȱsystem.ȱAȱcorrespondingȱscatteringȱ
functionȱcanȱbeȱderivedȱusingȱanȱapproachȱsimilarȱtoȱtheȱoneȱusedȱinȱ
Chapterȱ4.ȱȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
ȱSeeȱsectionȱ4.5.ȱ
ȱȱ
65
3) ȱAsȱaȱcomparison,ȱuseȱanȱatomisticȱmodelȱandȱsamplingȱofȱ
conformationalȱspaceȱtoȱobtainȱanȱensembleȱrepresentingȱaȱcoarseȱ
samplingȱofȱtheȱstatisticalȱconformation,ȱunconstrainedȱbyȱtheȱSAXSȱ
data.ȱIȱhaveȱdevelopedȱaȱPythonȱscriptȱthatȱallowsȱoneȱtoȱuseȱRanCHȱ
(partȱofȱtheȱEOMȱsuiteȱofȱprogramsȱdiscussedȱabove)ȱtoȱgenerateȱanȱ
ensembleȱofȱmodelsȱwhereȱtheȱensembleȱsizeȱisȱdependentȱonȱtheȱ
degreesȱofȱfreedomȱofȱtheȱmolecule.ȱThisȱscriptȱdeterminesȱtheȱnumberȱ
ofȱmodelsȱnecessaryȱtoȱproduceȱaȱconvergedȱRgȱandȱDmaxȱdistributionȱ
andȱgeneratesȱanȱaggregateȱscatteringȱcurveȱforȱtheȱunconstrainedȱ
ensemble.ȱIfȱtheȱdifferencesȱbetweenȱthisȱcalculatedȱscatteringȱcurveȱ
andȱtheȱexperimentalȱdataȱareȱrandomȱandȱcomparableȱtoȱnoise,ȱthenȱ
furtherȱensembleȱanalysisȱisȱmeaningless.ȱ
4) Ifȱfurtherȱanalysisȱisȱindicated,ȱuseȱaȱprogramȱdescribedȱaboveȱtoȱselectȱ
aȱminimalȱsetȱofȱconformationsȱfromȱtheȱensembleȱgeneratedȱinȱstepȱ3ȱ
whoseȱtotalȱpredictedȱscatteringȱcurveȱbetterȱfitsȱtheȱobservedȱSAXSȱ
data.ȱThen,ȱtestȱthisȱminimalȱensembleȱforȱstatisticalȱsignificance:ȱIsȱtheȱ
Rgȱdistributionȱdeterminedȱfromȱtheȱminimalȱensembleȱrepeatableȱ
usingȱtheȱsameȱstartingȱensemble?ȱAreȱtheȱmomentsȱofȱtheȱRgȱ
distributionȱforȱeachȱreplicateȱcalculationȱsimilar?ȱIfȱso,ȱthisȱanalysisȱ
supportsȱaȱhigherȱresolutionȱinterpretationȱofȱtheȱSAXSȱdata,ȱasȱ
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representedȱbyȱtheȱminimalȱensemble.ȱIfȱnot,ȱtheȱSAXSȱdataȱdoesȱnotȱ
supportȱsuchȱaȱhighȱresolutionȱdepictionȱofȱtheȱstatisticalȱconformationȱ
ofȱtheȱflexibleȱsystem.ȱInȱthisȱcase,ȱpolymerȱphysicsȱprovidesȱaȱ
depictionȱthatȱmoreȱappropriatelyȱreflectsȱtheȱinformationȱcontentȱofȱ
theȱdata.ȱ
Itȱisȱimportantȱtoȱnoteȱthatȱtheȱgenerationȱofȱtheȱlargeȱunconstrainedȱensembleȱisȱ
anȱimportantȱstepȱinȱtheȱprotocol.ȱTheȱaggregateȱscatteringȱcurveȱfromȱtheȱlargeȱ
ensembleȱcanȱbeȱusedȱtoȱconfirmȱtheȱconclusionsȱreachedȱbyȱpolymerȱphysicsȱmodelingȱ
andȱtheȱglobalȱpropertiesȱofȱtheȱparentȱensembleȱcanȱprovideȱadditionalȱparametersȱthatȱ
describeȱtheȱstatisticalȱconformationȱofȱtheȱprotein.ȱHowever,ȱoneȱmustȱcarefullyȱ
considerȱtheȱtypeȱofȱenergyȱfunctionsȱusedȱtoȱcalculateȱtheȱparentȱensemble.ȱȱIȱadvocateȱ
usingȱtheȱsimplestȱmethod,ȱRanCHȱorȱFlexibleȬMeccano,ȱwithȱtheȱfewestȱenergyȱ
functionsȱtoȱgenerateȱtheȱensemble.ȱTheseȱareȱtheȱleastȱparameterizedȱmethodsȱforȱ
generatingȱtheȱparentȱensemble.ȱUsingȱtheseȱprograms,ȱtheȱaggregateȱscatteringȱprofileȱ
isȱonlyȱconstrainedȱbyȱhardȱsphereȱenergyȱwells.ȱIfȱtheȱaggregateȱscatteringȱprofileȱdoesȱ
notȱfitȱtheȱdata,ȱthenȱoneȱcanȱconcludeȱthatȱthereȱareȱotherȱconstraintsȱonȱtheȱstatisticalȱ
conformationȱinȱadditionȱtoȱhardȱsphereȱconstraints.ȱȱIfȱanotherȱmethodȱisȱusedȱtoȱ
generateȱtheȱparentȱensemble,ȱitȱmayȱnotȱbeȱclearȱpreciselyȱwhatȱconstraintsȱwereȱ
appliedȱduringȱgenerationȱofȱtheȱensembleȱandȱhowȱtheseȱconstraintsȱaffectȱtheȱ
aggregateȱscatteringȱprofile.ȱ
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2.6 Concluding Remarks 
InȱthisȱchapterȱIȱhaveȱreviewedȱtheȱcommonȱapproachesȱtoȱmodelingȱtheȱ
structureȱofȱaȱmoleculeȱusingȱexperimentalȱSAXSȱdata.ȱSinceȱSAXSȱisȱaȱlowȱinformationȱ
contentȱtechniqueȱitȱisȱveryȱimportantȱthatȱtheȱmodelingȱapproachȱusedȱtoȱinterpretȱ
SAXSȱdataȱisȱconsistentȱwithȱinformationȱcontentȱofȱtheȱdata.ȱTheȱnumberȱofȱparametersȱ
inȱtheȱthreeȱmostȱcommonȱmethodsȱofȱmodelingȱstructuresȱfromȱSAXSȱdataȱdiffer,ȱandȱitȱ
isȱimportantȱtoȱstartȱwithȱanȱapproachȱthatȱhasȱfewȱparametersȱandȱonlyȱmoveȱtoȱmoreȱ
parameterizedȱapproachesȱifȱtheȱSAXSȱdataȱwarrantsȱit.ȱȱToȱfacilitateȱthisȱprocess,ȱIȱhaveȱ
outlinedȱaȱprotocolȱforȱmodelingȱtheȱstatisticalȱconformationsȱofȱhighlyȱflexibleȱproteins.ȱ
NextȱIȱwillȱanalyzeȱtheȱstatisticalȱconformationsȱofȱbiologicalȱmacromoleculesȱwhoseȱ
SAXSȱdataȱhaveȱbeenȱdepositedȱinȱpublicȱdatabasesȱ(chapterȱ3),ȱProteinȱAȱȬȱaȱhighlyȱ
flexibleȱmultiȬdomainȱproteinȱthatȱisȱaȱvirulenceȱfactorȱinȱS.ȱaureusȱ(chapterȱ4),ȱandȱ
FibronectinȱTypeȱIIIȱdomainsȱ1Ȭ2ȱȬȱaȱstructuralȱproteinȱinȱtheȱextracellularȱmatrixȱ
(chapterȱ5).ȱ
 
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3.1 Introduction 
TheȱprotocolȱpresentedȱinȱChapterȱ2ȱcanȱbeȱwidelyȱadoptedȱtoȱanalyzeȱtheȱ
scatteringȱdataȱfromȱpotentiallyȱflexibleȱmacromolecules.ȱThisȱprotocolȱaddsȱanȱ
additionalȱdomainȱresolutionȱpolymerȱanalysisȱstepȱtoȱtheȱtypicalȱSAXSȱanalysisȱ
procedureȱ(BernadoȱandȱSvergun,ȱ2012;ȱPutnamȱetȱal.,ȱ2007).ȱȱInȱthisȱchapter,ȱIȱwillȱtestȱ
thisȱprotocolȱusingȱpublicallyȱavailableȱSAXSȱdataȱfromȱanȱunfoldedȱproteinȱandȱaȱ
minimallyȱflexibleȱmultiȬdomainȱprotein.ȱUsingȱtheseȱexamples,ȱIȱwillȱhighlightȱ
instancesȱwhereȱpolymerȱmodelingȱisȱtheȱappropriateȱresolutionȱlevelȱtoȱdescribeȱtheȱ
SAXSȱdata,ȱandȱwhereȱhigherȱresolutionȱensembleȱmodelingȱmightȱbeȱappropriate.ȱȱIȱ
willȱalsoȱdiscussȱwhatȱtypesȱofȱinformationȱareȱavailableȱfromȱaȱSAXSȱanalysisȱofȱaȱ
flexibleȱorȱelongatedȱmolecule,ȱandȱwhatȱtypesȱofȱstructuralȱinformationȱisȱnotȱavailableȱ
fromȱaȱtypicalȱSAXSȱexperiment.ȱ
3.2 The statistical conformation of an unfolded protein 
S3$)LVDQLQWULQVLFDOO\GLVRUGHUHGSURWHLQZLWKWUDQVLHQW
VHFRQGDU\VWUXFWXUHHOHPHQWV
p15PAFȱisȱaȱ111ȱresidueȱlongȱnuclearȱproteinȱthatȱinteractsȱwithȱproliferatingȬcellȬ
nuclearȬantigenȱ(PCNA).ȱTheȱaminoȱacidȱsequenceȱsuggestsȱthatȱitȱisȱanȱintrinsicallyȱ
disorderedȱproteinȱ(IDP)ȱandȱrecentȱNMRȱandȱSAXSȱstudiesȱconfirmedȱthatȱthisȱproteinȱ
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lacksȱanyȱtertiaryȱstructureȱ(DeȱBiasioȱetȱal.,ȱ2014).ȱȱDeȱBiasioȱandȱcolleaguesȱusedȱbothȱ
SAXSȱandȱNMRȱconstraintsȱtoȱgenerateȱaȱstatisticalȱconformationȱofȱtheȱproteinȱandȱ
showedȱthatȱevenȱthoughȱitȱisȱanȱIDP,ȱthereȱareȱtransientȱnonȬrandomȱsecondaryȱ
structureȱelementsȱpresentȱinȱtheȱregionȱthatȱbindsȱtoȱPCNA.ȱȱNMRȱRDCȱdataȱwasȱtheȱ
primaryȱconstraintȱusedȱtoȱgenerateȱaȱrepresentativeȱensembleȱofȱtheȱp15PAFȱsolutionȱ
conformation,ȱbutȱaȱradiusȱofȱgyrationȱ(Rg)ȱconstraintȱobtainedȱfromȱSAXSȱanalysisȱwasȱ
alsoȱusedȱinȱtheȱmodeling.ȱ
Thisȱstudyȱhighlightsȱtheȱtypeȱofȱinformationȱthatȱoneȱcanȱobtainȱfromȱ
conformationallyȱandȱorientationallyȱaveragedȱSAXSȱdataȱandȱwhatȱtypeȱofȱinformationȱ
mustȱbeȱdeterminedȱfromȱotherȱtechniques.ȱAlthoughȱtheȱonlyȱSAXSȱanalysisȱthatȱwasȱ
performedȱwasȱaȱGuinierȱRgȱcalculationȱandȱaȱKratkyȱplotȱanalysis,ȱIȱwillȱshowȱthatȱbyȱ
fittingȱtheȱdataȱtoȱaȱpolymerȱphysicsȱmodel,ȱoneȱcanȱobtainȱmoreȱdetailedȱinformationȱ
aboutȱtheȱstatisticalȱconformation.ȱ
6$;6DQDO\VLVRIWKHH[SHULPHQWDOGDWD
3.2.2.1ȱDeterminationȱofȱglobalȱstructuralȱparametersȱ
AȱglobalȱstructuralȱparametersȱobtainedȱfromȱSAXSȱanalysisȱisȱtheȱradiusȱofȱ
gyration.ȱInȱtheȱpaper,ȱtheȱauthorsȱreportȱaȱGuinierȱRgȱofȱ28.1ȱÅȱ±ȱ0.3ȱÅȱobtainedȱtoȱtheȱ
limitȱofȱqRgȱ<ȱ1.3,ȱtheȱlimitȱforȱglobularȱproteinsȱ((Putnamȱetȱal.,ȱ2007)).ȱHowever,ȱforȱ
highlyȱflexibleȱmoleculesȱtheȱapproximatedȱGuinierȱRg,ȱwhichȱassumesȱthatȱtheȱmoleculeȱ
isȱglobular,ȱmayȱnotȱappropriatelyȱreflectȱtheȱrealȱRgȱforȱelongatedȱandȱhighlyȱflexibleȱ
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polymersȱ(Jacquesȱetȱal.,ȱ2012;ȱKochȱetȱal.,ȱ2003).ȱȱUsingȱtheȱDebyeȱapproximationȱ(Roe,ȱ
2000),ȱwhichȱassumesȱthatȱaȱmoleculeȱisȱhighlyȱflexible,ȱIȱcalculatedȱanȱRgȱofȱ31.3Åȱ±ȱ0.3Åȱ
(Figureȱ15A).ȱWhileȱaȱ3ȱÅȱdifferenceȱbetweenȱtheȱGuinierȱRgȱandȱDebyeȱRgȱmayȱnotȱseemȱ
significant,ȱsinceȱtheȱRgȱwasȱtheȱonlyȱSAXSȱconstraintȱusedȱtoȱgenerateȱtheȱ
conformationalȱensemble,ȱaȱmiscalculationȱofȱtheȱRgȱalmostȱcertainlyȱoverlyȱbiasedȱtheȱ
resultantȱensembleȱtowardȱcompactȱconformers.
ȱȱ
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Figureȱ15:ȱp15PAFȱSAXSȱdataȱanalysis.ȱA)ȱFitȱofȱtheȱDebyeȱfunctionȱ(red)ȱtoȱtheȱ
lowȬqȱregionȱofȱtheȱdataȱ(black).ȱThisȱfunctionȱisȱusedȱtoȱdetermineȱtheȱRgȱofȱflexibleȱ
molecules.ȱResidualsȱareȱshownȱbelowȱtheȱplot.ȱΛȱ2ȱ=ȱ0.98.ȱB)ȱTheȱdimensionlessȱ
KratkyȱplotȱdoesȱnotȱfeatureȱaȱmaximaȱatȱqRgȱ=ȱξ૜,ȱindicatingȱthatȱthisȱproteinȱisȱnonȬ
globular.ȱC)ȱTheȱPorodȬDebyeȱplot,ȱwhichȱlacksȱaȱhorizontalȱplateau,ȱindicatesȱthatȱ
thisȱproteinȱisȱnonȬglobular.ȱD)ȱFitȱofȱtheȱexcludedȱvolumeȱpolymerȱmodelȱ(red)ȱtoȱtheȱ
dataȱ(black).ȱResidualsȱareȱshownȱbelowȱtheȱplot.ȱΛ2ȱ=ȱ0.881.ȱ
ȱ
3.2.2.2ȱPolymerȱmodelingȱ
TheȱnextȱstepȱinȱSAXSȱanalysisȱisȱtoȱdetermineȱifȱtheȱproteinȱisȱglobularȱorȱnonȬ
globularȱusingȱtheȱdimensionlessȱKratkyȱplotȱ(Figureȱ15B)ȱandȱtheȱPorodȬDebyeȱplotȱ
(Figureȱ15C).ȱBothȱofȱtheseȱplotsȱindicateȱthatȱtheȱproteinȱmayȱbeȱnonȬglobular.ȱTheȱ
dimensionlessȱKratkyȱplotȱofȱtheȱdataȱdoesȱhaveȱaȱpeakȱatȱqRgȱ=ȱξ͵.ȱTheȱPorodȬDebyeȱ
plotȱdoesȱnotȱexhibitȱaȱhorizontalȱplateau.ȱTheȱSAXSȱdataȱwasȱthenȱfitȱtoȱaȱminimallyȱ
parameterizedȱpolymerȱmodel,ȱinȱaccordanceȱwithȱtheȱprotocolȱoutlinedȱinȱChapterȱ2.ȱ
Theȱbestȱfitȱpolymerȱmodelȱtoȱtheȱdataȱisȱtheȱexcludedȱvolumeȱpolymerȱmodel,ȱwhoseȱ
approximateȱscatteringȱfunctionȱwasȱderivedȱbyȱHammoudaȱ(Hammouda,ȱ1993).ȱTheȱfitȱ
ofȱtheȱdataȱtoȱthisȱmodelȱisȱshownȱinȱFigureȱ15D.ȱThisȱpolymerȱmodelȱcontainsȱtwoȱ
parameters:ȱtheȱRgȱofȱtheȱchainȱandȱtheȱPorodȱexponent.ȱBothȱtheȱRgȱandȱPorodȱexponentȱ
areȱaȱmeasureȱofȱtheȱprotein’sȱaverageȱsizeȱandȱsurfaceȱ:ȱvolumeȱratio.ȱȱTheȱPorodȱ
exponentȱisȱ2.25ȱ±ȱ0.015,ȱandȱtheȱRgȱisȱ31.6Åȱȱ±ȱȱ0.17Å.ȱȱTheȱRgȱisȱinȱexcellentȱagreementȱ
withȱthatȱcalculatedȱfromȱtheȱDebyeȱapproximationȱ(31.3Åȱ±ȱ0.3Å).ȱAȱPorodȱexponentȱofȱ
2.25ȱsuggestsȱthatȱthisȱproteinȱisȱonlyȱslightlyȱmoreȱcollapsedȱthanȱaȱfreelyȬjointedȱchainȱ
ȱȱ
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(whichȱhasȱaȱPorodȱexponentȱofȱ2ȱ(Roe,ȱ2000)).ȱTheȱRg,ȱonȱtheȱotherȱhand,ȱisȱslightlyȱ
largerȱthanȱthatȱpredictedȱforȱaȱ111Ȭresidueȱunfoldedȱproteinȱinȱgoodȱsolventȱ(30.6ȱÅ)ȱ
(Kohnȱetȱal.,ȱ2004).ȱHowever,ȱitȱmustȱbeȱnotedȱthatȱtheȱcalculationȱforȱtheȱtheoreticalȱRgȱ
ofȱanȱunfoldedȱproteinȱinȱgoodȱsolventȱwasȱbasedȱonȱaȱlinearȱfitȱofȱGuinierȱRg’sȱforȱaȱ
numberȱofȱchemicallyȱdenaturedȱproteins.ȱȱItȱmayȱbeȱthatȱtheȱGuinierȱapproximation,ȱ
whichȱisȱvalidȱinȱaȱlowerȱqRgȱregionȱforȱflexibleȱproteinsȱcomparedȱtoȱglobularȱproteinsȱ
(Jacquesȱetȱal.,ȱ2012),ȱmayȱresultȱinȱanȱinaccurateȱcalculatedȱRgȱforȱhighlyȱflexibleȱ
proteinsȱbecauseȱtheȱapproximationȱimplicitlyȱassumesȱthatȱtheȱproteinȱisȱglobularȱ
(Putnamȱetȱal.,ȱ2007).ȱBothȱtheȱRgȱandȱPorodȱexponentȱindicateȱthatȱprotein:proteinȱ
interactionsȱinȱp15PAFȱareȱonlyȱslightlyȱmoreȱpreferredȱthanȱprotein:solventȱinteractions.ȱ
Thisȱminimallyȱparameterizedȱdescriptionȱofȱtheȱstatisticalȱconformationȱisȱconsistentȱ
withȱtheȱSAXSȱdataȱandȱisȱaȱmoreȱcontinuousȱdescriptionȱofȱtheȱstatisticalȱconformationȱ
thanȱoneȱthatȱresultsȱfromȱenumerationȱofȱaȱdiscreteȱensemble.ȱInȱsummary,ȱanȱ
additionalȱstructuralȱparameter,ȱtheȱPorodȱexponent,ȱwasȱdeterminedȱthroughȱpolymerȱ
modelingȱandȱthisȱparameter,ȱalongȱwithȱtheȱRg,ȱsupportsȱtheȱconclusionȱthatȱp15PAFȱisȱaȱ
solvatedȱpolymerȱwithȱaȱslightȱpreferenceȱforȱprotein:proteinȱinteractionsȱoverȱ
protein:solventȱinteractions.ȱThus,ȱitȱisȱreasonableȱtoȱsuggestȱthatȱtransientȱlocalȱ
ȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱȱ
ȱAȱpolymerȱinȱthetaȱsolventȱhasȱaȱPorodȱexponentȱofȱ2,ȱwhileȱtheȱPorodȱexponentȱofȱaȱfullyȱcollapsedȱ
polymerȱinȱpoorȱsolventȱisȱbetweenȱ3ȱandȱ4ȱ(Roe,ȱ2000).ȱ
ȱ
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structuresȱmayȱbeȱformingȱinȱtheȱstatisticalȱconformationȱbecauseȱintramolecularȱ
protein:proteinȱinteractionsȱwouldȱbeȱconsistentȱwithȱobservedȱSAXSȱparameters.ȱ
DeȱBasioȱandȱcolleaguesȱalsoȱcollectedȱ1HȬ15NȱRDCȱdataȱinȱaȱstretchedȱpolyȬ
acrylamideȱgelȱalignmentȱmedia.ȱȱTheyȱcalculatedȱaȱconformationalȱensembleȱconsistentȱ
withȱbothȱtheȱNMRȱandȱSAXSȱresults.ȱTheȱmodelsȱinȱtheȱbestȬfitȱensembleȱindicatedȱthatȱ
regionsȱinȱtheȱcenterȱandȱNȬterminusȱofȱtheȱproteinȱexhibitedȱtransientȱsecondaryȱ
structureȱelements.ȱTheseȱregionsȱcorrespondȱtoȱPCNAȱandȱubiquitinȱligaseȱinteractionȱ
sites.ȱAlthoughȱadditionalȱNMRȱexperimentsȱwereȱusedȱtoȱdetectȱresidualȱsecondaryȱ
structureȱthatȱwasȱnotȱdiscernableȱviaȱSAXSȱexperiments,ȱtheȱdescriptionȱofȱp15PAFȱasȱaȱ
polymerȱwithȱaȱslightȱpreferenceȱforȱprotein:proteinȱinteractionsȱisȱinȱagreementȱwithȱDeȱ
Biasio’sȱconclusionsȱaboutȱtheȱ“structure”ȱofȱthisȱproteinȱandȱtheȱensembleȱmodeling,ȱ
butȱavoidsȱoverȬfittingȱtheȱSAXSȱdataȱ(andȱpossiblyȱtheȱNMRȱdata)ȱbyȱenumerationȱofȱaȱ
discreteȱensemble.ȱ
/LPLWDWLRQVRI6$;6
ComparingȱtheȱinformationȱreceivedȱfromȱSAXSȱandȱNMRȱanalysisȱofȱthisȱ
proteinȱhighlightsȱwhatȱtypeȱofȱinformationȱcanȱbeȱobtainedȱfromȱaȱSAXSȱexperiment,ȱ
andȱwhatȱtypeȱofȱinformationȱisȱbestȱobtainedȱbyȱotherȱexperimentalȱtechniques.ȱȱAȱ
typicalȱSAXSȱanalysisȱofȱaȱflexibleȱproteinȱresultsȱinȱparametersȱthatȱreflectȱtheȱ
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statisticallyȱaveragedȱbehaviorȱofȱaȱprotein,ȱbutȱdetailedȱresidueȬlevelȱinformationȱisȱbestȱ
obtainedȱfromȱotherȱexperimentalȱtechniques.ȱ
3.3 The statistical conformation of a minimally flexible protein 
7KHGRPDLQVDQGRISURWHLQW\URVLQHSKRVSKDWDVH/$5PD\
EHPLQLPDOO\IOH[LEOH
BridgetȱBiersmithȱandȱcolleaguesȱpublishedȱtheȱcrystalȱstructureȱofȱtheȱfirstȱtwoȱ
domainsȱofȱtheȱproteinȱtyrosineȱphosphataseȱLARȱinȱ2011ȱ(Biersmithȱetȱal.,ȱ2011).ȱInȱtheȱ
crystalȱstructure,ȱbothȱtheȱmouseȱandȱdrosophilaȱhomologsȱadoptȱanȱ“unusualȱ
horseshoeȬlikeȱconformation.”ȱThisȱhorseshoeȬlikeȱconformationȱwasȱpresentȱinȱallȱ
membersȱofȱtheȱasymmetricȱunit,ȱandȱburiedȱconsiderableȱsurfaceȱarea.ȱInȱaddition,ȱ
thereȱwasȱaȱsaltȱbridgeȱpresentȱinȱtheȱmodelȱbetweenȱtheȱtwoȱdomains.ȱTheȱauthorsȱ
suggestedȱthatȱthisȱsaltȱbridgeȱconstrainedȱtheȱconformationȱofȱtheȱtwoȱdomains.ȱ
ȱTheȱauthorsȱalsoȱperformedȱaȱSAXSȱanalysisȱtoȱdetermineȱifȱtheȱobservedȱantiȬ
parallelȱconformationȱwasȱadoptedȱinȱsolution.ȱȱTheȱSAXSȱanalysisȱwasȱcomplicatedȱbyȱ
theȱadditionȱofȱflexibleȱNȬȱandȱCȬterminalȱtails,ȱwhichȱwereȱnotȱvisibleȱinȱtheȱcrystalȱ
structure.ȱUltimately,ȱtheȱauthorsȱendedȱupȱfittingȱtheȱSAXSȱdataȱtoȱaȱsingleȱrigidȱbodyȱ
atomisticȱmodelȱwhereȱtheȱterminiȱadoptedȱaȱhighlyȱextendedȱconformationȱ(Figureȱ16).ȱ
TheȱΛ2ȱgoodnessȱofȱfitȱstatisticȱofȱtheȱmodelȱtoȱtheȱdataȱwasȱ1.2.ȱTheȱauthorsȱconcludedȱ
thatȱthisȱsingleȱmodelȱwasȱconsistentȱwithȱbothȱtheȱSAXSȱdataȱandȱtheȱcrystalȱstructure.ȱ
However,ȱtheȱsequenceȱofȱtheȱterminiȱ(N:ȱGPGSSRGD,ȱandȱC:ȱRRVRRVAPRFS)ȱsuggestsȱ
ȱȱ
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thatȱtheyȱdoȱnotȱfullyȱpopulateȱanȱelongatedȱrigidȱconformation.ȱThereȱmayȱbeȱ
additionalȱconformationsȱofȱtheȱterminiȱinȱsolution.ȱȱ
ȱ
Figureȱ16:ȱTheȱstructureȱofȱtheȱfirstȱtwoȱIgȬlikeȱdomainsȱofȱLARȱ(BioIsisȱID:ȱ
LAR12P).ȱMagentaȱ–ȱtheȱtwoȱflexibleȱtermini,ȱcyanȱ–ȱaȱpotentiallyȱflexibleȱlinker.ȱ
ȱ
Thoughȱthereȱisȱstrongȱevidenceȱfromȱtheȱcrystalȱstructureȱthatȱtheȱtwoȱdomainsȱ
adoptȱaȱpredominatelyȱhorseshoeȬlikeȱconformationȱinȱsolution,ȱaȱSAXSȱanalysisȱcanȱbeȱ
usefulȱinȱdetectingȱsubȬpopulationsȱofȱelongatedȱorȱflexibleȱconformers.ȱAdditionally,ȱaȱ
studyȱofȱthisȱdataȱwillȱillustrateȱtheȱlimitationsȱofȱSAXSȱasȱaȱstandȬaloneȱtechnique.ȱIȱwillȱ
useȱpolymerȱmodelingȱandȱensembleȱselectionȱtoȱdemonstrateȱthat,ȱinȱthisȱcase,ȱSAXSȱ
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analysisȱaloneȱisȱnotȱableȱtoȱdistinguishȱbetweenȱaȱglobularȱproteinȱwithȱflexibleȱterminiȱ
andȱaȱproteinȱwithȱaȱflexibleȱinterȬdomainȱlinker.ȱ
6$;6DQDO\VLVRIWKHH[SHULPHQWDOGDWD
BothȱtheȱdimensionlessȱKratkyȱ(Figureȱ17A)ȱandȱPorodȬDebyeȱ(Figureȱ17B)ȱplotsȱ
suggestȱthatȱtheȱproteinȱisȱnotȱsphericalȱorȱglobular.ȱTheȱdimensionlessȱKratkyȱplotȱdoesȱ
notȱhaveȱaȱpeakȱatȱqRg=ξ͵,ȱbutȱinsteadȱpeaksȱatȱqRg=3.ȱThisȱplotȱisȱsimilarȱtoȱtheȱplotȱforȱ
aȱcylinderȱorȱdisk,ȱbutȱcouldȱalsoȱbeȱindicativeȱofȱaȱflexibleȱprotein.ȱLikewise,ȱtheȱPorodȬ
Debyeȱplotȱdoesȱnotȱhaveȱaȱhorizontalȱasymptoteȱinȱtheȱlowȱqȱregion,ȱsuggestingȱthatȱtheȱ
proteinȱisȱeitherȱflexibleȱorȱsphericallyȱasymmetricȱorȱboth.ȱ
ȱȱ
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ȱ
Figureȱ17:ȱTestsȱforȱglobularityȱinȱLARȱSAXSȱdata.ȱA)ȱTheȱdimensionlessȱ
KratkyȱplotȱdoesȱnotȱhaveȱaȱpeakȱatȱqRgȱ=ȱξ૜,ȱindicatingȱthatȱtheȱproteinȱmayȱbeȱnonȬ
globular.ȱB)ȱTheȱPorodȬDebyeȱplotȱdoesȱnotȱhaveȱaȱhorizontalȱplateau,ȱindicatingȱthatȱ
theȱproteinȱmayȱbeȱnonȬglobular.ȱ
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WhenȱIȱfitȱtheȱaȱvarietyȱofȱpolymerȱmodelsȱtoȱtheȱSAXSȱdata,ȱintriguingly,ȱtwoȱ
differentȱmodelsȱfitȱtheȱdataȱwithȱnearlyȱtheȱsameȱfitȱstatistics:ȱtheȱcylinderȬellipseȱmodelȱ
(Serdyukȱetȱal.,ȱ1987)ȱandȱtheȱflexibleȱcylinderȱellipseȱmodelȱ(Pedersen,ȱ1996).ȱTheȱ
cylinderȬellipseȱpolymerȱmodelȱisȱaȱstaticȱmodelȱthatȱcontainsȱthreeȱparameters:ȱtheȱ
lengthȱofȱtheȱcylinderȬellipseȱ(19.8Åȱ±ȱ0.03Å),ȱtheȱmajorȱaxisȱradiusȱ(31.3Åȱ±ȱ0.05Å),ȱandȱ
theȱminorȱaxisȱradiusȱ(23.2Åȱ±ȱ0.05Å).ȱTheȱΛ2ȱfitȱstatisticȱtoȱtheȱdataȱwasȱ1.22.ȱȱTheȱfitȱofȱ
theȱmodelȱtoȱtheȱdataȱandȱaȱdiagramȱofȱthisȱmodelȱareȱpresentedȱinȱFigureȱ18A.ȱȱ
Theȱflexibleȱcylinderȱellipseȱmodelȱfitȱtheȱdataȱ(Λ2ȱ=ȱ1.21)ȱasȱwellȱasȱtheȱcylinderȱ
ellipseȱmodel.ȱFourȱparametersȱdescribeȱtheȱflexibleȱcylinderȱellipseȱmodel:ȱtheȱlengthȱofȱ
theȱcylinderȬellipseȱ(66Åȱ±ȱ0.90Å),ȱtheȱKuhnȱlengthȱ(31.6Åȱ±ȱ0.23Å),ȱtheȱmajorȱaxisȱradiusȱ
(24.9Åȱ±ȱ0.10Å),ȱandȱtheȱminorȱaxisȱradiusȱ(9.4Åȱ±ȱ0.04Å).ȱForȱflexibleȱchains,ȱtheȱKuhnȱ
lengthȱisȱaȱmeasureȱofȱtheȱpolymer’sȱflexibilityȱ(Flory,ȱ1953).ȱTheȱpolymerȱchainȱisȱ
brokenȱdownȱintoȱaȱseriesȱofȱKuhnȱsegmentsȱofȱaȱcertainȱKuhnȱlength.ȱEachȱsegmentȱisȱ
consideredȱtoȱbeȱfreelyȬjointedȱwithȱtheȱneighboringȱsegments.ȱTheȱLARȱflexibleȱ
cylinderȱellipseȱmodelȱisȱbrokenȱdownȱintoȱtwoȱKuhnȱsegmentsȱ(diagrammedȱinȱFigureȱ
18B,ȱbottom).ȱTheȱfitȱofȱtheȱflexibleȱcylinderȱellipseȱmodelȱtoȱtheȱdataȱisȱpresentedȱinȱ
Figureȱ18B,ȱtop.ȱ
Notably,ȱtheȱΛ2ȱstatisticsȱofȱtheȱpolymerȱmodelsȱ(1.22ȱandȱ1.21)ȱareȱnearlyȱ
identicalȱtoȱtheȱfitȬstatisticȱfromȱtheȱsingleȱrigidȱbodyȱmodelȱ(1.2).ȱThisȱresultȱhighlightsȱ
theȱlackȱofȱinformationȱcontentȱinȱtheȱSAXSȱdata.ȱȱThreeȱdifferentȱmodelsȱcanȱdescribeȱ
ȱȱ
80
theȱSAXSȱdataȱequallyȱwell.ȱHowever,ȱaȱΛ2ȱofȱ1.2ȱisȱratherȱlarge,ȱindicatingȱthatȱthereȱareȱ
featuresȱinȱtheȱSAXSȱdataȱnotȱaccountedȱforȱinȱanyȱofȱtheȱmodels.ȱEnsembleȱmodelingȱ
mayȱresultȱinȱaȱbetterȱdescriptionȱofȱtheȱstatisticalȱconformationȱthanȱeitherȱtheȱatomisticȱ
rigidȱbodyȱmodelȱorȱtheȱpolymerȱmodels.
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ToȱtestȱwhetherȱLARȱisȱbestȱdescribedȱasȱaȱrigidȱproteinȱwithȱflexibleȱlinkersȱorȱasȱ
aȱflexibleȱmultiȬdomainȱproteinȱwithȱflexibleȱlinkers,ȱtwoȱdifferentȱconformationalȱ
ensemblesȱwereȱconstructedȱusingȱRanCHȱ(Bernadoȱetȱal.,ȱ2007)ȱinȱrandomȱcoilȱmode.ȱȱ
Inȱtheȱfirstȱensembleȱ(theȱflexibleȱensemble)ȱtheȱNȬȱandȱCȬȱterminiȱandȱtheȱsevenȱresidueȱ
interȬdomainȱlinkerȱwereȱallowedȱtoȱadoptȱrandomȱconformationsȱandȱtheȱdomainȱ
orientationȱofȱtheȱtwoȱrigidȱdomainsȱwasȱunconstrained.ȱInȱtheȱsecondȱensembleȱ(theȱ
fixedȱensemble)ȱtheȱNȬȱandȱCȬterminiȱwereȱallowedȱtoȱadoptȱrandomȱconformationsȱbutȱ
theȱsevenȱresidueȱinterȬdomainȱlinkerȱandȱtheȱdomainȱorientationsȱwereȱfixedȱinȱtheȱ
orientationȱthatȱwasȱobservedȱinȱtheȱcrystalȱstructure.ȱ
TheȱaggregateȱSAXSȱcurvesȱfromȱeachȱ10,000ȱmemberȱensembleȱareȱpresentedȱ
belowȱinȱFigureȱ19.ȱTheȱfitȱofȱtheȱaggregateȱSAXSȱprofileȱfromȱtheȱflexibleȱensembleȱtoȱ
theȱdataȱisȱpoorȱ(Λ2ȱ=ȱ5.33)ȱ(Figureȱ19A).ȱThisȱpoorȱfitȱisȱexpectedȱsinceȱtheȱbestȬfitȱ
polymerȱmodelȱwasȱaȱsemiȬflexibleȱpolymerȱinsteadȱofȱaȱhighlyȱflexibleȱone.ȱBecauseȱ
onlyȱhardȬsphereȱenergyȱfunctionsȱareȱusedȱtoȱconstrainȱeachȱconformerȱinȱtheȱRanCHȬ
generatedȱensemble,ȱensembleȱwillȱhaveȱtheȱsameȱglobalȱcharacteristicsȱasȱaȱhighlyȱ
flexibleȱexcludedȬvolumeȱcoil.ȱ
TheȱfitȱofȱtheȱaggregateȱfixedȱensembleȱtoȱtheȱSAXSȱdataȱisȱbetterȱthanȱtheȱfitȱofȱ
theȱflexibleȱensembleȱ(Λ2ȱ=ȱ1.30)ȱ(Figureȱ19B).ȱȱHowever,ȱparticularlyȱinȱtheȱhighȱqȱregion,ȱ
whereȱoneȱwouldȱexpectȱtoȱobserveȱaȱgoodȱfitȱofȱanȱatomisticȱmodelȱtoȱtheȱSAXSȱdata,ȱ
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bothȱlowȱresolutionȱpolymerȱmodelȱprofilesȱfitȱtheȱSAXSȱdataȱbetterȱthanȱtheȱaggregateȱ
profilesȱfromȱtheȱlargeȱatomisticȱensembles.ȱȱTheȱadditionalȱstepȱofȱenumerationȱofȱaȱ
minimalȱatomisticȱensembleȱisȱindicated.ȱ
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Figureȱ19:ȱFitȱofȱtheȱaggregateȱtheoreticalȱSAXSȱprofilesȱfromȱ10,000ȱmemberȱ
ensemblesȱtoȱtheȱLARȱSAXSȱdata.ȱA)ȱTheȱaggregateȱSAXSȱprofileȱofȱtheȱflexibleȱ
ensembleȱ(red)ȱandȱtheȱexperimentalȱdataȱ(black),ȱΛ2ȱ=ȱ5.33.ȱResidualsȱareȱshownȱ
belowȱtheȱplot.ȱB)ȱTheȱaggregateȱSAXSȱprofileȱofȱtheȱfixedȱensembleȱ(red)ȱandȱtheȱ
experimentalȱdataȱ(black),ȱΛ2ȱ=ȱ1.30.ȱResidualsȱareȱshownȱbelowȱtheȱplot.ȱ
ȱ
GAJOE,ȱpartȱofȱtheȱEOMȱsuiteȱofȱprogramsȱ(Bernadoȱetȱal.,ȱ2007),ȱwasȱusedȱtoȱ
calculateȱminimalȱensemblesȱthatȱbestȱfitȱtheȱLARȱSAXSȱdataȱfromȱbothȱtheȱfixedȱandȱ
flexibleȱparentȱȱensembles.ȱThreeȱminimalȱensemblesȱwereȱgeneratedȱforȱeachȱparentȱ
ensembleȱinȱorderȱtoȱassessȱuniquenessȱandȱrobustnessȱofȱtheȱfinalȱminimalȱensembles.ȱ
TheȱresultsȱareȱpresentedȱinȱFigureȱ20,ȱbelow.ȱȱ
TheȱtheoreticalȱSAXSȱprofilesȱfromȱeachȱminimalȱensembleȱchosenȱfromȱtheȱ
flexibleȱparentȱensembleȱwereȱidentical,ȱandȱtheȱresidualsȱofȱeachȱfitȱwereȱstochasticallyȱ
distributedȱaboutȱtheȱmeanȱinȱtheȱhighȱqȱregionȱofȱtheȱscatteringȱprofile.ȱ(Figureȱ20A,ȱ
top.ȱResidualsȱareȱshownȱforȱeachȱminimalȱensembleȱbelowȱtheȱplotȱinȱred,ȱgreen,ȱandȱ
blue.)ȱTheȱtheoreticalȱSAXSȱprofileȱofȱtheȱminimalȱensemblesȱwereȱexcellentȱfitsȱtoȱtheȱ
experimentalȱdataȱ(Λ2ȱ=ȱ1.07).ȱTheȱRgȱandȱmaximumȱdistanceȱ(Dmax)ȱdistributionsȱofȱeachȱ
minimalȱensembleȱwereȱstatisticallyȱidentical,ȱbutȱwereȱdistinctȱfromȱtheȱRgȱandȱDmaxȱ
distributionȱofȱtheȱparentȱensembleȱ(Figureȱ20A,ȱmiddleȱandȱbottom).ȱInȱallȱcases,ȱtheȱ
bestȱfitȱminimalȱensemblesȱwereȱcomposedȱprimarilyȱofȱcompactȱmodels,ȱhowever,ȱinȱ
eachȱensembleȱthereȱwasȱaȱsmallȱpopulationȱofȱmoreȱelongatedȱconformations,ȱwhichȱisȱ
reflectedȱinȱtheȱtailsȱofȱtheȱRgȱandȱDmaxȱdistributionsȱinȱFigureȱ20A.ȱThisȱresultȱsuggestsȱ
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thatȱtheȱsolutionȱconformationȱofȱLARȱmayȱnotȱfullyȱpopulateȱtheȱconformationalȱspaceȱ
ofȱtheȱ“horseshoe.”ȱInstead,ȱthereȱmightȱbeȱaȱsmallȱpopulationȱofȱmoreȱelongatedȱopenȱ
conformationsȱthatȱexistsȱinȱequilibriumȱwithȱtheȱhorseshoeȱconformation.ȱAnȱ
interestingȱfollowȬupȱexperimentȱwouldȱbeȱtoȱtestȱtheȱionicȬstrengthȱdependenceȱofȱtheȱ
RgȱandȱDmax.ȱIfȱtheȱsaltȱbridgeȱobservedȱinȱtheȱcrystalȱstructureȱisȱconstrainingȱtheȱ
statisticalȱconformation,ȱthenȱaȱchangeȱinȱionicȱstrengthȱofȱtheȱsolutionȱshouldȱchangeȱ
theȱobservedȱRgȱandȱDmaxȱdistributionsȱofȱtheȱminimalȱensembles.ȱ
TheȱfitȱofȱtheȱtheoreticalȱSAXSȱprofileȱfromȱtheȱminimalȱensemblesȱgeneratedȱ
fromȱtheȱfixedȱparentȱensembleȱwasȱonlyȱmarginallyȱpoorerȱthanȱthoseȱfromȱtheȱflexibleȱ
ensembleȱ(Λ2ȱ=ȱ1.09).ȱȱAsȱexpected,ȱtheȱRgȱandȱDmaxȱdistributionsȱofȱbothȱtheȱfixedȱparentȱ
andȱminimalȱensemblesȱwereȱmuchȱsmallerȱandȱhadȱmoreȱkurtosisȱthanȱtheȱflexibleȱ
ensemblesȱ(Figureȱ20B).ȱRecallȱthatȱtheȱfixedȱparentȱensembleȱwasȱgeneratedȱbyȱfixingȱ
theȱdomainȱorientationȱsoȱthatȱonlyȱtheȱterminiȱwereȱflexible.ȱByȱallowingȱtheȱterminiȱtoȱ
adoptȱmoreȱthanȱoneȱconformation,ȱtheȱfitȱofȱtheȱtheoreticalȱSAXSȱprofileȱtoȱtheȱdataȱwasȱ
improvedȱcomparedȱtoȱtheȱoriginalȱrigidȱbodyȱmodelȱproposedȱbyȱBiersmithȱandȱ
colleaguesȱ(fitȱofȱtheȱoriginalȱmodelȱtoȱtheȱdata:ȱΛ2ȱ=ȱ1.2,ȱfitȱofȱtheȱensembleȱmodelsȱtoȱtheȱ
data:ȱΛ2ȱ=ȱ1.09).ȱȱTheȱresidualsȱofȱtheȱensembleȱfitsȱareȱnonȬstochasticȱinȱtheȱhighȱqȱregionȱ
(Figureȱ20B,ȱtop).ȱSinceȱtheȱflexibleȱensembleȱfitsȱtheȱexperimentalȱdataȱbetterȱthanȱtheȱ
fixedȱensemble,ȱthereȱisȱatȱleastȱsomeȱflexibilityȱinȱtheȱinterȬdomainȱlinker.ȱ
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ȱ
Figureȱ20:ȱTheȱGAJOEȱresultsȱforȱtheȱthreeȱminimalȱensemblesȱcalculatedȱfromȱ
theȱflexibleȱ(A)ȱandȱfixedȱ(B)ȱparentȱensembles.ȱTop:ȱFitȱofȱtheȱminimalȱensembleȱ
SAXSȱcurveȱtoȱtheȱdataȱ(black),ȱflexibleȱΛ2ȱ=ȱ1.07,ȱfixedȱΛ2ȱ=ȱ1.09.ȱResidualsȱareȱshownȱ
belowȱtheȱplotȱforȱeachȱminimalȱensembleȱgeneratedȱ(red,ȱgreen,ȱblue).ȱMiddle:ȱTheȱ
Rgȱdistributionȱofȱeachȱminimalȱensembleȱ(red,ȱgreen,ȱblue)ȱandȱtheȱparentȱ
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distributionsȱ(black).ȱBottom:ȱTheȱDmaxȱdistributionȱofȱeachȱminimalȱensembleȱ(red,ȱ
green,ȱblue)ȱandȱtheȱparentȱdistributionsȱ(black).ȱ

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Fromȱtheȱresultsȱpresentedȱabove,ȱitȱisȱreasonableȱtoȱsuggestȱthatȱthereȱisȱsomeȱ
flexibilityȱinȱtheȱLARȱstatisticalȱconformation.ȱTheȱgoodnessȬofȬfitȱstatisticsȱforȱallȱtheȱ
modelsȱareȱpresentedȱinȱTableȱ1.ȱTheȱmodelsȱthatȱcanȱbeȱimmediatelyȱruledȱoutȱbyȱ
consideringȱtheȱSAXSȱdataȱaloneȱareȱtheȱsingleȱrigidȱbodyȱmodelȱ(Λ2ȱ=ȱ1.2)ȱandȱtheȱ
aggregateȱflexibleȱparentȱensembleȱwhereȱtheȱdomainȱorientationsȱareȱnotȱconstrainedȱ
(Λ2ȱ=ȱ5.33).ȱTheȱfitȱofȱtheȱflexibleȱmodelsȱtoȱtheȱSAXSȱdataȱsuggestsȱthatȱthereȱisȱatȱleastȱ
someȱflexibilityȱinȱtheȱlinker,ȱbutȱotherȱexperimentsȱareȱneededȱtoȱcharacterizeȱtheȱextentȱ
ofȱthisȱflexibility.ȱ
ȱ
Tableȱ2:ȱTheȱX2ȱstatisticȱforȱtheȱfitȱofȱeachȱmodelȱinȱsectionȱ3.3ȱtoȱtheȱLARȱSAXSȱ
data.ȱ
Modelȱ Reducedȱ
X2ȱStatisticȱ
Originalȱrigidȱbodyȱmodelȱ 1.20ȱ
CylinderȬellipseȱpolymerȱmodelȱ 1.22ȱ
FlexibleȱcylinderȬellipseȱpolymerȱmodelȱ 1.21ȱ
AggregateȱFlexibleȱparentȱensembleȱ 5.33ȱ
AggregateȱFixedȱparentȱensembleȱ 1.30ȱ
AggregateȱminimalȱFlexibleȱensembleȱ 1.07ȱ
AggregateȱminimalȱFixedȱensembleȱ 1.09ȱ
ȱ
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TheȱcompleteȱSAXSȱanalysisȱofȱtheȱLARȱdatasetȱhighlightsȱsomeȱimportantȱ
limitationsȱinȱdeterminingȱmodelsȱusingȱSAXSȱdata.ȱȱTheȱambiguityȱinȱtheȱpolymerȱ
modelingȱresultsȱemphasizesȱthatȱjustȱbecauseȱaȱmodelȱisȱconsistentȱwithȱSAXSȱdata,ȱitȱisȱ
notȱnecessarilyȱunique.ȱ
3.4 Concluding Remarks 
TheȱlowȬinformationȱcontentȱofȱSAXSȱdataȱandȱtheȱimportanceȱofȱappropriateȱ
modelingȱmethodsȱareȱhighlightedȱinȱtheȱaboveȱexample.ȱȱInȱtheȱcaseȱofȱtheȱintrinsicallyȱ
disorderedȱprotein,ȱaȱpolymerȱanalysisȱwasȱableȱtoȱdetermineȱthatȱtheȱstatisticalȱ
behaviorȱofȱtheȱproteinȱinȱsolutionȱwasȱconsistentȱwithȱthatȱofȱaȱflexibleȱpolymerȱwithȱaȱ
slightȱpreferenceȱforȱprotein:proteinȱinteractionsȱoverȱprotein:solventȱinteractions.ȱ
AdditionalȱNMRȱanalysisȱwasȱableȱtoȱprovideȱaȱhigherȱresolutionȱdescriptionȱofȱtheȱ
statisticalȱconformationȱthanȱSAXSȱanalysisȱalone.ȱBothȱtheȱSAXSȱanalysisȱandȱNMRȱ
analysisȱwereȱusedȱconjointlyȱtoȱdetermineȱaȱminimalȱensembleȱconsistentȱwithȱtheȱdata.ȱ
Inȱtheȱcaseȱofȱtheȱminimallyȱflexibleȱprotein,ȱLAR,ȱSAXSȱanalysisȱdemonstratedȱthatȱtheȱ
statisticalȱconformationȱwasȱflexible.ȱMoreȱexperimentalȱstudiesȱareȱneededȱtoȱdetermineȱ
theȱextentȱofȱflexibilityȱinȱtheȱlinker.ȱ
TheseȱexamplesȱillustrateȱtheȱwayȱinȱwhichȱsmallȬangleȱxȬrayȱscatteringȱcanȱaidȱ
inȱdescribingȱtheȱstatisticalȱconformationȱofȱbiologicalȱmacromolecules.ȱVeryȱrarelyȱcanȱ
SAXSȱaloneȱbeȱusedȱtoȱfullyȱdescribeȱtheȱstatisticalȱconformation.ȱȱInstead,ȱits’ȱutilityȱisȱ
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bestȱusedȱinȱcoordinationȱwithȱotherȱmethods.ȱThatȱbeingȱsaid,ȱtheȱfollowingȱtwoȱ
chaptersȱwillȱillustrateȱthatȱfunctionallyȱinsightfulȱdescriptionsȱofȱtheȱstatisticalȱ
conformationȱcanȱbeȱobtainedȱfromȱSAXS,ȱandȱthatȱotherȱexperimentalȱtechniquesȱverifyȱ
theȱconclusionsȱdrawnȱfromȱaȱSAXSȱanalysis.ȱȱ
3.5 Methods 
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CalculationȱofȱtheȱDebyeȱRgȱwasȱperformedȱinȱSASViewȱusingȱtheȱDebyeȱmodelȱ
ofȱaȱpolymerȱchainȱ(Roe,ȱ2000).ȱTheȱqȬregionȱusedȱforȱthisȱanalysisȱwasȱ0.024ȱ–ȱ0.10ȱÅȬ1,ȱ
consistentȱwithȱtheȱreportedȱ“Debyeȱregion”ȱforȱflexibleȱpolymersȱ(Putnamȱetȱal.,ȱ2007).ȱȱ
TheȱfitȱofȱtheȱSAXSȱdataȱtoȱtheȱexcludedȱvolumeȱpolymerȱmodelȱwasȱalsoȱperformedȱinȱ
SASView.ȱȱThisȱprogramȱusesȱnonȬlinearȱlestȱsquaresȱfittingȱtoȱfitȱtheȱdataȱtoȱtheȱmodelȱ
andȱminimizesȱtheȱreducedȱΛ2ȱstatisticȱ(Svergunȱetȱal.,ȱ1995).ȱ
$QDO\VLVRI/$56$;6GDWD
ComparisonȱofȱpolymerȱmodelsȱandȱfitȱofȱtheȱmodelsȱtoȱtheȱexperimentalȱSAXSȱ
dataȱwasȱperformedȱinȱSASView.ȱCalculationȱofȱtheȱΛ2ȱstatisticȱforȱallȱmodelsȱwasȱ
performedȱinȱMathematicaȱ9ȱusingȱtheȱreducedȱΛ2ȱstatisticȱreportedȱbyȱSvergunȱinȱ1995ȱ
(Svergunȱetȱal.,ȱ1995).ȱ
GenerationȱofȱtheȱparentȱfixedȱandȱflexibleȱensemblesȱwereȱperformedȱinȱRanCHȱ
(partȱofȱtheȱEOMȱsuiteȱofȱprograms).ȱForȱtheȱflexibleȱensemble,ȱtheȱatomisticȱmodelȱfromȱ
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theȱBioIsisȱdatabaseȱ(BioIsisȱID:ȱLAR12P)ȱwasȱusedȱasȱaȱstartingȱstructure.ȱȱTheȱtwoȱIgGȱ
domainsȱwereȱenteredȱasȱseparateȱmodels,ȱandȱtheȱconformationsȱofȱtheȱ7Ȭresidueȱlinkerȱ
andȱtheȱterminiȱwereȱrandomized.ȱRanCHȱgeneratedȱ10,000ȱstructuresȱinȱrandomȱcoilȱ
mode.ȱForȱtheȱfixedȱensembleȱLAR12Pȱwasȱusedȱasȱaȱstartingȱmodel.ȱTheȱatomisticȱ
modelȱwasȱtrimmedȱtoȱeliminateȱtheȱNȬȱandȱCȬterminiȱandȱwasȱenteredȱasȱaȱsingleȱ
model.ȱRanCHȱrandomizedȱtheȱterminiȱandȱgeneratedȱ10,000ȱmodelsȱinȱrandomȱcoilȱ
mode.ȱAfterȱtheȱmodelsȱwereȱgenerated,ȱCRYSOLȱwasȱusedȱtoȱgenerateȱtheoreticalȱtheȱ
scatteringȱprofileȱforȱeachȱmodel.ȱ200ȱqȱvaluesȱwereȱusedȱforȱeachȱprofile,ȱandȱtheȱ
scatteringȱprofilesȱwereȱapproximatedȱusingȱ15ȱsphericalȱharmonics.ȱAfterȱtheȱparentȱ
ensembleȱwasȱgenerated,ȱGAJOEȱ(partȱofȱEOM)ȱselectedȱminimalȱensembles.ȱ1000ȱ
generationsȱwereȱperformedȱforȱeachȱGAJOEȱcycle,ȱandȱtheȱbestȬfitȱensemblesȱfromȱ100ȱ
cyclesȱwereȱcompared,ȱandȱtheȱensembleȱwithȱtheȱlowestȱΛ2ȱstatisticȱwasȱreported.ȱForȱ
eachȱparentȱensemble,ȱthisȱGAJOEȱprocedureȱwasȱperformedȱthreeȱtimes.ȱ
ȱ 
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4.1 Introduction 
Theȱprecedingȱchapterȱillustrated,ȱthroughȱtheȱanalysisȱofȱpublicallyȱavailableȱ
SAXSȱdata,ȱtheȱtypeȱofȱinformationȱoneȱcanȱreasonablyȱobtainȱfromȱaȱSAXSȱanalysis.ȱInȱ
someȱcases,ȱtheȱSAXSȱdataȱisȱunambiguousȱ–ȱoneȱmodelȱclearlyȱfitsȱtheȱexperimentalȱ
dataȱbetterȱthanȱotherȱmodels.ȱInȱmoreȱcomplexȱsystems,ȱdueȱtoȱtheȱlowȱinformationȱ
contentȱofȱtheȱdata,ȱitȱmayȱbeȱdifficultȱtoȱdistinguishȱbetweenȱtwoȱorȱmoreȱveryȱdifferentȱ
modelsȱthatȱdescribeȱtheȱdataȱequallyȱwell.ȱInȱthisȱchapter,ȱIȱhaveȱappliedȱthisȱ
knowledgeȱandȱtheȱanalysisȱprotocolȱinȱChapterȱ2ȱtoȱtheȱstudyȱofȱanȱexperimentalȱ
system:ȱStaphylococcusȱaureusȱproteinȱA.ȱ
StaphylococcusȱproteinȱAȱ(SpA)ȱfunctionsȱasȱaȱcrucialȱS.ȱaureusȱvirulenceȱfactorȱ
throughȱaȱwideȱarrayȱofȱintermolecularȱinteractionsȱ(Palmqvistȱetȱal.,ȱ2002).ȱItȱhasȱbeenȱ
shownȱtoȱbindȱtoȱtheȱFcȱfragmentȱofȱantibodiesȱtoȱinhibitȱhostȱimmuneȱresponseȱ
(Deisenhofer,ȱ1981;ȱMoksȱetȱal.,ȱ1986).ȱItȱcanȱactivateȱTNF΅ȱreceptorsȱ(Gomezȱetȱal.,ȱ
2004),ȱleadingȱtoȱtheȱinflammatoryȱresponse,ȱsepsisȱandȱdeathȱofȱtheȱhost.ȱItȱbindsȱtoȱvonȱ
Willebrandȱfactorȱ(Hartleibȱetȱal.,ȱ2000),ȱallowingȱS.ȱaureusȱtoȱadhereȱtoȱplateletsȱandȱ
withstandȱshearȱstress.ȱInȱaddition,ȱitȱbindsȱtoȱC1qRȱinhibitingȱcomplementȱpathwayȱ
activationȱandȱtheȱhostȱimmuneȱresponseȱ(Nguyenȱetȱal.,ȱ2000).ȱSpAȱalsoȱplaysȱaȱroleȱinȱ
biofilmȱformationȱ(Merinoȱetȱal.,ȱ2009),ȱalthoughȱtheȱexactȱmechanismȱisȱunknown.ȱAsȱinȱ
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otherȱsystems,ȱthisȱdiverseȱrangeȱofȱSpAȱfunctionsȱmayȱbeȱassociatedȱwithȱitsȱstructuralȱ
flexibility.ȱAȱdescriptionȱofȱSpA’sȱstructuralȱflexibilityȱwillȱfacilitateȱaȱbetterȱ
understandingȱofȱtheȱroleȱthisȱpropertyȱplaysȱinȱtheȱprotein’sȱdiverseȱfunctions.ȱWithinȱ
theȱdefinitionȱofȱflexibility,ȱthereȱareȱtwoȱextremesȱofȱconformationalȱflexibilityȱtoȱ
consider:ȱintraȬdomainȱlocalȱmotions,ȱconsistingȱofȱsideȬchainȱflexibilityȱandȱmovementȱ
ofȱsecondaryȱstructureȱelements,ȱandȱinterȬdomainȱglobalȱmotions,ȱie:ȱtheȱmovementȱofȱ
oneȱdomainȱrelativeȱtoȱtheȱothers.ȱThisȱstudyȱfocusesȱonȱaȱdescriptionȱofȱtheȱinterȬ
domainȱflexibilityȱinȱSpA.ȱȱ
ȱ
Figureȱ21:ȱStaphylococcusȱaureusȱproteinȱAȱ(SpA).ȱA)ȱAȱschematicȱofȱSpAȱ
showsȱits’ȱtwoȱmajorȱregions:ȱanȱNȬterminalȱproteinȱbindingȱregionȱ(SpAȬN)ȱandȱaȱCȬ
terminalȱdomainȱinvolvedȱinȱcellȱwallȱattachment.ȱThereȱisȱaȱconservedȱlinkerȱ(black)ȱ
betweenȱeachȱofȱtheȱ5ȱproteinȱbindingȱdomains,ȱE,ȱD,ȱA,ȱB,ȱandȱCȱ(lightȱgrey).ȱB)ȱ
SequenceȱalignmentȱofȱtheȱfiveȱnearlyȬidenticalȱproteinȱbindingȱdomains.ȱSequenceȱ
identicalȱinȱallȱdomainsȱisȱshownȱinȱgrey.ȱTheȱlinkerȱregionȱisȱboxedȱinȱblack.ȱThereȱisȱ
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aȱ3ȱaminoȱacidȱinsertionȱbetweenȱdomainsȱEȱandȱD.ȱC)ȱTheȱstructureȱofȱZȬBdpA,ȱaȱBȱ
domainȱhomolog.ȱpdb:ȱ1Q2N.ȱEachȱSpAȬNȱdomainȱconsistsȱofȱaȱthreeȱhelixȱbundleȱ
andȱflexibleȱNȬȱandȱCȬȱterminiȱ(shownȱinȱblack).
SpAȱisȱaȱmultiȬdomainȱproteinȱconsistingȱofȱanȱNȬterminalȱdomainȱcontainingȱaȱ
signalȱsequenceȱandȱfiveȱproteinȱbindingȱdomainsȱ(Lofdahlȱetȱal.,ȱ1983;ȱMoksȱetȱal.,ȱ
1986),ȱandȱaȱCȬterminalȱregionȱusedȱtoȱtargetȱtheȱproteinȱtoȱtheȱcellȱsurfaceȱviaȱanȱLPXTGȱ
motifȱ(Schneewindȱetȱal.,ȱ1995)ȱ(Figureȱ21A).ȱTheȱNȬterminalȱhalfȱofȱthisȱproteinȱ(SpAȬN)ȱ
interactsȱwithȱtheȱhostȬcellȱproteins,ȱmediatingȱtheȱimmuneȱresponse.ȱTheȱfiveȱproteinȱ
bindingȱdomainsȱinȱtheȱNȬterminalȱhalfȱareȱtheȱfunctionalȱportionȱofȱtheȱproteinȱandȱ
haveȱaȱhighȱdegreeȱofȱsequenceȱidentityȱ(Figureȱ21B).ȱTheȱstructureȱofȱDȱdomainȱhasȱ
beenȱdeterminedȱinȱcomplexȱwithȱtheȱFabȱfragmentȱofȱaȱhumanȱIgMȱantibodyȱ(Grailleȱetȱ
al.,ȱ2000).ȱTheȱstructuresȱofȱEȱandȱBȱdomainsȱhaveȱbeenȱdeterminedȱbyȱNMRȱ
spectroscopyȱ(Starovasnikȱetȱal.,ȱ1996;ȱZhengȱetȱal.,ȱ2004).ȱTheȱ58Ȭresidueȱdomainsȱ
consistȱofȱthreeȱalmostȬparallelȱalphaȬhelicesȱwithȱNȬȱandȱCȬterminalȱflexibleȱresiduesȱ
(Figureȱ21C).ȱTheȱOasȱlabȱatȱDukeȱUniversityȱhasȱpreviouslyȱdeterminedȱthatȱtheȱfiveȱ
domainsȱfoldȱindependentlyȱofȱeachȱother;ȱthereȱisȱnoȱthermodynamicȱcouplingȱbetweenȱ
theȱdomains.ȱAnȱNMRȱdynamicsȱmapȱindicatesȱthatȱthereȱisȱaȱsixȬresidueȱflexibleȱlinkerȱ
betweenȱeachȱdomain.ȱ
Whatȱisȱunknownȱisȱhowȱtheȱindividualȱdomainsȱareȱstructurallyȱrelatedȱtoȱeachȱ
otherȱandȱhowȱtheȱpresenceȱofȱrepeatedȱdomainsȱstructurallyȱconstrainsȱtheȱprotein.ȱItȱisȱ
theseȱstructuralȱconstraintsȱthatȱconstrainȱtheȱflexibilityȱofȱtheȱstatisticalȱconformationȱ
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andȱaffectȱtheȱthermodynamicsȱofȱtheȱstatisticalȱconformation.ȱSo,ȱbyȱdeterminingȱtheȱ
statisticalȱconformationȱweȱcanȱgainȱimportantȱinsightsȱintoȱhowȱitȱcontributesȱtoȱtheȱ
functionȱofȱSpAȬN.ȱ
Inȱthisȱstudy,ȱIȱusedȱsmallȱangleȱxȬrayȱscatteringȱ(SAXS)ȱtoȱdetermineȱandȱ
describeȱtheȱstatisticalȱconformationȱofȱSpAȬN.ȱInȱorderȱtoȱstudyȱtheȱstatisticalȱ
conformationȱofȱSpAȬNȱandȱdetermineȱtheȱstructuralȱrelationshipȱbetweenȱindividualȱ
domainsȱWilliamȱFranchȱ(anȱOasȱlabȱmember)ȱconstructedȱaȱseriesȱofȱproteinsȱconsistingȱ
ofȱ1,ȱ2,ȱ3,ȱ4,ȱorȱ5ȱrepeatsȱofȱtheȱBȬdomainȱ(BdpA).ȱThisȱsimplificationȱofȱSpAȬNȱintoȱfiveȱ
identicalȱdomainsȱallowsȱmeȱtoȱuseȱaȱpolymerȱphysicsȱapproachȱtoȱdescribeȱtheȱ
statisticalȱconformation.ȱAȱpolymerȱphysicsȱapproachȱisȱoneȱthatȱseeksȱtoȱdescribeȱtheȱ
statisticalȱpropertiesȱofȱaȱpolymerȱusingȱsimpleȱmathematicalȱmodels.ȱFromȱtheseȱsimpleȱ
polymerȱmodels,ȱIȱcanȱdescribeȱtheȱ“structure”ȱofȱtheȱthermodynamicȱstateȱofȱtheȱ
ensembleȱ–ȱtheȱstatisticalȱconformation.
4.2 The SAXS analysis shows that SpA-N can be described as a 
polymer 
SAXSȱdataȱwereȱobtainedȱfromȱfiveȱBȬdomainȱproteinȱfragmentsȱ(BdpA,ȱ2ȬBdpA,ȱ
3ȬBdpA,ȱ4ȬBdpA,ȱ5ȬBdpA)ȱandȱtheȱNȬterminalȱregionȱofȱSpAȱ(SpAȬN).ȱThisȱallowedȱmeȱ
toȱuseȱaȱcombinatorialȱapproachȱtoȱstudyȱtheȱstatisticalȱconformationȱofȱSpAȬNȱandȱ
deriveȱanalyticalȱmodelsȱtoȱdescribeȱthatȱconformationalȱspace.ȱFiveȱdataȱsetsȱwereȱ
collectedȱforȱeachȱproteinȱfragmentȱatȱaȱconcentrationȱrangeȱofȱ5ȱȬȱ0.5ȱmg/ml.ȱDataȱsetsȱ
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wereȱscreenedȱforȱconcentrationȱdependentȱeffectsȱinȱtheȱlowȬqȱregion,ȱandȱtheȱdataȱsetsȱ
forȱeachȱproteinȱfragmentȱthatȱwereȱfreeȱofȱconcentrationȱdependentȱeffectsȱandȱhadȱtheȱ
highestȱsignalȱ:ȱnoiseȱratioȱwereȱselectedȱforȱfurtherȱanalysis.
7KHUDGLXVRIJ\UDWLRQRI6S$1DQG1%GS$FDQEHILWWRDQ
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AȱGuinierȱanalysisȱofȱtheȱscatteringȱdataȱallowsȱforȱdirectȱestimationȱofȱtheȱradiusȱ
ofȱgyrationȱ(Rg)ȱofȱeachȱproteinȱconstructȱ(Kochȱetȱal.,ȱ2003).ȱTheȱGuinierȱplotȱisȱanȱ
algebraicȱtransformationȱ(ln(I)ȱvs.ȱq2)ȱofȱtheȱdataȱthatȱproducesȱaȱlinearȱq2ȱdependenceȱinȱ
theȱ“Guinierȱregion”ȱfoundȱatȱveryȱsmallȱscatteringȱanglesȱ(qȱ<ȱ0.05ȱ%Ȭ1).ȱTheȱslopeȱofȱtheȱ
dataȱisȱdirectlyȱproportionalȱtoȱtheȱradiusȱofȱgyrationȱofȱtheȱoverallȱproteinȱchain.ȱTheȱqȬ
rangeȱofȱtheȱGuinierȱregionȱisȱdependentȱonȱRgȱandȱtheȱglobularityȱofȱtheȱmoleculeȱ
(Hjelm,ȱ1985).ȱWeȱdeterminedȱtheȱGuinierȱregionȱandȱRgȱofȱ1ȬBdpA,ȱwhichȱisȱglobular,ȱtoȱ
theȱlimitȱofȱq*Rgȱ<ȱ1.3.ȱTheȱGuinierȱregionsȱandȱRgȱofȱ(2Ȭ5)BdpA,ȱandȱSpAȬNȱwereȱ
determinedȱtoȱaȱq*Rgȱ<ȱ1.0,ȱtheȱlimitȱofȱtheȱGuinierȱregionȱforȱelongatedȱorȱflexibleȱ
macromoleculesȱ(Hjelm,ȱ1985;ȱJacquesȱetȱal.,ȱ2012)ȱ(Figureȱ22).ȱȱ
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Figureȱ22:ȱTheȱdimensionlessȱKratkyȱplotȱindicatesȱthatȱ(2Ȭ5)ȬBdpAȱandȱSpAȬNȱ
mayȱnotȱbeȱglobular.ȱ1ȬBdpAȱconvergesȱtoȱ0ȱatȱq*Rgȱ=ȱ4,ȱindicatingȱthatȱitȱisȱaȱglobularȱ
protein.ȱTheȱKratkyȱplotsȱofȱ(2Ȭ5)ȬBdpAȱandȱSpAȬNȱdoȱnotȱreturnȱtoȱzero,ȱindicatingȱ
thatȱtheseȱmoleculesȱareȱflexibleȱorȱsphericallyȱassymetric.ȱShown:ȱAȱdimensionlessȱ
KratkyȱplotȱofȱNȬBdpA.ȱBlue:ȱ1ȬBdpA,ȱRed:ȱ2ȬBdpA,ȱPurple:ȱ3ȬBdpA,ȱGreen:ȱ4ȬBdpA,ȱ
Cyan:ȱ5ȬBdpA,ȱBlack:ȱSpAȬN.ȱ
ȱ
ExcellentȱlinearȱcorrelationsȱwithinȱtheȱGuinierȱregionsȱareȱobservedȱforȱ2ȬBdpA,ȱ
3ȬBdpA,ȱ4ȬBdpA,ȱ5ȬBdpA,ȱandȱSpAȬNȱdataȱ(Figureȱ23),ȱindicatingȱthatȱeachȱsampleȱwasȱ
freeȱofȱselfȬassociationȱorȱinterparticleȱinterference,ȱwhichȱmightȱotherwiseȱbiasȱderivedȱ
models.ȱInterparticleȱinterferenceȱisȱobservedȱinȱtheȱveryȱlowȬqȱregionȱofȱ1ȬBdpA,ȱsoȱ
onlyȱtheȱdataȱfromȱ0.0005ȱ<ȱq2ȱ<ȱ0.01ȱwasȱusedȱtoȱestimateȱRg.ȱTheȱGuinierȱplotsȱforȱtheȱ
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NȬBdpAȱproteinȱfragmentsȱandȱSpAȬNȱshowȱaȱsystematicȱincreaseȱinȱRgȱasȱdomainsȱareȱ
addedȱ(Figureȱ23).ȱHowever,ȱtheȱRgȱisȱnotȱaȱlinearȱfunctionȱofȱtheȱnumberȱofȱdomains,ȱ
indicatingȱthatȱ5ȬBdpAȱand,ȱbyȱextension,ȱSpAȬNȱareȱnotȱelongatedȱrigidȱrods,ȱbutȱratherȱ
canȱbeȱdescribedȱbyȱaȱpolymerȱmodelȱ(seeȱbelow).ȱTheȱSpAȬNȱRgȱisȱ6.8%ȱsmallerȱthanȱ
thatȱofȱ5ȬBdpA,ȱindicatingȱthatȱSpAȬNȱisȱmoreȱcompactȱthanȱ5ȬBdpA,ȱevenȱthoughȱtheȱ
twoȱmoleculesȱhaveȱnearlyȱidenticalȱmolecularȱweightsȱ(32571ȱDaȱforȱSpAȬNȱvs.ȱ33186ȱ
Daȱforȱ5ȬBdpA,ȱ1.8ȱ%ȱdifferent).ȱThisȱdifferenceȱmayȱbeȱtheȱresultȱofȱinterȬdomainȱ
interactionsȱthatȱareȱmoreȱfavorableȱinȱSpAȬNȱorȱmoreȱunfavorableȱinȱ5ȬBdpA,ȱorȱboth.ȱ
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Figureȱ23:ȱGuinierȱanalysisȱofȱNȬBdpAȱandȱSpAȬNȱproteinȱfragments.ȱTheȱ
GuinierȱplotsȱforȱallȱconstructsȱshowȱexcellentȱlinearȱcorrelationsȱinȱtheȱlowȬqȱregionsȱ
(solidȱlines).ȱTheȱradiusȱofȱgyrationȱisȱnotȱaȱlinearȱfunctionȱofȱmonomerȱnumber.ȱThisȱ
indicatesȱthatȱNȬBdpAȱandȱSpAȬNȱdoȱnotȱexploreȱaȱconformationalȱspaceȱconsistentȱ
withȱthatȱofȱaȱrigidȱrod,ȱbutȱratherȱcanȱbeȱfitȱtoȱaȱpolymerȱmodel.ȱProteinȱ
concentrationsȱforȱeachȱdataset:ȱBdpAȱȬȱ1ȱmg/ml,ȱ2ȬBdpaȱȬȱ1ȱmg/ml,ȱ3ȬBdpAȱȬȱ5mg/ml,ȱ
4ȬBdpAȱȬȱ5ȱmg/ml,ȱ5ȬBdpAȱȬȱ5ȱmg/ml,ȱSpAȬNȱȬȱ5mg/ml.ȱ
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TheȱsystematicȱincreaseȱinȱRgȱamongȱtheȱNȬBdpAȱproteinȱfragmentsȱsuggestsȱthatȱ
theȱrelationshipȱbetweenȱmonomerȱnumberȱandȱRgȱcanȱbeȱfitȱtoȱaȱpolymerȱmodel.ȱAȱ
simpleȱmodelȱthatȱdescribesȱtheȱstiffnessȱandȱconformationalȱspaceȱofȱaȱpolymerȱisȱtheȱ
swollenȱGaussianȱcoil.ȱForȱthisȱmodel,ȱtheȱRgȱisȱ(Hammouda,ȱ1993):
୥ ൌ ୮ට ୒
మ౬
ሺଶ୴ାଵሻሺଶ୴ାଶሻȱ ȱ ȱ ȱ ȱ 4.1
whereȱlpȱisȱtheȱpersistenceȱlengthȱofȱtheȱpolymerȱandȱΑȱisȱtheȱFloryȱcoefficient.ȱTheȱ
persistenceȱlengthȱgivesȱtheȱlengthȱscaleȱofȱpolymerȱflexibility,ȱwhichȱisȱreflectedȱinȱtheȱ
Floryȱcoefficient.ȱAȱfreelyȬjointedȱchainȱhasȱaȱpersistenceȱlengthȱonȱtheȱsameȱorderȱofȱ
magnitudeȱasȱtheȱbondȱlengthȱandȱvȱ=ȱ0.5ȱ(Flory,ȱ1953).ȱWhenȱtheȱpersistenceȱlengthȱisȱ
onȱtheȱsameȱorderȱasȱaȱbondȱlengthȱandȱ0.5<ȱvȱ<1,ȱthenȱtheȱpolymerȱisȱsaidȱtoȱbeȱsemiȬ
flexibleȱ(RubinsteinȱandȱColby,ȱ2003).ȱAȱrigidȱrodȱhasȱaȱpersistenceȱlengthȱofȱǈȱandȱvȱ=ȱ
1.0.ȱItȱisȱimportantȱtoȱnoteȱthatȱthisȱmodelȱallowsȱlongȱpolymersȱtoȱintersectȱwithȱ
themselvesȱbutȱtheȱavoidanceȱofȱshortȬrangeȱmonomerȱintersectionsȱisȱaccountedȱforȱinȱ
theȱparametersȱlpȱandȱv,ȱwhichȱreflectȱchainȱstiffness,ȱi.e.,ȱshortȬrangeȱexcludedȱvolumeȱ
effects.
AȱnonȬlinearȱleastȬsquaresȱfitȱofȱtheȱNȬBdpAȱGuinierȱRgȱvs.ȱmonomerȱnumberȱtoȱ
Equationȱ4.1ȱgivesȱaȱpersistenceȱlengthȱofȱ37.5ȱ%ȱ(95%ȱconfidenceȱintervals:ȱ36.3Ȭ38.8ȱ%)ȱ
andȱaȱFloryȱcoefficientȱofȱ0.68ȱ(95%ȱconfidenceȱintervals:ȱ0.64Ȭ0.72)ȱ(Figureȱ24).ȱTheȱ
persistenceȱlengthȱisȱcomparableȱtoȱtheȱlengthȱofȱaȱsingleȱBdpAȱ(29.6ȱ%)ȱandȱthreeȱ
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flexibleȱresiduesȱ(10.2ȱ%,ȱassumingȱ3.4ȱ%ȱisȱtheȱaverageȱdistanceȱbetweenȱC΅ȱatomsȱinȱanȱ
unstructuredȱpolypeptide).ȱTheȱbestȬfitȱFloryȱcoefficientȱisȱlargerȱthanȱtheȱcoefficientȱforȱ
aȱfullyȬswollenȱGaussianȱcoilȱ(0.6)ȱ(Flory,ȱ1953)butȱsmallerȱthanȱthatȱofȱaȱrigidȱrodȱ(1.0),ȱ
indicatingȱthatȱ5ȬBdpA,ȱandȱbyȱextensionȱSpAȬN,ȱbehavesȱasȱaȱsemiȬflexibleȱexcludedȱ
volumeȱbiopolymer,ȱnotȱasȱaȱrigidȱrodȱorȱanȱidealȱGaussianȱcoil.ȱ
ȱ
Figureȱ24:ȱNonȬlinearȱleastȱsquaresȱfitȱofȱtheȱradiusȱofȱgyrationȱofȱNȬBdpAȱ
(red)ȱtoȱequationȱ4.1ȱ(black).ȱTheȱradiusȱofȱgyrationȱdoesȱnotȱincreaseȱlinearlyȱwithȱ
increasingȱmonomerȱnumber.ȱTheȱexcellentȱagreementȱofȱtheȱdataȱwithȱequationȱ4.1ȱ
suggestsȱthatȱNȬBdpAȱbehavesȱasȱaȱflexibleȱpolymer.ȱ*ȱindicatesȱtheȱradiusȱofȱgyrationȱ
forȱSpAȬN.ȱ
ȱ
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TheȱradiusȱofȱgyrationȱisȱaȱmodelȬindependentȱmeasureȱofȱtheȱpolymer’sȱoverallȱ
size.ȱItȱisȱcalculatedȱfromȱtheȱveryȱlowȬqȱregionȱofȱtheȱscatteringȱcurve.ȱTheȱhigherȬqȱ
regionȱofȱtheȱscatteringȱcurveȱcanȱbeȱusedȱtoȱdetermineȱtheȱoverallȱshapeȱandȱbehaviorȱofȱ
theȱpolymerȱbyȱcomparingȱscatteringȱcurvesȱofȱsimpleȱshapeȱmodelsȱtoȱtheȱscatteringȱ
data.ȱForȱexample,ȱtheȱSAXSȱscatteringȱcurveȱofȱsimpleȱshapes,ȱsuchȱasȱaȱsphere,ȱ
cylinder,ȱwormȬlikeȱchain,ȱandȱGaussianȱcoil,ȱcanȱbeȱusedȱtoȱdiscriminateȱbetweenȱ
polymerȱmodels.ȱEvenȱtheȱscatteringȱcurvesȱofȱaȱsubsetȱofȱsimpleȱshapesȱcanȱbeȱusedȱtoȱ
distinguishȱbetweenȱpolymerȱmodels.
OneȱsetȱofȱpolymerȱmodelsȱisȱtheȱGaussianȱcoilȱmodels,ȱwhereȱtheȱFloryȱ
coefficientȱandȱstatisticalȱsegmentȱlengthȱdescribeȱtheȱflexibilityȱofȱtheȱpolymer,ȱandȱtheȱ
endȬtoȬendȱdistanceȱdistributionȱofȱtheȱpolymerȱisȱaȱGaussianȱdistribution.ȱTheȱswollenȱ
Gaussianȱcoilȱmodelȱdescribesȱtheȱmonomersȱasȱpointsȱwhoseȱspatialȱarrangementȱisȱ
thatȱofȱaȱrandomȱcoil,ȱandȱexcludedȱvolumeȱinteractionsȱareȱtakenȱintoȱaccountȱbyȱanȱ
increaseȱinȱtheȱFloryȱcoefficientȱwhereȱvȱ>ȱ0.5ȱ(theȱFloryȱcoefficientȱforȱaȱrandomȱflightȱ
polymer).ȱInȱtheȱscatteringȱfunctionȱforȱthisȱmodelȱ(Hammouda,ȱ1993)ȱthereȱisȱnoȱtermȱtoȱ
accountȱforȱtheȱvolumeȱofȱtheȱmonomersȱexceptȱforȱtheȱstatisticalȱsegmentȱlengthȱandȱtheȱ
Floryȱcoefficient.
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AȱsubsetȱofȱGaussianȱcoilȱpolymerȱmodelsȱisȱtheȱpearlȱnecklaceȱmodelȱ(PNM).ȱ
Thisȱmodelȱhasȱbeenȱusedȱtoȱdescribeȱpolyelectrolytesȱinȱvariousȱsolventsȱ(Dobryninȱetȱ
al.,ȱ1996)ȱandȱtheȱstatisticalȱconformationȱofȱlongȱrepeatȱproteinsȱlikeȱfibronectinȱ(Peltaȱetȱ
al.,ȱ2000).ȱInȱtheȱpearlȱnecklaceȱmodelȱtheȱmonomersȱareȱrepresentedȱasȱspheresȱ
separatedȱbyȱaȱlinker.ȱPreviousȱstudiesȱhaveȱusedȱvariousȱimplementationsȱofȱthisȱmodelȱ
toȱderiveȱscatteringȱfunctionsȱforȱfittingȱscatteringȱdata.ȱTheseȱvariationsȱincludeȱ
differentȱequationsȱforȱtheȱrelativeȱpositionsȱofȱtheȱ“pearl”ȱmonomersȱ(structureȱfactor)ȱ
andȱtheȱcontributionȱofȱtheȱlinkerȱtoȱtheȱscattering.ȱȱInȱcontrastȱtoȱtheȱswollenȱGaussianȱ
coilȱmodel,ȱpearlȱnecklaceȱmodelsȱexplicitlyȱdefineȱtheȱvolumeȱofȱeachȱmonomerȱandȱ
representȱitȱasȱaȱsphere.ȱTheȱlinearȱpearlȱnecklaceȱmodelȱdescribesȱtheȱspheresȱjoinedȱbyȱ
aȱrigidȱrod.ȱTheȱscatteringȱfunctionȱforȱthisȱmodelȱ(Dobryninȱetȱal.,ȱ1996)ȱdoesȱnotȱ
includeȱexplicitȱtermsȱforȱtheȱscatteringȱcontributionȱofȱtheȱrigidȱrodȱorȱtheȱscatteringȱ
interferenceȱbetweenȱtheȱspheresȱandȱtheȱrigidȱrod.ȱThus,ȱtheȱrigidȱstringsȱconnectingȱtheȱ
pearlsȱareȱ“invisible”ȱinȱtheȱscatteringȱfunction.ȱTheȱparametersȱinȱthisȱmodelȱareȱtheȱ
radiusȱofȱtheȱspheresȱandȱtheȱcenterȬtoȬcenterȱdistanceȱbetweenȱspheres.ȱTheȱrandomȱ
flightȱpearlȱnecklaceȱmodelȱdescribesȱsphericalȱmonomersȱconnectedȱbyȱfreelyȱjointedȱ
rods;ȱinȱotherȱwords,ȱtheȱspatialȱarrangementȱofȱtheȱspheresȱisȱthatȱofȱaȱfreelyȱjointedȱ
polymerȱchain.ȱBecauseȱtheȱspheresȱareȱjoinedȱtoȱoneȱanotherȱbyȱaȱfreelyȱjointedȱchain,ȱ
thereȱareȱnoȱexcludedȱvolumeȱconstraintsȱonȱthisȱmodel.ȱInȱotherȱwords,ȱtwoȱspheresȱ
mayȱoccupyȱtheȱsameȱvolume.ȱTheȱscatteringȱfunctionȱforȱthisȱmodelȱ(Schweinsȱandȱ
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Huber,ȱ2004)ȱincludesȱexplicitȱtermsȱforȱtheȱscatteringȱfromȱtheȱspheres,ȱscatteringȱfromȱ
theȱrods,ȱandȱaȱcrossȬtermȱforȱtheȱscatteringȱinterferenceȱbetweenȱtheȱspheresȱandȱrods.ȱ
TheȱfittedȬforȱparametersȱinȱthisȱmodelȱareȱtheȱradiusȱofȱtheȱspheresȱandȱtheȱcenterȬtoȬ
centerȱdistanceȱbetweenȱspheres.ȱAsȱanȱadditionȱtoȱtheseȱimplementations,ȱweȱhaveȱ
developedȱaȱPNMȱscatteringȱfunctionȱthatȱrepresentsȱtheȱspatialȱarrangementȱofȱspheresȱ
asȱaȱswollenȱGaussianȱcoilȱandȱexplicitlyȱincludesȱtermsȱforȱtheȱlinkerȱandȱsphereȬtoȬ
linkerȱscattering.ȱ(SeeȱSectionȱ4.5).ȱThisȱmodelȱwillȱbeȱreferredȱtoȱhereafterȱasȱtheȱ
excludedȱvolumeȱpearlȱnecklaceȱ(EVȬPNM)ȱmodel.ȱTheȱfittedȬforȱparametersȱinȱthisȱ
modelȱareȱtheȱradiusȱofȱtheȱspheres,ȱtheȱpersistenceȱlengthȱofȱtheȱchain,ȱandȱtheȱFloryȱ
coefficient.
InȱorderȱtoȱselectȱtheȱmostȱappropriateȱPNMȱtoȱdetermineȱtheȱstatisticalȱ
conformationȱofȱ5ȬBdpA,ȱweȱperformedȱaȱweightedȱnonȬlinearȱleastȱsquaresȱfitȱofȱtheȱ5Ȭ
BdpAȱSAXSȱdataȱusingȱtheȱscatteringȱfunctionsȱdescribedȱabove.ȱTheȱadjustableȱ
parametersȱforȱeachȱscatteringȱfunctionȱwereȱconstrainedȱtoȱbeȱnonȬnegativeȱandȱnonȬ
zero.ȱTheȱresultsȱareȱshownȱinȱFigureȱ25A.ȱTheȱbestȬfitȱparametersȱforȱeachȱmodelȱandȱaȱ
measureȱofȱtheȱgoodnessȱofȱfitȱofȱtheȱscatteringȱcurvesȱtoȱtheȱexperimentalȱdataȱareȱgivenȱ
inȱTableȱ3.ȱInȱtheȱlowȱqȱregionȱ(0.013ȱȬȱ0.04ȱ%Ǧͳ)ȱthreeȱmodelsȱfitȱtheȱdataȱequallyȱwell:ȱtheȱ
swollenȱGaussianȱcoilȱmodelȱ(Hammouda,ȱ1993),ȱtheȱlinearȱPNMȱ(Dobryninȱetȱal.,ȱ1996),ȱ
andȱtheȱEVȬPNM.ȱTheȱrandomȱflightȱPNMȱ(SchweinsȱandȱHuber,ȱ2004)ȱdoesȱnotȱfitȱtheȱ
data.ȱAtȱqȱ>ȱ0.04ȱ%Ǧͳ,ȱtheȱbestȱfitȱmodelȱtoȱtheȱscatteringȱcurveȱisȱtheȱEVȬPNM.ȱThisȱresultȱ
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suggestsȱthatȱtheȱEVȬPNMȱmodelȱisȱtheȱmostȱappropriateȱmodelȱtoȱuseȱwhenȱmodelingȱ
theȱNȬBdpAȱandȱSpAȬNȱstatisticalȱconformations.ȱ
ȱ
Figureȱ25:ȱPolymerȱmodelȱcomparison.ȱA)ȱFitȱofȱ5ȬBdpAȱtoȱpolymerȱmodels.ȱ
Points:ȱSAXSȱdata.ȱShortȱdash:ȱSwollenȱGaussianȱcoilȱmodel.ȱLongȱdash:ȱLinearȱpearlȱ
necklaceȱmodel.ȱDashȬdot:ȱRandomȱflightȱpearlȱnecklaceȱmodel.ȱSolidȱline:ȱExcludedȱ
volumeȱpearlȱnecklaceȱmodel.ȱForȱgoodnessȬofȬfitȱstatisticsȱseeȱTableȱ3.ȱB)ȱPlotȱofȱI(q)ȱ
vs.ȱqȱshowingȱtheȱcomponentȱscatteringȱfunctionsȱofȱIEVȬPNM(q).ȱShortȱdash:ȱsphereȬ
sphereȱscatteringȱandȱinterference.ȱSolidȱline:ȱsphereȬcoilȱinterference.ȱLongȱdash:ȱcoilȱ
scattering.ȱIEVȬPNM(q)ȱhasȱbeenȱscaledȱtoȱIEVȬPNM(0)=1.ȱ
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Tableȱ3:ȱFitȱofȱtheȱ5ȬBdpAȱSAXSȱdataȱtoȱpolymerȱmodelsȱ
PolymerȱModelȱ Parametersȱ 95%ȱConfidenceȱIntervalsȱ
SwollenȱGaussianȱ ȱ ȱ
Coilȱ Λ2ȱ=ȱ2.48ȱ ȱ
ȱ Rg:ȱ45.00ȱÅȱ 44.30ȱ–ȱ45.67ȱÅȱ
ȱ Α:ȱ0.68ȱ
ȱ
0.67ȱ–ȱ0.69ȱ
LinearȱPearlȱ ȱ ȱ
Necklaceȱ Λ2ȱ=ȱ2.28ȱ ȱ
ȱ Distanceȱbetweenȱspheres:ȱ28.32ȱÅȱ 25.10ȱ–ȱ31.35ȱÅȱ
ȱ Radius:ȱ15.00ȱÅȱ 15.97ȱ–ȱ16.00ȱÅȱ
ȱ
RandomȱFlightȱ ȱ ȱ
PearlȱNecklaceȱ Λ2ȱ=ȱ3.00ȱ ȱ
ȱ Distanceȱbetweenȱspheres:ȱ57.13ȱÅȱ 54.02ȱ–ȱ60.23ȱÅȱ
ȱ Radius:ȱ12.81ȱÅȱ
ȱ
12.70ȱ–ȱ12.91ȱÅȱ
ExcludedȱVolumeȱ ȱ ȱ
PearlȱNecklaceȱ Λ2ȱ=ȱ1.06ȱ ȱ
ȱ Persistenceȱlength:ȱ36.30ȱÅȱ 31.3ȱ–ȱ37.4ȱÅȱ
ȱ Α:ȱ0.76ȱ 0.72ȱ–ȱ0.80ȱ
ȱ Radius:ȱ10.5ȱÅȱ
ȱ
9.9ȱ–ȱ11.4ȱÅȱ
ȱ
ThereȱareȱtwoȱsimplificationsȱinȱtheȱscatteringȱfunctionȱderivedȱfromȱtheȱEVȬ
PNMȱmodel:ȱtheȱshapeȱofȱtheȱdomainsȱisȱapproximatedȱasȱaȱsphereȱandȱtheȱstructureȱ
factorȱforȱcoilȱtoȱcoilȱinterferenceȱisȱnotȱincluded.ȱAȱsphericalȱformȱfactorȱdescribingȱtheȱ
shapeȱofȱBdpAȱisȱaȱreasonableȱandȱminimallyȱparameterizedȱmodelȱforȱeachȱdomain.ȱAȱ
moreȱcomplicatedȱmodelȱforȱtheȱdomainsȱwouldȱrequireȱmoreȱparametersȱinȱtheȱ
scatteringȱfunction,ȱwhichȱwouldȱnotȱbeȱsupportedȱbyȱtheȱdataȱbecauseȱtheȱfitȱisȱ
excellentȱwithoutȱtheseȱparameters.ȱTheȱsmallȱdifferenceȱinȱtheȱdataȱvs.ȱfitȱatȱhighȬqȱ
ȱȱ
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couldȱbeȱdueȱtoȱtheȱnonȬsphericalȱshapeȱofȱeachȱdomain.ȱTheȱscatteringȱamplitudeȱofȱ
eachȱsphereȱisȱ8.17ȱtimesȱlargerȱthanȱtheȱscatteringȱamplitudeȱofȱeachȱcoil,ȱsoȱtheȱcoilȬtoȬ
coilȱinterferenceȱisȱaȱveryȱsmallȱcomponentȱofȱtheȱtotalȱscatteredȱintensityȱandȱcanȱbeȱ
neglectedȱ(Figureȱ25B).
Theȱgoodȱfitȱofȱtheȱ5ȬBdpAȱscatteringȱdataȱtoȱtheȱEVȬPNMȱscatteringȱfunctionȱ
suggestsȱthatȱtheȱscatteringȱdataȱfromȱtheȱNȬBdpAȱandȱSpAȬNȱproteinȱfragmentsȱcanȱbeȱ
globallyȱfitȱtoȱtheȱmodel,ȱresultingȱinȱaȱcomprehensiveȱdescriptionȱofȱtheȱconformationalȱ
spaceȱofȱSpAȬN.
*OREDOILWRIWKH(9310WRWKHVFDWWHULQJGDWD
Aȱglobalȱfitȱofȱtheȱscatteringȱdataȱfromȱ3ȬBdpA,ȱ4ȬBdpA,ȱ5ȬBdpA,ȱ((3Ȭ5)ȬBdpA)ȱ
andȱSpAȬNȱproteinȱconstructsȱtoȱtheȱEVȬPNMȱscatteringȱfunctionȱusingȱaȱweightedȱnonȬ
linearȱleastȱsquaresȱfittingȱalgorithmȱgivesȱaȱmonomerȱradiusȱofȱ11.1ȱ%ȱ(95.4%ȱconfidenceȱ
intervals:ȱ10.0ȱȬȱ11.8ȱ%),ȱaȱpersistenceȱlengthȱofȱ35.6ȱ%ȱ(95.4%ȱconfidenceȱintervals:ȱ30.2ȱȬȱ
38.0ȱ%),ȱandȱaȱFloryȱcoefficientȱofȱ0.75ȱ(95.4%ȱconfidenceȱintervals:ȱ0.72ȱȬȱ0.80).ȱTheȱ
persistenceȱlengthȱ(37.5ȱ±ȱ1.3ȱ%)ȱandȱFloryȱcoefficientȱ(0.68ȱ±ȱ0.04)ȱdeterminedȱusingȱtheȱ
Rgȱdataȱareȱwithinȱtheȱ95.4%ȱconfidenceȱintervalsȱdeterminedȱbyȱtheȱglobalȱfitȱofȱallȱtheȱ
scatteringȱdata.ȱTheȱ2ȬBdpAȱSAXSȱdataȱwasȱnotȱfitȱtoȱtheȱEVȬPNM,ȱbutȱwasȱfitȱtoȱtheȱ
barbellȱmodelȱ(seeȱbelow).
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TheȱfitsȱofȱtheȱdataȱtoȱtheȱEVȬPNMȱandȱtheȱgoodnessȱofȱfitȱstatisticsȱareȱpresentedȱ
inȱFigureȱ26.ȱTheȱmodelȱcapturesȱtheȱdominantȱfeaturesȱofȱtheȱscatteringȱdataȱinȱtheȱ(3Ȭ
5)ȬBdpAȱandȱSpAȬNȱconstructs.ȱTheȱbestȱfitȱofȱtheȱdataȱtoȱtheȱmodelȱisȱinȱtheȱ5ȬBdpAȱ
dataȱ(Fig.ȱ26d,ȱΛ2ȱ=ȱ1.06).ȱTheȱworstȱfitȱofȱtheȱdataȱtoȱtheȱmodelȱisȱ3ȬBdpAȱ(Fig.ȱ26a,ȱΛ2ȱ=ȱ
1.18).ȱTheȱdiscrepancyȱmayȱbeȱaȱconsequenceȱofȱtheȱlowȱnumberȱofȱmonomersȱ(N=3),ȱ
whichȱmayȱlimitȱtheȱabilityȱofȱtheȱEVȬPNMȱtoȱdepictȱtheȱstatisticalȱconformationȱofȱ3Ȭ
BdpA.ȱThereȱisȱgoodȱagreementȱbetweenȱtheȱmodelȱandȱdataȱatȱ0.013ȱ%Ǧͳ<ȱqȱ<ȱ0.1ȱ%Ǧͳ,ȱ
indicatingȱthatȱtheȱmodelȱadequatelyȱdescribesȱtheȱstatisticalȱensembleȱatȱlargeȱlengthȬ
scalesȱ(62ȱȬȱ500ȱÅ).ȱThereȱisȱaȱsystematicȱdeviationȱbetweenȱtheȱmodelȱandȱtheȱdataȱoverȱ
theȱrangeȱ0.1ȱ%Ǧͳ<ȱqȱ<ȱ0.32ȱ%Ǧͳ.ȱThisȱqȱregionȱcorrespondsȱtoȱrealȬspaceȱdimensionsȱofȱ20ȱȬȱ
62ȱ%.ȱInȱthisȱregion,ȱdeviationsȱinȱlocalȱstructureȱfromȱtheȱmodelȱcanȱaccountȱforȱtheȱ
discrepancyȱbetweenȱtheȱmodelȱandȱdata,ȱparticularlyȱdeviationsȱinȱtheȱshapeȱofȱtheȱ
monomers.ȱTheȱBdpAȱdomainsȱareȱnotȱsphericalȱ(discussedȱbelow).ȱOurȱsimpleȱEVȬ
PNMȱmodelȱdoesȱnotȱtakeȱthisȱrefinementȱintoȱconsideration.ȱDetailedȱinformationȱ
aboutȱtheȱstructureȱofȱtheȱmonomerȱunitsȱisȱoutsideȱtheȱscopeȱofȱtheseȱexperimentsȱ
becauseȱtheirȱpurposeȱisȱtoȱdetermineȱtheȱstatisticalȱconformationȱofȱSpAȬN.ȱSimplifyingȱ
theȱshapeȱofȱtheȱdomainsȱtoȱaȱsphereȱisȱsufficientȱtoȱdetermineȱtheȱoverallȱshapeȱofȱSpAȬ
Nȱandȱ(3Ȭ5)ȬBdpA.ȱThisȱminimallyȱparameterizedȱmodelȱdescribesȱtheȱarrangementȱofȱ
theȱdomainsȱrelativeȱtoȱeachȱotherȱatȱaȱlevelȱconsistentȱwithȱtheȱinformationȱcontentȱofȱ
theȱdata.ȱ
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TheȱbestȬfitȱradiusȱofȱtheȱmonomerȱsphereȱisȱsimilarȱtoȱtheȱradiusȱofȱaȱsingleȱ
BdpAȱdomainȱ(Figureȱ27).ȱFigureȱ27ȱshowsȱtheȱsolutionȱstructureȱofȱBdpAȱ(grey)ȱandȱaȱ
sphereȱofȱ11.1ȱÅȱcenteredȱonȱitsȱcenterȱofȱmassȱ(black).ȱMostȱofȱtheȱmassȱofȱtheȱglobularȱ
portionȱofȱBdpAȱisȱcontainedȱwithinȱtheȱsphere.ȱThereȱisȱvolumeȱinȱtheȱsphereȱthatȱisȱnotȱ
occupiedȱbyȱBdpAȱbutȱsomeȱofȱtheȱsideȬchainȱvolumeȱisȱoutsideȱtheȱmodeledȱsphere,ȱ
whichȱpartiallyȱcompensatesȱforȱtheȱemptyȱspace.ȱAlso,ȱasȱexpected,ȱtheȱmassȱofȱtheȱ
linkerȱresiduesȱisȱoutsideȱtheȱsphere.ȱTheseȱdiscrepanciesȱconfirmȱthatȱaȱsphereȱisȱnotȱaȱ
perfectȱmodelȱforȱanȱindividualȱdomain.ȱDespiteȱdeviationsȱinȱtheȱatomicȱdetails,ȱtheȱ
agreementȱbetweenȱtheȱEVȬPNMȱoverallȱdomainȱdimensionsȱandȱthoseȱfromȱtheȱ
structureȱofȱBdpAȱsupportsȱtheȱaccuracyȱofȱtheȱpersistenceȱlengthȱandȱFloryȱcoefficientȱ
weȱobtainedȱfromȱtheȱglobalȱfitȱofȱtheȱ(3Ȭ5)ȬBdpAȱdata.ȱ
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ȱ
Figureȱ27:ȱ6SDFHILOOLQJPRGHORI%GS$JUH\SGE41VXSHULPSRVHGZLWK
DVSKHUHRIÅEODFN7KHOLQNHUUHVLGXHVKDYHEHHQWULPPHGIURPWKHVSDFH
ILOOLQJPRGHO
ȱ
&DOFXODWLRQRIWKHHQGWRHQGGLVWDQFHGLVWULEXWLRQRI%GS$
Usingȱtheȱsphereȱradius,ȱpersistenceȱlength,ȱandȱFloryȱcoefficientȱdeterminedȱbyȱ
theȱfitȱofȱtheȱSAXSȱdataȱtoȱtheȱEVȬPNM,ȱitȱisȱpossibleȱtoȱcalculateȱanȱendȬtoȬendȱdistanceȱ
distributionȱforȱ(3Ȭ5)ȬBdpA.ȱUsingȱpolymerȱtheory,ȱtheȱrootȬmeanȬsquaredȱendȬtoȬendȱ
distanceȱ(ۃܴா்ாଶ ۄ)ȱofȱanȱexcludedȱvolumeȱGaussianȱcoilȱisȱ(Kurataȱetȱal.,ȱ1958):ȱ
ȱȱ
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whereȱȾ ൌ ସଷ Ɏܴଷisȱtheȱexcludedȱvolumeȱandȱisȱdependentȱonȱtheȱradius,ȱR,ȱofȱtheȱ
sphericalȱdomainsȱ(determinedȱabove),ȱandȱNȱisȱtheȱnumberȱofȱmonomers.ȱTheȱendȬtoȬ
endȱdistanceȱdistribution,ȱP(RETE),ȱofȱaȱpearlȬnecklaceȱpolymerȱisȱ(KamideȱandȱDobashi,ȱ
2000);ȱ
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Figureȱ28ȱshowsȱtheȱtwoȬȱandȱthreeȬdimensionalȱplotsȱofȱtheȱnormalizedȱendȬtoȬ
endȱdistanceȱdistributionȱ(EEDD)ȱforȱ(3Ȭ5)ȬBdpA.ȱTheȱrootȬmeanȬsquaredȱendȬtoȬendȱ
distanceȱforȱ3ȬBdpAȱisȱ43.6ȱՀ,ȱ53.4ȱՀȱforȱ4ȬBdpA,ȱandȱ62.2ȱՀȱforȱ5ȬBdpA.ȱTheȱ
hemisphericalȱrepresentationȱofȱtheȱEEDDȱisȱmeantȱtoȱrepresentȱtheȱprobabilityȱofȱ
findingȱtheȱNȬterminalȱdomainȱatȱsomeȱpointȱinȱspace,ȱassumingȱthatȱtheȱcenterȱofȱtheȱCȬ
terminalȱdomainȱcoincidesȱwithȱtheȱoriginȱofȱtheȱhemisphere.ȱThisȱrepresentationȱisȱ
analogousȱtoȱtheȱpresentationȱofȱSpAȬNȱonȱtheȱsurfaceȱofȱanȱS.ȱaureusȱcell,ȱtoȱwhichȱtheȱ
proteinȱisȱattachedȱatȱitsȱCȬterminusȱ(Gussȱetȱal.,ȱ1984)ȱ.ȱNoteȱtheȱlowȱprobabilityȱnearȱ
theȱorigin,ȱwhichȱreflectsȱtheȱexcludedȱvolumeȱfeatureȱofȱtheȱmodel.ȱAlsoȱnoteȱthatȱtheȱ
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radiusȱofȱmaximumȱprobabilityȱdoesȱnotȱincreaseȱlinearlyȱwithȱtheȱnumberȱofȱdomains,ȱ
whichȱitȱwouldȱifȱtheȱmoleculeȱwereȱrigidȱandȱlinear.
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)LWRI%GS$WRWKHEDUEHOOPRGHO
Theȱscatteringȱdataȱfromȱ2ȬBdpAȱcannotȱbeȱmodeledȱbyȱtheȱEVȬPNMȱsinceȱthisȱ
modelȱassumesȱNȱǃȱ3.ȱThisȱdataȱcan,ȱhowever,ȱbeȱfitȱtoȱaȱmodifiedȱbarbellȱmodelȱ(BM).ȱ
Thisȱmodelȱdescribesȱtwoȱspheresȱseparatedȱbyȱaȱlineȱwithȱnoȱscatteringȱmass.ȱOurȱ
variationȱofȱtheȱscatteringȱmodelȱforȱthisȱmodelȱexplicitlyȱincludesȱaȱtermȱforȱtheȱ
scatteringȱofȱtheȱlinkerȱ(seeȱSectionȱ4.5).ȱWeȱfitȱtheȱ2ȬBdpAȱscatteringȱdataȱtoȱthisȱmodelȱ
andȱobtainedȱanȱaverageȱdistanceȱbetweenȱdomainsȱofȱ5ȱÅȱ(±ȱ0.24ȱÅ)ȱandȱaȱradiusȱofȱ
15.32ȱÅ(±ȱ0.10ȱÅ).ȱTheȱradiusȱofȱtheȱspheresȱisȱlargerȱthanȱthatȱdeterminedȱbyȱtheȱglobalȱ
fitȱofȱ(3Ȭ5)ȬBdpAȱandȱSpAȬNȱtoȱtheȱEVȬPNM,ȱbutȱitȱisȱstillȱreasonableȱgivenȱtheȱstructureȱ
ofȱBdpA.ȱ
4.3 Discussion 
0RGHORIWKH6S$1VWDWLVWLFDOFRQIRUPDWLRQ
Theȱpersistenceȱlengthȱofȱaȱpolymerȱcanȱbeȱusedȱtoȱdescribeȱtheȱlengthȱscaleȱofȱ
polymerȱflexibility.ȱTheȱstatisticalȱconformationȱofȱaȱpolymerȱatȱlengthȱscalesȱsmallerȱ
thanȱtheȱpersistenceȱlengthȱisȱrigid,ȱwhileȱatȱlengthȱscalesȱlargerȱthanȱtheȱpersistenceȱ
lengthȱitȱisȱflexibleȱ(Fujita,ȱ1990).ȱTheȱpersistenceȱlengthȱobtainedȱfromȱtheȱglobalȱfitȱofȱ
(3Ȭ5)ȬBdpAȱandȱSpAȬNȱ(35.6ȱÅ)ȱisȱsimilarȱtoȱtheȱlengthȱofȱaȱsingleȱBdpAȱdomainȱ(29.6ȱ%).ȱ
ThisȱresultȱindicatesȱthatȱSpAȬNȱisȱaȱhighlyȱflexibleȱbiopolymer.ȱToȱgainȱaȱmoreȱintuitiveȱ
understandingȱofȱhowȱflexibleȱtheȱbiopolymerȱis,ȱweȱcanȱcompareȱtheȱpersistenceȱlengthȱ
ofȱ(3Ȭ5)ȬBdpAȱandȱSpAȬNȱtoȱtheȱpersistenceȱlengthsȱofȱotherȱwellȬȱknownȱpolymersȱandȱ
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biopolymersȱ(Tableȱ4).ȱTheȱpersistenceȱlengthȱofȱanȱunfoldedȱpolypeptide,ȱ(6.6ȱÅ)ȱ
(Lairezȱetȱal.,ȱ2003),ȱisȱanȱorderȱofȱmagnitudeȱsmallerȱthanȱthatȱofȱSpAȬN.ȱThisȱresultȱisȱ
expectedȱsinceȱSpAȬNȱisȱnotȱanȱunfoldedȱprotein,ȱbutȱratherȱisȱcomposedȱofȱ5ȱglobularȱ
domains.ȱSurprisingly,ȱtheȱpersistenceȱlengthȱofȱSpAȬNȱisȱquiteȱsimilarȱtoȱthatȱofȱssDNAȱ
(22.2ȱÅ)ȱ(Chiȱetȱal.,ȱ2013),ȱevenȱthoughȱtheȱmonomerȱdimensionsȱareȱveryȱdifferent.ȱ

Tableȱ4:ȱTheȱpersistenceȱlengthȱofȱvariousȱpolymersȱ
 6S$1 8QIROGHG
3RO\SHSWLGH
3RO\VW\UHQH VV'1$ GV'1$
3HUVLVWHQFH
/HQJWK
c c c  c c
/DLUH]HWDO:LJQDOOHWDO&KLHWDO+DJHUPDQ

Weȱmustȱask:ȱwhatȱareȱtheȱphysicalȱandȱchemicalȱpropertiesȱofȱSpAȬNȱthatȱconferȱ
thisȱflexibility?ȱTheȱexcludedȱvolumeȱconstraintȱimposedȱbyȱtheȱdimensionsȱofȱtheȱ
monomersȱlendsȱstiffnessȱtoȱtheȱchain.ȱTheȱpeptideȱbondȱgeometry,ȱsterics,ȱandȱsolventȬ
peptideȱinteractionsȱconstrainȱtheȱstatisticalȱconformationȱofȱtheȱlinkerȱlendingȱstiffnessȱ
toȱtheȱchain.ȱHowever,ȱifȱthereȱwereȱinterȬdomainȱattractionȱorȱifȱtheȱlinkerȱwasȱ
completelyȱrigid,ȱtheȱchainȱwouldȱhaveȱaȱmuchȱlargerȱpersistenceȱlengthȱandȱmuchȱ
largerȱchainȱdimensions.ȱWeȱthereforeȱhypothesizeȱthatȱtheȱonlyȱconstraintsȱonȱtheȱ
statisticalȱconformationȱofȱSpAȬNȱareȱexcludedȱvolumeȱinteractionsȱbetweenȱdomainsȱ
andȱtheȱconstraintsȱimposedȱbyȱtheȱchemicalȱpropertiesȱofȱtheȱlinker.ȱThisȱhypothesisȱisȱ
consistentȱwithȱourȱpreviousȱresearchȱonȱNȬBdpAȱandȱSpAȬN.ȱCarefulȱdenaturationȱ
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experimentsȱcomparingȱtheȱstabilityȱofȱeachȱisolatedȱdomainȱandȱtheȱsameȱdomainȱ
withinȱtheȱSpAȬNȱmoleculeȱshowedȱthatȱtheȱfoldingȱofȱSpAȬNȱdomainsȱisȱ
thermodynamicallyȱuncoupled.ȱSimilarȱstudiesȱshowedȱthatȱNȬBdpAȱhasȱtheȱsameȱ
denaturationȱcurveȱforȱnȱ=ȱ1ȱȬȱ5,ȱagainȱdemonstratingȱtheȱlackȱofȱthermodynamicȱ
interactionȱbetweenȱdomains.ȱNMRȱrelaxationȱstudiesȱofȱbackboneȱ15NȬ1Hȱpairsȱshowedȱ
thatȱtheȱorderȱparametersȱofȱallȱresiduesȱinȱ5ȬBdpAȱareȱhighȱexceptȱforȱthoseȱinȱtheȱ
terminiȱandȱaȱ6Ȭresidueȱlinkerȱbetweenȱeachȱdomain.ȱTheseȱresultsȱdemonstratedȱthatȱ
theȱlinkerȱresiduesȱareȱalmostȱasȱflexibleȱasȱtheȱcorrespondingȱresiduesȱinȱtheȱtermini.ȱ
Takenȱtogether,ȱbothȱpreviousȱresultsȱandȱtheȱpresentȱSAXSȱdataȱstronglyȱsupportȱtheȱ
conclusionȱthatȱSpAȬNȱandȱNȬBdpAȱareȱhighlyȱflexibleȱchainsȱofȱinflexibleȱdomainsȱthatȱ
lackȱanyȱsignificantȱfavorableȱinterȬdomainȱinteractions.
DescribingȱtheȱstatisticalȱconformationȱofȱSpAȬNȱandȱNȬBdpAȱwithȱaȱpolymerȱ
physicsȱmodelȱprovidesȱaȱcontinuousȱdescriptionȱofȱconformationalȱspaceȱȬȱweȱdoȱnotȱ
discretizeȱconformationalȱspaceȱintoȱanȱensembleȱofȱuniqueȱconformers.ȱBasedȱonȱtheȱ
SAXSȱdataȱpresentedȱabove,ȱtheȱglobalȱconformationalȱspaceȱofȱSpAȬNȱincludesȱtheȱfullyȱ
extendedȱconformationsȱandȱquiteȱcompactȱconformationsȱandȱallȱconformationsȱ
betweenȱtheseȱtwoȱextremes,ȱasȱlongȱasȱtheyȱavoidȱstericȱoverlap.ȱTheȱSpAȬNȱSAXSȱdataȱ
isȱinconsistentȱwithȱaȱsingleȱcompactȱconformation,ȱorȱaȱthermalȱblobȱ(multiȬ
conformationȱcompactȱconformers),ȱorȱanȱelongatedȱconformation.ȱInstead,ȱourȱEVȬ
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PNMȱfitȱofȱtheȱSAXSȱdataȱimpliesȱthatȱtheȱstatisticalȱconformationȱincludesȱallȱtheseȱ
conformationsȱandȱintermediateȱconformersȱasȱwell.
Itȱisȱimportantȱtoȱnoteȱthatȱthisȱcontinuousȱdescriptionȱofȱtheȱstatisticalȱ
conformationȱisȱconsistentȱwithȱourȱpreviousȱknowledgeȱofȱtheȱstructureȱofȱSpAȬNȱandȱ
isȱconsistentȱwithȱtheȱinformationȱcontentȱofȱtheȱSAXSȱdata.ȱDescribingȱtheȱstatisticalȱ
conformationȱofȱSpAȬNȱtoȱanyȱhigherȱ“resolution”ȱwouldȱoverȬinterpretȱtheȱSAXSȱdataȱ
andȱoverȬparameterizeȱtheȱmodelȱofȱallowedȱSpAȬNȱconformations.ȱOurȱSAXSȱdataȱ
cannotȱprovideȱusȱwithȱanyȱinformationȱaboutȱtheȱatomisticȱdetailȱofȱeachȱdomainȱorȱ
linker,ȱcannotȱhelpȱusȱdetermineȱaȱ“minimalȱensemble”ȱofȱSpAȬNȱconformersȱ(seeȱ
below)ȱandȱcannotȱprovideȱinformationȱaboutȱanyȱanisotropicȱdomainȬdomainȱmotionȱ
inȱtheȱstatisticalȱconformation.ȱItȱmayȱbeȱthatȱsuchȱanisotropiesȱexistȱbecauseȱofȱtheȱnonȬ
sphericalȱshapeȱofȱtheȱdomains,ȱbutȱgivenȱtheȱexcellentȱfitsȱtoȱtheȱsimplisticȱEVȬPNMȱ
model,ȱweȱconcludeȱthatȱtheȱSAXSȱdataȱdoesȱnotȱcontainȱanyȱinformationȱregardingȱ
suchȱanisotropies.ȱOtherȱbiophysicalȱtechniquesȱareȱneededȱtoȱfurtherȱlimitȱallowedȱ
conformationalȱspace.ȱMostȱimportantly,ȱtheȱSAXSȱdataȱcannotȱprovideȱusȱwithȱanyȱ
informationȱaboutȱtheȱdistributionȱofȱconformationalȱspace,ȱsinceȱSAXSȱdataȱisȱaȱ
populationȬweightedȱaverageȱofȱallȱallowedȱconformationalȱspace.ȱTheȱcontinuousȱ
statisticalȱdescriptionȱofȱconformationalȱspaceȱprovidedȱbyȱtheȱEVȬPNMȱmostȱaccuratelyȱ
describesȱtheȱallowedȱconformationalȱspaceȱofȱSpAȬNȱandȱisȱconsistentȱwithȱtheȱ
informationȱcontentȱofȱtheȱSAXSȱdata.ȱTherefore,ȱweȱdoȱnotȱpresentȱaȱ“structure”ȱofȱtheȱ
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statisticalȱconformationȱofȱSpAȬNȱbeyondȱtheȱendȬtoȬendȱdistanceȱdistribution,ȱ
persistenceȱlength,ȱFloryȱcoefficient,ȱandȱradiusȱofȱtheȱidenticalȱspheresȱthatȱrepresentȱ
theȱdomains.ȱ
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Inȱorderȱtoȱcompareȱtheȱdescriptionȱofȱconformationalȱspaceȱresultingȱfromȱtheȱfitȱ
ofȱtheȱEVȬPNMȱtoȱourȱSAXSȱdataȱtoȱtheȱdescriptionȱofȱconformationalȱspaceȱresultingȱ
fromȱensembleȱbasedȱmethods,ȱIȱusedȱanȱensembleȱmodelingȱmethodȱtoȱanalyzeȱtheȱ2Ȭ
BdpAȱandȱ5ȬBdpAȱSAXSȱdata.ȱFollowingȱtheȱEOMȱprotocolȱ(Bernadoȱetȱal.,ȱ2007),ȱIȱusedȱ
aȱmodifiedȱRanCHȱalgorithmȱthatȱproducesȱaȱstructurallyȱconvergedȱparentȱensembleȱofȱ
atomicȬresolutionȱstructuresȱtoȱgenerateȱanȱunconstrainedȱparentȱensembleȱofȱselfȬ
avoidingȱconformations.ȱIȱthenȱranȱtheȱGAJOEȱalgorithmȱmultipleȱtimesȱtoȱselectȱfromȱ
thisȱparentȱensembleȱ14Ȭ50ȱconformationsȱ(minimalȱensemble)ȱwhoseȱcalculatedȱ
aggregateȱSAXSȱcurveȱmatchedȱtheȱobservedȱdata.ȱIȱobservedȱthat,ȱforȱ5ȬBdpA,ȱtheȱ
distributionȱofȱglobalȱstructuralȱparameters,ȱRgȱandȱDmax,ȱofȱtheȱminimalȱensembleȱwasȱ
statisticallyȱidenticalȱtoȱtheȱdistributionȱofȱtheȱparentȱensembleȱ(Figureȱ29B).ȱInȱtheȱcaseȱ
ofȱ2ȬBdpA,ȱtheȱbestȱfitȱminimalȱensembleȱwasȱbiȬmodallyȱorȱtriȬmodallyȱpartitionedȱintoȱ
moreȱcompactȱandȱmoreȱextendedȱconformationsȱ(Figureȱ29A).ȱHowever,ȱthereȱwasȱnoȱ
agreementȱofȱtheȱminimalȱensembleȱbetweenȱsuccessiveȱrunsȱofȱGAJOE.ȱInȱallȱinstances,ȱ
theȱfitȱofȱtheȱminimalȱensembleȱtoȱtheȱSAXSȱdataȱwasȱnearlyȱidentical.ȱMostȱsignificantly,ȱ
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inȱtheȱcaseȱofȱbothȱ2ȬBdpAȱandȱ5ȬBdpa,ȱtheȱcalculatedȱaggregateȱSAXSȱcurveȱofȱtheȱ
unconstrainedȱparentȱensembleȱmatchedȱtheȱdataȱnearlyȱasȱwellȱasȱanyȱofȱtheȱminimalȱ
ensembleȱcurvesȱ(Figureȱ30).ȱThisȱresultȱindicatesȱthat,ȱinȱtermsȱofȱaȱdiscreteȱatomisticȱ
model,ȱnoȱinformationȱaboutȱtheȱstatisticalȱconformationȱcanȱbeȱobtainedȱfromȱtheȱSAXSȱ
dataȱotherȱthanȱitȱisȱconsistentȱwithȱaȱselfȬavoidingȱchainȱofȱdomainsȱlinkedȱviaȱsixȬ
residueȱflexibleȱlinkers.ȱ
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Figureȱ29:ȱEnsembleȱanalysisȱofȱ2ȬBdpAȱandȱ5ȬBdpA.ȱA)ȱTheȱfitȱofȱtheȱ2ȬBdpAȱ
scatteringȱcurveȱfromȱtheȱminimalȱensemblesȱtoȱtheȱ2ȬBdpAȱdataȱ(black),ȱwithȱ
residualsȱ(dataȬmodel)ȱbelowȱtheȱdataȱ(red,ȱgreen,ȱblue),ȱtheȱΛ2ȱstatisticȱ(calculatedȱbyȱ
EOM)ȱȱisȱ1.303ȱforȱallȱthreeȱensembles.ȱBottomȱpanel:ȱRgȱdistributionȱofȱtheȱparentȱ
ensembleȱ(black)ȱandȱeachȱofȱtheȱthreeȱcalculatedȱminimalȱensemblesȱ(red,ȱgreen,ȱ
blue).ȱNoteȱthatȱalthoughȱtheȱfitȱofȱtheȱcalculatedȱensembleȱscatteringȱcurveȱisȱ
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indistinguishableȱbetweenȱeachȱofȱtheȱthreeȱminimalȱensemblesȱselected,ȱtheȱRgȱ
distributionȱforȱeachȱensembleȱvariesȱwidely.ȱB)ȱTheȱfitȱofȱtheȱ5ȬBdpAȱcalculatedȱ
scatteringȱcurveȱfromȱtheȱminimalȱensembleȱtoȱtheȱ5ȬBdpA(black)ȱdata.ȱResidualsȱareȱ
plottedȱbelowȱtheȱscatteringȱcurvesȱ(red,ȱgreen,ȱblue).ȱTheȱΛ2ȱstatisticȱ(calculatedȱbyȱ
EOM)ȱforȱeachȱensembleȱis:ȱ1.146ȱ(redȱandȱgreen)ȱandȱ1.147ȱ(blue).ȱBottomȱpanel:ȱRgȱ
distributionȱofȱtheȱparentȱensembleȱ(black)ȱandȱeachȱofȱtheȱthreeȱcalculatedȱminimalȱ
ensemblesȱ(red,ȱgreen,ȱblue).ȱNoteȱthatȱtheȱRgȱdistributionsȱofȱtheȱminimalȱensembleȱ
areȱstatisticallyȱsimilarȱtoȱtheȱRgȱdistributionsȱofȱtheȱparentȱensemble.ȱ
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ȱ
Figureȱ30:ȱTheȱaggregateȱscatteringȱcurvesȱcalculatedȱfromȱtheȱunconstrainedȱ
parentȱensemblesȱfitȱtheȱexperimentalȱdataȱveryȱwell.ȱCRYSOLȱ(Svergunȱetȱal.,ȱ1995)ȱ
wasȱusedȱtoȱcalculateȱtheȱtheoreticalȱscatteringȱcurveȱforȱeachȱstructureȱinȱtheȱ
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unconstrainedȱparentȱensemble.ȱTheȱaggregateȱscatteringȱcurveȱwasȱcalculatedȱbyȱ
summingȱtheȱscatteringȱcurvesȱforȱeachȱstructureȱinȱtheȱparentȱensemble.ȱTheȱ
aggregateȱscatteringȱcurveȱwasȱnormalizedȱbyȱI(q)/I(0).ȱ(A)ȱFitȱofȱtheȱ2ȬBdpAȱaggregateȱ
scatteringȱcurveȱfromȱtheȱunconstrainedȱparentȱensembleȱ(red)ȱtoȱtheȱ2ȬBdpAȱ
experimentalȱdataȱ(black),ȱΛ2ȱ=ȱ1.04.ȱResidualsȱ(dataȬmodel)ȱareȱplottedȱbelowȱtheȱ
scatteringȱcurve.ȱ(B)ȱFitȱofȱtheȱ5ȬBdpAȱaggregateȱscatteringȱcurveȱfromȱtheȱ
unconstrainedȱparentȱensembleȱ(red)ȱtoȱtheȱ5ȬBdpAȱexperimentalȱdataȱ(black),ȱΛ2ȱ=ȱ
1.04.ȱResidualsȱ(dataȬmodel)ȱareȱplottedȱbelowȱtheȱscatteringȱcurve.ȱ
ȱ
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AnȱevolvingȱviewȱofȱtheȱproteinȱstructureȬfunctionȱrelationshipsȱisȱthatȱ
conformationallyȱdynamicȱproteinsȱcanȱexhibitȱfunctionalȱpromiscuityȱ(Tokurikiȱandȱ
Tawfik,ȱ2009).ȱSomeȱhighlyȱflexibleȱproteinsȱcanȱrecognizeȱmultipleȱligandsȱatȱaȱsingleȱ
bindingȱsurface.ȱThisȱstructuralȱflexibilityȱallowsȱforȱtheȱaccommodationȱofȱmutationsȱasȱ
twoȱproteinsȱcoȬevolveȱandȱallowsȱaȱsingleȱmoleculeȱtoȱinteractȱwithȱmultipleȱ
structurallyȱuniqueȱbindingȱpartners.
SpAȱexhibitsȱbothȱstructuralȱflexibilityȱandȱfunctionalȱplasticity.ȱItsȱsequenceȱhasȱ
evolvedȱtoȱperformȱaȱwideȱarrayȱofȱfunctionsȱthatȱconferȱvirulenceȱtoȱS.ȱaureusȱincludingȱ
bindingȱtoȱbothȱFcȱandȱFabȱfragmentsȱofȱantibodiesȱ(Deisenhofer,ȱ1981;ȱMoksȱetȱal.,ȱ
1986);ȱvonȱWillebrandȱfactorȱ(Hartleibȱetȱal.,ȱ2000);ȱandȱTNF΅ȱreceptorȱ(Gomezȱetȱal.,ȱ
2004).ȱThisȱpanoplyȱofȱbindingȱpartnersȱnoȱdoubtȱrequiresȱcorrespondingȱstructuralȱ
plasticityȱonȱtheȱpartȱofȱSpA.ȱOneȱmanifestationȱofȱthisȱstructuralȱplasticityȱmightȱbeȱtheȱ
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flexibilityȱweȱobserveȱbetweenȱdomains.ȱBecauseȱtheȱSpAȱstatisticalȱconformationȱ
includesȱaȱlargeȱensembleȱwithȱaȱvarietyȱofȱinterȬdomainȱorientations,ȱitȱcanȱ
accommodateȱmultipleȱligandsȱbindingȱinȱmanyȱdifferentȱcontexts.ȱInȱprincipleȱthisȱ
wouldȱgiveȱitȱtheȱpotentialȱtoȱrapidlyȱevolveȱinȱresponseȱtoȱchangingȱenvironmentalȱ
conditions,ȱconferringȱresistanceȱandȱadaptabilityȱtoȱS.ȱaureus.
TheȱhighȱflexibilityȱofȱSpAȱassuresȱthatȱtheȱsurfaceȱavailableȱforȱinteractionȱwithȱ
cognateȱbindingȱpartnersȱaroundȱeachȱSpAȱattachmentȱinȱtheȱcellȱwallȱisȱmaximized.ȱTheȱ
highȱabundanceȱofȱSpAȱinȱtheȱS.ȱaureusȱcellȱwallȱ(Sjoholmȱetȱal.,ȱ1972)ȱsuggestsȱthat,ȱinȱ
aggregate,ȱthisȱinteractionȱsurfaceȱcouldȱrepresentȱaȱlargeȱfractionȱofȱtheȱbacterialȱ
surface.ȱThisȱhighȱsurfaceȱavailabilityȱmayȱbeȱaȱkeyȱdeterminantȱofȱSpA’sȱfunctionȱasȱaȱ
virulenceȱfactor:ȱbothȱtheȱabundanceȱofȱSpAȱandȱit’sȱflexibilityȱwouldȱmaximizeȱ
SpA:ligandȱinteraction.
BecauseȱSpAȱflexibilityȱisȱtheȱconsequenceȱofȱaȱshort,ȱconservedȱsixȱaminoȱacidȱ
segmentȱbetweenȱdomains,ȱitȱwouldȱbeȱfeasibleȱtoȱfullyȱexploreȱtheȱsequenceȬ
dependenceȱofȱflexibility.ȱIfȱsuchȱstudiesȱwereȱtoȱyieldȱaȱsetȱofȱsequencesȱwithȱaȱwideȱ
rangeȱofȱflexibilities,ȱitȱwouldȱbeȱpossibleȱtoȱdirectlyȱtestȱtheȱbiologicalȱsignificanceȱofȱ
SpAȱflexibility.ȱItȱisȱpossibleȱthatȱaȱchangeȱinȱtheȱflexibilityȱofȱtheȱlinkerȱcouldȱresultȱinȱaȱ
changeȱinȱaffinityȱforȱsomeȱofȱSpA’sȱligands.
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4.4 Concluding Remarks 
Inȱthisȱchapter,ȱSAXSȱwasȱusedȱtoȱdetermineȱandȱdescribeȱtheȱstatisticalȱ
conformationȱofȱS.ȱaureusȱproteinȱA.ȱItȱwasȱdemonstratedȱthatȱSpAȱisȱaȱhighlyȱflexibleȱ
protein,ȱandȱtheȱonlyȱconstraintsȱonȱtheȱstatisticalȱconformation,ȱdetectableȱbyȱSAXS,ȱareȱ
excludedȱvolumeȱconstraints.ȱȱInȱtheȱfollowingȱchapterȱIȱwillȱshowȱhowȱaȱSAXSȱanalysisȱ
ofȱanotherȱhighlyȱflexibleȱproteinȱcanȱhelpȱresolveȱaȱconflictȱbetweenȱtwoȱdifferentȱ
modelsȱthatȱdescribeȱitsȱstructureȱandȱfunction.ȱȱ
4.5 Deriving the BM and EV-PNM scattering functions: 
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2ȬBdpAȱcanȱbeȱmodeledȱasȱaȱpolymerȱcomposedȱofȱtwoȱphases:ȱhomogeneousȱ
domainsȱandȱflexibleȱlinkers.ȱTheȱtwoȱdomainsȱareȱdescribedȱasȱspheresȱwithȱaȱformȱ
factor,ȱFsphere.ȱTheȱstructureȱfactorȱ(Slin)ȱdescribesȱtheȱinterferenceȱdueȱtoȱtheȱtwoȱspheresȱ
separatedȱbyȱaȱfixedȱdistance.ȱSlinȱcanȱbeȱfitȱtoȱanȱexperimentalȱSAXSȱprofileȱtoȱdetermineȱ
theȱaverageȱdistanceȱbetweenȱtheȱtwoȱdomains.ȱTheȱflexibleȱregionsȱofȱtheȱproteinȱ(NȬ
terminusȱandȱinterȬdomainȱlinker)ȱareȱmodeledȱasȱexcludedȱvolumeȱGaussianȱcoils.ȱThisȱ
formȱfactorȱisȱdenotedȱFev.ȱTheȱanalyticalȱderivationsȱofȱFsphere,ȱFev,ȱandȱSlinȱareȱdescribedȱ
below.ȱSubstitutingȱtheseȱformȱandȱstructureȱfactorsȱintoȱEqȱ2.10,ȱgivesȱtheȱfollowingȱ
resultȱforȱtheȱsumsȱoverȱallȱcomponents:ȱ
୆୑ሺሻ ൌ ʹ	ୱ୮୦ୣ୰ୣଶ ሺሻ୪୧୬ሺሻ ൅ Ͷ	ୱ୮୦ୣ୰ୣሺሻ	ୣ୴ሺሻ୪୧୬ሺሻ ൅ ʹ	ୣ୴ଶ ሺሻȱ 4.4ȱ
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Inȱ୆୑ሺሻȱtheȱlengthȱofȱtheȱlinkersȱandȱtheȱdistanceȱbetweenȱtwoȱdomainsȱisȱ
uncorrelated.ȱNote:ȱthereȱisȱnoȱfunctionȱforȱtheȱscatteringȱinterferenceȱbetweenȱtheȱ
linkersȱ(seeȱsectionȱ4.2.2).ȱTheȱfirstȱtermȱofȱEq.ȱ4.4ȱaccountsȱforȱscatteringȱofȱtheȱspheresȱ
andȱtheȱinterferenceȱbetweenȱthem;ȱtheȱthirdȱtermȱaccountsȱforȱcoilȱscattering,ȱandȱtheȱ
middleȱtermȱaccountsȱforȱcoilȬsphereȱinterference.ȱEq.ȱ4.4ȱignoresȱinterferenceȱbetweenȱ
coilsȱbecauseȱthisȱtermȱrepresentsȱaȱveryȱsmallȱfractionȱofȱtheȱtotalȱscatteringȱofȱ2ȬBdpA.ȱ
6FDWWHULQJIXQFWLRQ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୆୑ሺሻȱcanȱbeȱdecomposedȱintoȱthreeȱcomponents:ȱscatteringȱandȱinterferenceȱ
fromȱspheresȱ(	ୱ୮୦ୣ୰ୣଶ ሺሻୣ୴ሺሻ),ȱscatteringȱfromȱcoilsȱ(ܨ௘௩ଶ ሺݍሻ),ȱandȱaȱcrossȱtermȱ
(ʹܨ௦௣௛௘௥௘ሺݍሻܨ௘௩ሺݍሻܵ௘௩ሺݍሻ),ȱthatȱaccountsȱforȱcorrelationsȱbetweenȱinterconnectingȱ
spheresȱandȱcoils.ȱȱTheȱsoȬcalledȱ“coils”ȱofȱtheȱmodelȱareȱequivalentȱtoȱtheȱinterȬdomainȱ
linkerȱandȱtheȱ6ȱresiduesȱatȱtheȱtermini.ȱ
4.5.2.1ȱScatteringȱfromȱdomainȱspheres:ࡲ࢙࢖ࢎࢋ࢘ࢋ૛ ሺࢗሻࡿ࡮ࡹሺࢗሻ.ȱȱ
Theȱnormalizedȱscatteringȱamplitudeȱofȱtheȱdomainsȱisȱassumedȱtoȱbeȱtheȱformȱ
factorȱofȱaȱsphereȱ(GlatterȱandȱKratky,ȱ1982):ȱ
	ୱ୮୦ୣ୰ୣୱሺሻ ൌ ͵ ୱ୧୬ሺ௤ோሻିሺ௤ோሻୡ୭ୱሺ௤ோሻሺ௤ோሻయ ୱȱ ȱ ȱ ȱ 4.5ȱ
Rȱisȱtheȱradiusȱofȱtheȱspheres,ȱandȱWsȱisȱtheȱratioȱofȱtheȱscatteringȱmassȱofȱtheȱ
domainsȱtoȱtheȱscatteringȱmassȱofȱtheȱcoil.ȱForȱ2ȬBdpA,ȱthisȱratioȱhasȱbeenȱdeterminedȱbyȱ
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NMRȱdynamicsȱdata.ȱTheȱcoilsȱconsistȱofȱ12ȱ(6ȱresiduesȱeach)ȱresidues,ȱandȱtheȱspheresȱ
consistȱofȱ52ȱresiduesȱeach.ȱThisȱgivesȱaȱscatteringȱmassȱratioȱofȱ11647.2:1425.6ȱ=ȱ8.17.ȱȱ
Theȱstructureȱfactorȱdescribingȱspatialȱarrangementȱofȱtheȱspheresȱinȱtheȱ
biopolymerȱisȱ(SchweinsȱandȱHuber,ȱ2004):ȱȱ
୆୑ሺሻ ൌ  ଶଵି౩౟౤ሺ೜್ሻ೜್
െ ͳ െ ଵିቀ
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మ כ ୱ୧୬ሺ௤௕ሻ௤௕ ȱȱ ȱ ȱ ȱ4.6ȱ
whereȱbȱisȱtheȱdistanceȱbetweenȱtheȱdomainȱspheres,ȱtheȱonlyȱfittedȱparameterȱinȱthisȱ
term.ȱȱȱ
4.5.2.2ȱScatteringȱfromȱtheȱcoils:ȱࡲࢋ࢜૛ ሺࢗሻȱ
AsȱHammoudaȱnotesȱ(Hammouda,ȱ1993),ȱtheȱsquareȱofȱtheȱformȱfactorȱforȱanȱ
excludedȱvolumeȱGaussianȱcoilȱisȱnotȱsimplyȱܨ௘௩ଶ ሺݍሻ,ȱbutȱisȱinstead:ȱ
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whereȱȞሺܽǡ ܺሻandȱXȱare:ȱ
Ȟሺܽǡ ܺሻ ൌ ׬ ݀ݐ݁ݔ݌ሺെݐሻݐ௔ିଵ௑଴ ,ȱandȱȱ ȱ ȱ ȱ 4.8ȱ
Xȱ=ȱ
୯మሺౢ౦మ ሻ୒మ౬
଺ ȱȱȱ ȱ ȱ ȱ ȱ ȱ ȱ 4.9ȱ
Inȱtheȱcaseȱofȱtheȱ2ȬBdpAȱlinker,ȱvȱ=ȱ0.588ȱ(theȱFloryȱcoefficientȱforȱunfoldedȱ
peptides)ȱ(Baldwin,ȱ2002),ȱlpȱ=ȱ6.6ȱ(theȱpersistenceȱlengthȱofȱunfoldedȱproteins)ȱ(Lairezȱetȱ
al.,ȱ2003),ȱandȱNȱ=ȱ6ȱ(theȱnumberȱofȱresiduesȱinȱtheȱlinker).ȱThereȱareȱnoȱadjustableȱ
parametersȱinȱthisȱterm.ȱ
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4.5.2.3ȱCrossȬterms:ȱ૛ࡲ࢙࢖ࢎࢋ࢘ࢋሺࢗሻࡲࢋ࢜ሺࢗሻࡿ࡮ࡹሺࢗሻȱ
Theȱcomponentsȱܨ௦௣௛௘௥௘ሺݍሻandȱܵ஻ெሺݍሻȱhaveȱbeenȱdefinedȱabove.ȱInȱthisȱcase,ȱ
ܵ௘௩ሺݍሻrefersȱtoȱtheȱspatialȱarrangementȱofȱtheȱspheres.ȱܨ௘௩ሺݍሻisȱtheȱformȱfactorȱforȱtheȱ
coilsȱandȱisȱ(Hammouda,ȱ1993):ȱ
ܨ௘௩ሺݍሻ ൌ ଵ௩௑ భమೡ כ ߁ ቀ
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כ ߁ ቀଵ௩ ǡ ܺቁȱȱȱ ȱ ȱȱȱȱȱȱȱȱȱȱ4.10ȱ
TheȱfittedȱparametersȱinȱthisȱtermȱareȱRȱ(theȱradiusȱofȱtheȱdomainȱspheres)ȱandȱbȱ(theȱ
distanceȱbetweenȱspheres).ȱ
7KH([FOXGHG9ROXPH3HDUO1HFNODFH0RGHO(9310
,QWURGXFWLRQ
NȬBdpAȱcanȱbeȱsimilarlyȱmodeledȱusingȱanȱexcludedȱvolumeȱpearlȬnecklaceȱ
modelȱ(EVȬPNM)ȱforȱnȱ>ȱ2.ȱTheȱtwoȱphasesȱofȱthisȱmodelȱareȱmadeȱupȱofȱnȱ
homogeneousȱdomainsȱandȱnȱhomogenousȱflexibleȱregionsȱofȱtheȱproteinȱ(NȬterminusȱ
andȱinterȬdomainȱlinkers).ȱTheȱdomainsȱareȱmodelledȱasȱspheresȱwithȱaȱformȱfactor,ȱ
Fsphere.ȱTheȱspatialȱarrangementȱofȱdomainȱspheresȱisȱrepresentedȱbyȱtheȱstructureȱfactorȱ
forȱanȱexcludedȱvolumeȱGaussianȱcoil,ȱSev.ȱSevȱincludesȱparametersȱthatȱmodelȱtheȱ
flexibilityȱofȱtheȱchainȱofȱspheres:ȱtheȱpersistenceȱlengthȱ(lp)ȱandȱtheȱFloryȱcoefficientȱ(Α).ȱ
TheȱmodelȱforȱtheȱflexibleȱregionsȱisȱidenticalȱtoȱtheȱdescriptionȱinȱtheȱBM.ȱSubstitutingȱ
theseȱformȱandȱstructureȱfactorsȱintoȱequationȱ2.10ȱgivesȱtheȱfollowingȱresultsȱforȱtheȱ
sumsȱoverȱallȱcomponents:ȱ
୉୚୔୒୑ሺሻ ൌ 	ୱ୮୦ୣ୰ୣଶ ሺሻୣ୴ሺሻ ൅ ʹ	ୱ୮୦ୣ୰ୣሺሻ	ୣ୴ሺሻୣ୴ሺሻ ൅ 	ୣ୴ଶ ሺሻȱ ȱ 4.11ȱ
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NȱisȱtheȱnumberȱofȱBdpAȱdomainsȱinȱtheȱprotein.ȱForȱSpAȬN,ȱN=5.ȱInȱequationȱ
4.11ȱtheȱlengthȱofȱtheȱlinkersȱandȱtheȱdistanceȱbetweenȱtwoȱdomainsȱisȱuncorrelated.ȱ
Equationȱ4.11ȱalsoȱignoresȱinterferenceȱbetweenȱcoilsȱbecauseȱthisȱtermȱrepresentsȱaȱveryȱ
smallȱfractionȱofȱtheȱtotalȱscatteringȱofȱNȬBdpA.ȱ
6FDWWHULQJIXQFWLRQH[FOXGHGYROXPHSHDUOQHFNODFHPRGHO
୉୚୔୒୑ሺሻȱcanȱbeȱdecomposedȱintoȱthreeȱcomponents:ȱscatteringȱandȱinterferenceȱ
fromȱspheresȱ(	ୱ୮୦ୣ୰ୣଶ ሺሻୣ୴ሺሻ),ȱscatteringȱfromȱcoilsȱ(ȱܨ௘௩ଶ ሺݍሻ),ȱandȱaȱcrossȱtermȱ
ሺʹܨ௦௣௛௘௥௘ሺݍሻܨ௘௩ሺݍሻܵ௘௩ሺݍሻ),ȱaccountingȱforȱcorrelationsȱbetweenȱinterconnectingȱspheresȱ
andȱcoils.ȱ
4.5.4.1ȱScatteringȱfromȱdomainȱspheres:ࡲ࢙࢖ࢎࢋ࢘ࢋ૛ ሺࢗሻࡿࢋ࢜ሺࢗሻȱ
Theȱnormalizedȱscatteringȱamplitudeȱofȱtheȱdomainsȱisȱassumedȱtoȱbeȱsphere,ȱ
identicalȱtoȱthatȱinȱtheȱBarbellȱmodel:ȱ
	ୱ୮୦ୣ୰ୣୱሺݍሻ ൌ ͵ ୱ୧୬ሺ௤ோሻିሺ௤ோሻୡ୭ୱሺ௤ோሻሺ௤ோሻయ ୱȱȱȱ ȱ ȱ 4.12ȱ
Rȱisȱtheȱradiusȱofȱtheȱspheres,ȱandȱWsȱisȱtheȱratioȱofȱtheȱscatteringȱmassȱofȱtheȱdomainsȱtoȱ
theȱscatteringȱmassȱofȱtheȱcoil.ȱForȱSpAȬNȱandȱNȬBdpA,ȱthisȱratioȱisȱ8.17/1.ȱ
Theȱstructureȱfactorȱdescribingȱtheȱinterferenceȱdueȱtoȱtheȱspatialȱarrangementȱofȱ
spheresȱwithinȱtheȱbiopolymerȱisȱ(Hammouda,ȱ1993):ȱ
ܵ௘௩ሺݍሻ ൌ ଵ௩௑భమ כ ߁ሺ
ଵ
ଶ௩ ǡ ܺሻ െ
ଵ
௑
భ
మೡ
כ ߁ሺଵ௩ ǡ ܺሻȱȱ ȱ ȱ ȱ4.13ȱ
whereȱȞሺܽǡ ܺሻisȱtheȱincompleteȱgammaȱfunction:ȱ
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Ȟሺܽǡ ܺሻ ൌ ׬ ݀ݐ ሺെݐሻ ݐ௔ିଵ௑଴ ǡȱȱ ȱ ȱ ȱ 4.14ȱ
andȱXȱis:ȱ
Xȱ=ȱ
୯మሺౢ౦మ ሻ୒మ౬
଺ .ȱȱȱ ȱ ȱ ȱ ȱ ȱ ȱ 4.15ȱ
vȱisȱtheȱFloryȱcoefficient,ȱlpȱisȱtheȱpersistenceȱlength,ȱandȱNȱisȱtheȱnumberȱofȱdomains.ȱ
Theȱadjustableȱparametersȱinȱܨ௦௣௛௘௥௘ଶ ሺݍሻܵ௘௩ሺݍሻareȱR,ȱv,ȱandȱȱlp.ȱ
4.5.4.2ȱScatteringȱfromȱtheȱcoils:ȱࡲࢋ࢜૛ ሺࢗሻȱ
ThisȱtermȱisȱidenticalȱtoȱthatȱofȱtheȱBarbellȱmodel,ȱEq.4.7.ȱ
4.5.4.3ȱCrossȬterms:ȱ૛ࡲ࢙࢖ࢎࢋ࢘ࢋሺࢗሻࡲࢋ࢜ሺࢗሻࡿࢋ࢜ሺࢗሻȱ
Theȱcomponentsȱܨ௦௣௛௘௥௘ሺݍሻandȱܵ௘௩ሺݍሻȱhasȱbeenȱdefinedȱabove.ȱInȱthisȱcase,ȱ
ܵ௘௩ሺݍሻrefersȱtoȱtheȱspatialȱarrangementȱofȱtheȱspheres.ȱܨ௘௩ሺݍሻisȱtheȱformȱfactorȱforȱtheȱ
coilsȱandȱisȱ(Hammouda,ȱ1993):ȱ
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whereȱȞሺܽǡ ܺሻandȱXȱareȱdefinedȱabove.ȱTheȱfittedȱforȱparametersȱinȱthisȱfunctionȱareȱRȱ
(theȱradiusȱofȱtheȱdomainȱspheres),ȱvȱ(theȱFloryȱcoefficientȱforȱtheȱsphereȱspatialȱ
relationship),ȱandȱlpȱ(theȱpersistenceȱlengthȱofȱtheȱentireȱchain).ȱ
4.6 Materials and Methods 
3URWHLQH[SUHVVLRQDQGSXULILFDWLRQ
PlasmidȱconstructsȱwereȱtransformedȱintoȱE.ȱcoliȱBL21(DE3)ȱcellsȱusingȱstandardȱ
procedures.ȱ1LȱLBȱmediaȱcontainingȱ100ȱmg/Lȱampicillinȱwasȱthenȱinoculatedȱwithȱaȱ
ȱȱ
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singleȱcolonyȱofȱtheȱtransformedȱcells.ȱTheȱcellsȱwereȱgrownȱatȱ37°ȱCȱuntilȱanȱOD600ȱofȱ
0.8Ȭ1.0ȱwasȱreached.ȱTheȱcultureȱwasȱinducedȱwithȱIPTGȱtoȱaȱfinalȱconcentrationȱofȱ1mMȱ
thenȱharvestedȱ4Ȭ6ȱhoursȱpostȬinductionȱandȱcentrifuged.ȱTheȱcellȱpelletȱwasȱ
resuspendedȱinȱ50mMȱTrisȱpHȱ8.8,ȱ1mMȱEDTAȱandȱproteaseȱinhibitorsȱ(AEBSF,ȱ
pepstatin,ȱbestatinȱandȱEȬ64).ȱTheȱcellsȱwereȱlysedȱandȱinsolubleȱmaterialȱwasȱclearedȱbyȱ
centrifugation.ȱTheȱpHȱofȱtheȱclearedȱlysateȱwasȱadjustedȱtoȱpHȱ9.0ȱandȱ10ȱΐLȱ
micrococcalȱnucleaseȱwasȱaddedȱtoȱdigestȱlargeȱDNAȱfragments.ȱTheȱresultingȱsolutionȱ
wasȱbroughtȱtoȱ4MȱguanidiniumȱHClȱandȱ20mMȱTCEPȱbyȱtheȱadditionȱofȱsolidȱ
guanidiniumȱHClȱ(BioȬBasic)ȱandȱ1MȱTCEP.ȱTheȱsolutionȱwasȱdialyzedȱintoȱaȱ5%ȱaceticȱ
acidȱsolution,ȱinsolubleȱmaterialsȱwereȱclearedȱbyȱcentrifugation.ȱTheȱsolubleȱmaterialȱ
wasȱdialyzedȱintoȱdeionizedȱwater.ȱTheȱproteinȱsolutionȱwasȱloadedȱontoȱanȱSPȱ
Sepharoseȱ(GEȱHealthcare)ȱcolumnȱinȱ50mMȱsodiumȱacetate,ȱpHȱ3.6.ȱTheȱproteinȱwasȱ
elutedȱfromȱtheȱcolumnȱbyȱaȱ600mlȱ100ȱ–ȱ500mMȱNaClȱgradientȱinȱ8mlȱfractions.ȱTheȱ
fractionsȱwereȱcheckedȱforȱpurityȱbyȱSDSȬPAGE.ȱTheȱmostȱpureȱfractionsȱwereȱpooledȱ
andȱdialyzedȱagainstȱdeionizedȱwater.ȱThisȱproteinȱsolutionȱwasȱloadedȱontoȱaȱDEAEȱ
Sephacilȱ(GEȱHealthcare)ȱcolumnȱinȱ50mMȱsodiumȱacetate,ȱpHȱ3.6.ȱTheȱproteinȱwasȱ
elutedȱfromȱtheȱcolumnȱbyȱanȱ800mlȱ0Ȭ250ȱmMȱNaClȱgradientȱinȱ8mlȱfractions.ȱTheȱ
fractionsȱwereȱcheckedȱforȱpurityȱbyȱSDSȬPAGE.ȱTheȱmostȱpureȱfractionȱwereȱpooledȱ
andȱdialyzedȱintoȱdeionizedȱwater.ȱTheȱproteinȱwasȱthenȱlyophilizedȱandȱstoredȱinȱaȱ
desiccator.ȱ
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6$;6VDPSOHSUHSDUDWLRQ
Lyophilizedȱproteinȱwasȱresuspendedȱinȱdeionizedȱwaterȱtoȱmakeȱstockȱ
solutions.ȱSodiumȱacetate,ȱpHȱ5.5,ȱsodiumȱchloride,ȱandȱglycerolȱwasȱaddedȱtoȱeachȱ
stockȱsolutionȱtoȱaȱfinalȱconcentrationȱofȱ50mMȱsodiumȱacetate,ȱpHȱ5.5,ȱ100ȱmMȱsodiumȱ
chloride,ȱandȱ1%ȱglycerol.ȱTheȱproteinȱsamplesȱwereȱthenȱdialyzedȱagainstȱ50mMȱ
sodiumȱacetate,ȱpHȱ5.5,ȱ100mMȱsodiumȱchlorideȱandȱ1%ȱglycerolȱforȱ6ȱhoursȱatȱroomȱ
temperatureȱusingȱaȱ3500ȱDaȱMWCOȱmicroȬdialysisȱunitȱ(Pierce).ȱ
ForȱALSȱdataȱcollection,ȱsamplesȱwereȱcentrifugedȱatȱ16,000ȱxȱgȱforȱ20ȱminutesȱ
andȱthenȱtheȱconcentrationȱofȱeachȱsampleȱwasȱcalculatedȱbyȱA280.ȱSamplesȱwereȱdilutedȱ
toȱaȱconcentrationȱofȱ5ȱmg/ml,ȱ2.5ȱmg/mlȱorȱ1.25ȱmg/mlȱusingȱdialysate.ȱTheȱsamplesȱ
wereȱstoredȱatȱ4°ȱCȱforȱnoȱmoreȱthanȱ24ȱhours.ȱ
ForȱAPSȱdataȱcollection,ȱeachȱsampleȱwasȱstoredȱatȱ4°ȱCȱforȱnoȱmoreȱthanȱ36ȱ
hoursȱpriorȱtoȱdataȱcollection.ȱJustȱpriorȱtoȱdataȱcollectionȱeachȱsampleȱwasȱcentrifugedȱ
atȱ16,000ȱxȱgȱforȱ20ȱminutesȱandȱtheȱconcentrationȱwasȱcalculatedȱbyȱA280.ȱSamplesȱwereȱ
dilutedȱtoȱaȱfinalȱconcentrationȱofȱ2ȱmg/ml,ȱ1ȱmg/ml,ȱorȱ0.5ȱmg/mlȱusingȱdialysate.ȱ
6$;6GDWDDFTXLVLWLRQDQGDQDO\VLV
Dataȱwereȱcollectedȱatȱbeamlineȱ12.3.1ȱ(SIBYLS)ȱatȱtheȱAdvancedȱLightȱSource,ȱ
LawrenceȱBerkeleyȱNationalȱLabs,ȱandȱatȱbeamlineȱ18IDȱ(BioȬCAT)ȱatȱtheȱAdvancedȱ
LightȱSource,ȱArgonneȱNationalȱLabs.ȱȱ
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AtȱtheȱSIBYLSȱbeamline,ȱ25ȱΐLȱofȱproteinȱsamplesȱwereȱloadedȱintoȱaȱsampleȱcellȱ
andȱthenȱexposedȱforȱ0.5,ȱ1,ȱorȱ4ȱsecondsȱatȱanȱenergyȱofȱ12ȱkEV,ȱwithȱaȱsampleȬtoȬ
detectorȱdistanceȱofȱ1.5ȱM,ȱcorrespondingȱtoȱaȱqȬrangeȱofȱ0.01ȱȬȱ0.32ȱÅȬ1.ȱDataȱwereȱ
collectedȱfromȱanȱidenticalȱbufferȱsample,ȱusingȱdialysateȱfromȱtheȱequilibriumȱdialysis,ȱ
forȱeachȱproteinȱsampleȱusingȱidenticalȱdataȱcollectionȱconditions.ȱAllȱdataȱwereȱ
collectedȱatȱ10°ȱC.ȱBeamlineȱspecificȱsoftwareȱwasȱusedȱtoȱreduceȱtheȱdataȱandȱsubtractȱ
theȱbufferȱsignalȱtoȱgenerateȱfinalȱscatteringȱdataȱforȱeachȱproteinȱsample.ȱ
AtȱtheȱBioȬCATȱbeamline,ȱ120ȱΐLȱproteinȱsamplesȱwereȱloadedȱintoȱaȱsampleȱ
capillaryȱandȱtheȱsampleȱwasȱoscillatedȱinȱtheȱbeamȱtoȱminimizeȱradiationȱdamage,ȱsuchȱ
thatȱnoȱsingleȱproteinȱmoleculeȱwasȱexposedȱforȱmoreȱthanȱ100ȱms.ȱDataȱwereȱcollectedȱ
atȱanȱenergyȱofȱ12ȱkEV,ȱandȱaȱsampleȬtoȬdetectorȱdistanceȱofȱ2750ȱmm,ȱcorrespondingȱtoȱ
aȱqȬrangeȱofȱ0.008ȱȬȱ0.29ȱÅȱ.ȱTheȱfluxȱofȱtheȱbeamȱwasȱattenuatedȱbyȱusingȱ18ȱfoilȱ
attenuators.ȱDataȱfromȱidenticalȱbufferȱsamplesȱfromȱtheȱdialysateȱwereȱcollectedȱforȱ
eachȱproteinȱsample.ȱAllȱdataȱwereȱcollectedȱatȱ10°ȱC.ȱDataȱwereȱreducedȱusingȱtheȱNikaȱ
packageȱforȱIgorȱProȱ(usaxs.xray.aps.anl.gov/staff/ilavsky/nika.html).ȱ15ȱindividualȱdataȬ
setsȱforȱeachȱproteinȱandȱbufferȱsampleȱwereȱaveragedȱinȱPRIMUSȱ(Konarevȱetȱal.,ȱ2003),ȱ
andȱtheȱbufferȱsignalȱwasȱsubtractedȱfromȱtheȱdataȱsignalȱusingȱPRIMUSȱtoȱgenerateȱ
finalȱscatteringȱdataȱforȱeachȱproteinȱsample.ȱ
GuinierȱanalysisȱforȱeachȱconstructȱwasȱperformedȱusingȱPRIMUSȱtoȱdetermineȱ
theȱradiusȱofȱgyrationȱandȱI(0).ȱPolymerȱmodelsȱwereȱfitȱtoȱtheȱscatteringȱdataȱusingȱaȱ
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nonlinearȱleastȱsquaresȱfittingȱalgorithmȱimplementedȱinȱMathematicaȱ9.ȱ95%ȱconfidenceȱ
intervalsȱandȱstandardȱerrorsȱwereȱcalculatedȱinȱMathematicaȱ9.ȱ95.4%ȱconfidenceȱ
intervalsȱwereȱcalculatedȱaccordingȱtoȱtheȱmethodȱofȱBevingtonȱandȱRobinsonȱ
(BevingtonȱandȱRobinson,ȱ2003).ȱ
ȱ ȱ
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5.1 Introduction 
Fibronectinȱ(FN)ȱisȱanȱextracellularȱmatrixȱ(ECM)ȱglycoproteinȱthatȱplaysȱaȱmajorȱ
roleȱinȱregulatingȱtheȱECMȱassemblyȱprocessȱandȱdynamics.ȱȱFibronectinȱisȱaȱubiquitousȱ
proteinȱpresentȱinȱallȱtypesȱofȱtissuesȱinȱallȱstagesȱofȱdevelopment.ȱItȱformsȱaȱfiberȬlikeȱ
matrixȱandȱtheȱdevelopmentȱandȱmaintenanceȱofȱthisȱmatrixȱisȱessentialȱforȱlife.ȱIncorrectȱ
orȱabsentȱECMȱassemblyȱaffectsȱfetalȱdevelopment,ȱwoundȱhealingȱandȱtumorigenesisȱ
(Singhȱetȱal.,ȱ2010).ȱDespiteȱtheȱimportanceȱofȱfibronectinȱinȱECMȱassembly,ȱtheȱ
mechanismsȱofȱfibrilȱandȱmatrixȱassemblyȱremainȱpoorlyȱunderstood.ȱ
FNȱisȱaȱlongȱmultiȬdomainȱproteinȱcomposedȱofȱthreeȱdifferentȱtypesȱofȱdomains:ȱ
FNI,ȱFNII,ȱandȱFNIIIȱ–typeȱdomainsȱ(Kornblihttȱetȱal.,ȱ1985;ȱPetersenȱetȱal.,ȱ1983).ȱAȱsingleȱ
moleculeȱofȱFNȱcontainsȱ12ȱFNIȱdomains,ȱ2ȱFNIIȱdomains,ȱandȱ15Ȭ17ȱFNIIIȱdomains.ȱFNȱ
typeȱIȱandȱIIȱdomainsȱcontainȱintraȬdomainȱdisulfideȱbondsȱthatȱhelpȱtoȱstabilizeȱtheȱ
foldedȱdomains.ȱTypeȱIIIȱdomainsȱareȱ7ȬstrandȱΆȬbarrelȱstructuresȱthatȱlackȱaȱstabilizingȱ
intraȬdomainȱdisulfideȱbondȱ(Leahyȱetȱal.,ȱ1996;ȱPottsȱandȱCampbell,ȱ1994).ȱȱ
TheȱfibronectinȱmatrixȱisȱcomposedȱofȱdisulfideȬbondedȱFNȱdimersȱthatȱareȱthenȱ
covalentlyȱcrossȬlinked,ȱbyȱanȱunknownȱmechanism,ȱtoȱformȱtheȱFNȱmatrixȱ(Vakonakisȱ
etȱal.,ȱ2007).ȱȱSeveralȱdomainsȱareȱproposedȱtoȱplayȱanȱimportantȱroleȱinȱmatrixȱ
assembly.ȱFNIȱdomainsȱ1Ȭ9ȱ(FNI(1Ȭ9))ȱareȱcrucialȱforȱmatrixȱassemblyȱ(Schwarzbauer,ȱ
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1991).ȱItȱhasȱbeenȱproposedȱthatȱFNIIIȱdomainsȱ1ȱandȱ2ȱ(FNIII(1Ȭ2))ȱinteractȱwithȱFNI(1Ȭ9),ȱ
orȱmoreȱspecifically,ȱFNI(1Ȭ5),ȱȱtoȱpromoteȱmatrixȱassemblyȱ(Sechlerȱetȱal.,ȱ2001).ȱȱUnlikeȱ
otherȱFNIIIȱdomains,ȱthereȱisȱaȱlargeȱ(35Ȭresidue)ȱlinkerȱbetweenȱFNIIIȱ1ȱandȱFNIIIȱ2ȱ
(Vakonakisȱetȱal.,ȱ2007).ȱSeveralȱstructuralȱstudiesȱhaveȱproposedȱthatȱFNIII(1Ȭ2)ȱformȱaȱ
closedȱcompactȱstructureȱandȱthatȱwhenȱtensionȱisȱapplied,ȱtheyȱdissociateȱandȱexposeȱaȱ
crypticȱbindingȱsiteȱforȱFNI(1Ȭ9)ȱthatȱisȱinaccessibleȱwhenȱtheyȱareȱinȱaȱcompactȱ
conformationȱ(Karuriȱetȱal.,ȱ2009;ȱVakonakisȱetȱal.,ȱ2007).ȱ
AȱrecentȱNMRȱstudyȱmodeledȱtheȱsolutionȱstructureȱofȱFNIII(1Ȭ2)ȱinȱaȱcompactȱ
conformationȱ(Figureȱ31A).ȱInȱthatȱstructure,ȱtheȱtwoȱdomainsȱburiedȱconsiderableȱ
surfaceȱareaȱandȱthereȱwasȱaȱpotentialȱsaltȱbridgeȱformedȱbetweenȱaȱlysineȱinȱdomainȱ1ȱ
andȱanȱasparticȱacidȱinȱdomainȱ2ȱ(Figureȱ31B).ȱWhenȱtheseȱresiduesȱwereȱmutatedȱtoȱ
alanineȱ(creatingȱtheȱKADAȱmutant),ȱtheȱauthorsȱdemonstratedȱthatȱbindingȱtoȱFNI(1Ȭ5)ȱ
wasȱgreatlyȱenhanced,ȱsuggestingȱthatȱthereȱwasȱaȱcrypticȱbindingȱsiteȱforȱFNI(1Ȭ9)ȱinȱtheȱ
FNIII(1Ȭ2)ȱinteractionȱinterfaceȱthatȱbecameȱavailableȱforȱbindingȱunderȱtensionȱ
(Vakonakisȱetȱal.,ȱ2007)ȱ.ȱ
AȱFRETȱstudyȱalsoȱinvestigatedȱtheȱstructureȱofȱFNIII(1Ȭ2)ȱ(Karuriȱetȱal.,ȱ2009).ȱ
TheȱauthorsȱshowedȱthatȱwhenȱFNIII(1Ȭ2)ȱwasȱinsertedȱbetweenȱtwoȱfluorescentȱproteins,ȱ
theȱFRETȱsignalȱwasȱsignificant,ȱindicatingȱthatȱFNIII(1Ȭ2)ȱprimarilyȱpopulatesȱaȱclosedȱ
compactȱconformation.ȱHowever,ȱwhenȱtheȱsameȱexperimentȱwasȱperformedȱwithȱtheȱ
KADAȱmutant,ȱwhichȱwasȱthoughtȱtoȱpopulateȱtheȱopenȱconformation,ȱtheȱFRETȱsignalȱ
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wasȱgreatlyȱenhanced.ȱThisȱresultȱsuggestedȱthatȱsomehowȱtheȱproteinȱbecameȱmoreȱ
compactȱwhenȱtheȱsaltȱbridgeȱstabilizingȱtheȱinteractionȱbetweenȱdomainsȱ1ȱandȱ2ȱwasȱ
eliminatedȱinsteadȱofȱlessȱcompact.ȱ
ȱ
Figureȱ31:ȱTheȱNMRȱsolutionȱstructureȱofȱFNIII(1Ȭ2).ȱA)ȱTheȱNMRȱstructuralȱ
ensembleȱofȱFNIII(1Ȭ2)ȱ(pdb:ȱ2HA1).ȱTheȱΆȬstrandsȱareȱcoloredȱblue,ȱandȱtheȱcoilsȱareȱ
purple.ȱB)ȱAȱsingleȱmemberȱofȱtheȱNMRȱmodelȱ(2HA1.1)ȱwithȱtheȱpotentialȱsaltȱbridgeȱ
betweenȱK669ȱandȱD767ȱshown.ȱ
ȱ
ȱȱ
139
Conflictingly,ȱextensiveȱbiophysicalȱstudiesȱfromȱtheȱEricksonȱlabȱatȱDukeȱ
Universityȱhaveȱindicatedȱthatȱthereȱisȱnoȱdifferenceȱinȱtheȱglobalȱstructuralȱparametersȱ
ofȱFNIII(1Ȭ2)ȱandȱKADAȱ(OhashiȱandȱErickson,ȱ2011).ȱEssentially,ȱtheyȱadoptȱtheȱsameȱ
conformationȱinȱsolution.ȱTheȱEricksonȱlabȱhasȱalsoȱshownȱthatȱthisȱconformationȱmayȱ
notȱbeȱcompact,ȱbutȱinsteadȱmayȱbeȱexpanded.ȱTheȱsuggestedȱmechanismȱforȱFNI(1Ȭ9)ȱ
bindingȱandȱfibrillogenesisȱresultingȱfromȱtheseȱstudiesȱisȱaȱmodelȱwhereȱunfoldingȱofȱ
FNIII2ȱisȱnecessaryȱforȱFNI(1Ȭ9)ȱbinding,ȱandȱtheȱpotentialȱdomain:domainȱcontactsȱinȱ
FNIII(1Ȭ2)ȱdoȱnotȱhaveȱaȱcrypticȱbindingȱsiteȱthatȱisȱaccessibleȱwhenȱtensionȱisȱapplied.ȱ
Thus,ȱthereȱisȱcurrentlyȱaȱconflictȱinȱtheȱliteratureȱaboutȱtheȱstatisticalȱconformationȱofȱ
theseȱtwoȱdomains.ȱAȱusefulȱmodelȱofȱFNȱfibrillationȱandȱECMȱformationȱrequiresȱ
additionalȱdataȱthatȱresolvesȱtheseȱconflictingȱdescriptionsȱofȱtheȱFNIII(1Ȭ2)ȱsolutionȱ
structureȱandȱFNI(1Ȭ9)ȱbinding.ȱ
Inȱthisȱstudy,ȱIȱperformȱaȱSAXSȱanalysisȱofȱFNIII(1Ȭ2)ȱinȱdifferentȱionicȱstrengthȱ
solutionȱconditions.ȱTheȱoriginalȱNMRȱstudyȱandȱEricksonȱlabȱbiophysicalȱstudiesȱwereȱ
performedȱinȱtheȱpresenceȱofȱ0.15MȱNaClȱ(Lemmonȱetȱal.,ȱ2011;ȱVakonakisȱetȱal.,ȱ2007).ȱIfȱ
theȱsaltȱbridgeȱisȱpresentȱandȱstabilizingȱtheȱclosedȱconformationȱinȱtheseȱsolutionȱ
conditions,ȱthenȱweȱwouldȱexpectȱthatȱuponȱanȱincreaseȱofȱionicȱstrength,ȱtheȱstatisticalȱ
conformationȱofȱFNIII(1Ȭ2)ȱwouldȱexpand.ȱȱSimilarly,ȱatȱNaClȱconcentrationsȱlessȱthanȱ
0.15M,ȱweȱwouldȱexpectȱtheȱstatisticalȱconformationȱtoȱbeȱnearlyȱidenticalȱtoȱtheȱ
statisticalȱconformationȱinȱ0.15MȱNaCl.ȱ
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TwoȱdifferentȱFNIII(1Ȭ2)ȱconstructsȱwereȱusedȱinȱthisȱSAXSȱanalysis.ȱSAXSȱdataȱ
wereȱfirstȱcollectedȱforȱaȱHisȬtaggedȱvariantȱofȱFNIII(1Ȭ2),ȱHisȬFNIII(1Ȭ2).ȱResultsȱforȱthisȱ
proteinȱsuggestedȱthatȱitȱwasȱnecessaryȱtoȱcollectȱSAXSȱdataȱonȱanȱunȬtaggedȱvariant,ȱ
FNIII(1Ȭ2),ȱinȱorderȱtoȱconfirmȱtheȱmodelingȱresultsȱ(seeȱbelow).ȱTheȱsequencesȱofȱtheseȱ
variantsȱareȱidentical,ȱwithȱtheȱexceptionȱofȱNȬterminiȱ(Tableȱ1).ȱ
Tableȱ5:ȱSequencesȱofȱtheȱtwoȱFNIII(1Ȭ2)ȱvariantsȱusedȱinȱthisȱstudy.ȱTheȱ
artificialȱsequencesȱareȱhighlightedȱinȱblue.ȱ
Variantȱ Sequenceȱ
HisȬFNIII(1Ȭ2)ȱ GSSHHHHHHSSGLVPRGSHMSGPVEVFITETPSQPNSHPIQWNAPQ
PSHISKYILRWRPKNSVGRWKEATIPGHLNSYTIKGLKPGVVYEGQLI
SIQQYGHQEVTRFDFTTTSTSTPVTSNTVTGETTPFSPLVATSESVTEIT
ASSFVVSWVSASDTVSGFRVEYELSEEGDEPQYLDLPSTATSVNIPDL
LPGRKYIVNVYQISEDGEQSLILSTSQTTAPDAȱ
FNIII(1Ȭ2)ȱ GPHMSGPVEVFITETPSQPNSHPIQWNAPQPSHISKYILRWRPKNSV
GRWKEATIPGHLNSYTIKGLKPGVVYEGQLISIQQYGHQEVTRFDFT
TTSTSTPVTSNTVTGETTPFSPLVATSESVTEITASSFVVSWVSASDTVS
GFRVEYELSEEGDEPQYLDLPSTATSVNIPDLLPGRKYIVNVYQISEDG
EQSLILSTSQTTAPDAȱ
ȱ
5.2 The statistical conformations of His-FNIII(1-2) 
+LV)1,,,H[SORUHVDODUJHUFRQIRUPDWLRQDOVSDFHDVWKHLRQLF
VWUHQJWKRIWKHVROXWLRQLQFUHDVHV
5.2.1.1ȱTheȱHisȬFNIII(1Ȭ2)ȱGuinierȱRgȱincreasesȱwithȱincreasingȱionicȱstrengthȱ
TheȱnormalizedȱscatteringȱprofilesȱforȱFNIII(1Ȭ2)ȱatȱ0MȱNaCl,ȱ0.15ȱMȱNaCl,ȱandȱ
0.50ȱMȱNaClȱwereȱmarkedlyȱdifferentȱ(Figureȱ32A).ȱAȱGuinierȱanalysisȱwasȱperformedȱtoȱ
determineȱtheȱradiusȱofȱgyrationȱ(Rg)ȱofȱtheȱproteinȱinȱdifferentȱsolventȱconditions.ȱInȱaȱ
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Guinierȱanalysis,ȱtheȱslopeȱofȱanȱalgebraicȱtransformationȱofȱtheȱdataȱ(OQ,YVTLV
GLUHFWO\SURSRUWLRQDOWRWKHRgȱ(Svergunȱetȱal.,ȱ1987).ȱTheȱregionȱofȱtheȱscatteringȱcurveȱ
whereȱaȱGuinierȱanalysisȱisȱperformedȱisȱdependentȱonȱtheȱglobularityȱofȱtheȱmolecule.ȱIȱ
determinedȱtheȱRgȱofȱHisȬFNIII(1Ȭ2)ȱinȱ0MȱNaClȱinȱtheȱregionȱqRgȱ<ȱ1.3ȱ(theȱreportedȱ
Guinierȱregionȱforȱglobularȱproteinsȱ(Putnamȱetȱal.,ȱ2007)),ȱandȱtheȱRgȱofȱHisȬFNIII(1Ȭ2)ȱinȱ
015Mȱandȱ0.50MȱNaClȱinȱtheȱregionȱqRgȱ<ȱ1.0ȱ(theȱreportedȱGuinierȱregionȱforȱsphericallyȱ
asymmetricȱandȱflexibleȱproteinsȱ(Jacquesȱetȱal.,ȱ2012)).ȱTheȱRg,ȱforȱHisȬFNIII(1Ȭ2)ȱinȱ0Mȱ
NaClȱwasȱ25.1ȱ±ȱ0.37,ȱinȱ0.15MȱNaClȱitȱwasȱ28.1ȱ±ȱ0.90,ȱandȱinȱ0.50MȱNaClȱtheȱRgȱwasȱ
30.3ȱ±ȱ0.91ȱ(Figureȱ32BȬD).
ȱȱ
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TheȱGuinierȱanalysisȱindicatedȱdemonstratedȱthatȱtheȱconformationalȱspaceȱ
exploredȱbyȱHisȬFNIII(1Ȭ2)ȱincreasesȱatȱhigherȱionicȱstrength,ȱasȱevidencedȱbyȱtheȱ
increasingȱGuinierȱRgȱ(Figureȱ32BȬD).ȱItȱshouldȱbeȱnotedȱthatȱtheȱCRYSOLȬcalculatedȱRgȱ
forȱtheȱNMRȱmodelȱ(pdb:ȱ2HA1.1)ȱwasȱ22.4ȱÅ.ȱThisȱisȱlowerȱthanȱanyȱofȱtheȱ
experimentallyȱcalculatedȱRg’s.ȱThisȱdiscrepancyȱisȱprobablyȱtheȱresultȱofȱtheȱadditionȱofȱ
aȱ20ȬresidueȱNȬterminalȱHisȱtagȱinȱHisȬFNIII(1Ȭ2).ȱȱTheȱchangeȱinȱRgȱasȱaȱfunctionȱofȱionicȱ
strengthȱisȱintriguing.ȱItȱindicatesȱthatȱtheȱoverallȱdimensionsȱofȱtheȱstatisticalȱ
conformationȱincreaseȱasȱaȱfunctionȱofȱionicȱstrength.ȱ
5.2.1.2ȱThereȱmayȱbeȱflexibilityȱinȱbothȱtheȱinterȬdomainȱlinkerȱandȱtheȱNȬterminalȱ
HisȬtag.ȱ
ȱ InȱorderȱtoȱassessȱtheȱglobularityȱofȱHisȬFNIII(1Ȭ2),ȱIȱperformedȱaȱKratkyȱandȱ
PorodȬDebyeȱanalysisȱofȱtheȱscatteringȱdata.ȱȱTheseȱresultsȱareȱpresentedȱinȱFigureȱ33.ȱ
TheȱdimensionlessȱKratkyȱandȱPorodȬDebyeȱplotsȱareȱinsufficientȱtoȱassessȱtheȱ
globularityȱofȱHisȬFNIII(1Ȭ2)ȱinȱanyȱofȱtheȱthreeȱsolutionȱconditions.ȱRecallȱfromȱChapterȱ
2ȱthatȱinȱorderȱtoȱbeȱdefinedȱasȱglobular,ȱaȱmoleculeȱmustȱbothȱexhibitȱaȱpeakȱinȱtheȱ
dimensionlessȱKratkyȱplotȱatȱξ͵ȱandȱhaveȱaȱplateauȱinȱtheȱPorodȬDebyeȱplot.ȱNoneȱofȱ
theȱSAXSȱdataȱofȱHisȬFNIII(1Ȭ2)ȱmeetȱbothȱtheseȱrequirements.ȱTheseȱresultsȱstronglyȱ
suggestȱthatȱatȱleastȱaȱportionȱofȱHisȬFNIII(1Ȭ2)ȱisȱflexibleȱorȱsphericallyȱasymmetricȱinȱallȱ
solutionȱconditions.ȱHowever,ȱitȱisȱunknownȱwhetherȱthisȱsuggestedȱsphericalȱ
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asymmetryȱorȱflexibilityȱisȱtheȱresultȱofȱflexibilityȱinȱtheȱNȬterminalȱHisȬtag,ȱinterȬ
domainȱflexibility,ȱorȱboth.ȱ
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ȱ
Figureȱ33:ȱKratkyȱandȱPorodȬDebyeȱanalysisȱtoȱassessȱglobularityȱofȱHisȬ
FNIII(1Ȭ2)ȱinȱdifferentȱsolutionȱconditions:ȱHisȬFNIII(1Ȭ2)ȱinȱ0MȱNaClȱ(black),ȱinȱ0.15Mȱ
NaClȱ(red),ȱandȱinȱ0.50MȱNaClȱ(blue).ȱȱA)ȱTheȱdimensionlessȱKratkyȱplotȱdoesȱnotȱ
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exhibitȱaȱpeakȱatȱξ૜ȱforȱanyȱofȱtheȱSAXSȱdata.ȱThisȱresultȱindicatesȱthatȱHisȬFNIII(1Ȭ2)ȱ
mayȱbeȱnonȬglobularȱinȱtheseȱconditions.ȱB)ȱTheȱPorodȬDebyeȱplotȱforȱHisȬFNIII(1Ȭ2)ȱ
inȱ0MȱNaClȱ(black)ȱexhibitsȱaȱhyperbolicȱplateauȱthatȱcanȱbeȱindicativeȱofȱglobularity.ȱ
NeitherȱHisȬFNIII(1Ȭ2)ȱinȱ0.15MȱNaClȱ(red)ȱorȱHisȬFNIII(1Ȭ2)ȱinȱ0.50MȱNaClȱ(blue)ȱ
exhibitȱaȱplateau,ȱindicatingȱthatȱHisȬFNIII(1Ȭ2)ȱmayȱbeȱnonȬglobularȱinȱtheseȱ
conditions.ȱ
ȱ
+LV)1,,,LQ01D&OLVEHVWGHVFULEHGE\DVWDWLFSRO\PHU
PRGHOZKLOH+LV)1,,,LQ0DQG01D&ODUHEHVWGHVFULEHG
DVIOH[LEOHSRO\PHUV
Next,ȱIȱfitȱtheȱexperimentalȱSAXSȱdataȱtoȱaȱvarietyȱofȱpolymerȱmodelsȱinȱorderȱtoȱ
describeȱtheȱlowȬresolutionȱshapeȱofȱtheȱmolecule.ȱThisȱanalysisȱisȱhelpfulȱinȱ
determiningȱifȱaȱmoleculeȱisȱbestȱdescribedȱbyȱaȱuniformlyȱdenseȱstaticȱmodelȱorȱaȱ
sphericallyȱasymmetricȱmodel.ȱȱTheȱbestȱfitȱpolymerȱmodelȱtoȱtheȱscatteringȱdataȱofȱHisȬ
FNIII(1Ȭ2)ȱinȱ0MȱNaClȱisȱanȱellipsoidȱmodelȱ(Figureȱ34)ȱ(Svergunȱetȱal.,ȱ1987).ȱThisȱmodelȱ
hasȱtwoȱparameters:ȱtheȱradiusȱofȱtheȱlongȱaxisȱ(35.4ȱ±ȱ0.19Å)ȱandȱtheȱradiusȱofȱtheȱshortȱ
axisȱ(11.3ȱ±ȱ0.19Å).ȱTheȱΛ2ȱstatisticȱforȱthisȱfitȱisȱ1.83,ȱindicatingȱthatȱtheȱmodelȱisȱaȱ
reasonableȱfitȱofȱtheȱdata.ȱTheȱmodelȱfitȱtheȱdataȱpoorlyȱaboveȱqȱ>ȱ0.12ȱÅȱ(Figureȱ34A,ȱ
bottom).ȱWhenȱtheȱNMRȱmodelȱ(pdb:ȱ2HA1.1)ȱisȱalignedȱwithȱanȱellipsoidȱofȱthisȱsize,ȱ
neitherȱtheȱmassȱofȱtheȱinterȬdomainȱlinkerȱorȱtheȱNȬterminalȱHisȬtagȱisȱenclosedȱbyȱtheȱ
ellipsoidȱ(Figureȱ4).ȱAdditionally,ȱtheȱlargestȱdimensionȱofȱaȱsingleȱfibronectinȱdomain,ȱ
determinedȱfromȱtheȱNMRȱmodelȱisȱ43.6ȱÅ,ȱcorrespondingȱtoȱaȱqȬvalueȱofȱ0.144ȱÅȬ1.ȱAtȱqȱ
ǃȱ0.144ȱÅȬ1ȱintraȬdomainȱscatteringȱdominatesȱtheȱscatteringȱprofileȱandȱaȱstaticȱpolymerȱ
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modelȱisȱnotȱsensitiveȱtoȱthisȱintraȬdomainȱscattering.ȱTheȱpoorȱfitȱofȱtheȱdataȱtoȱtheȱ
modelȱatȱqȱ>ȱ0.12ȱÅȱcouldȱbeȱdueȱtoȱbothȱintraȬdomainȱscatteringȱandȱtheȱspecificȱ
conformationsȱofȱtheȱinterȬdomainȱlinkerȱorȱNȬterminalȱHisȬtag.ȱNevertheless,ȱtheȱfitȱofȱ
theȱellipsoidȱmodelȱtoȱtheȱdataȱstronglyȱsuggestsȱthatȱtheȱSAXSȱdataȱofȱHisȬFNIII(1Ȭ2)ȱinȱ
0MȱNaClȱisȱconsistentȱwithȱtheȱNMRȱmodel,ȱwhereȱtheȱtwoȱfibronectinȱdomainsȱcontactȱ
eachȱother.ȱ
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ȱ
Figureȱ34:ȱFitȱofȱanȱellipsoidȱmodelȱ(red)ȱtoȱtheȱHisȬFNIII(1Ȭ2)ȱinȱ0MȱNaClȱSAXSȱ
dataȱ(black).ȱA)ȱTop:ȱfitȱofȱtheȱellipsoidȱmodelȱ(red)ȱtoȱtheȱSAXSȱdataȱ(black).ȱ̙2ȱ=ȱ1.83.ȱ
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B)ȱTheȱNMRȱmodelȱofȱFNIII(1Ȭ2)ȱsuperimposedȱonȱanȱellipsoidȱofȱdimensionsȱ35.4ȱxȱ
11.3ȱÅ.ȱ
Inȱcontrast,ȱaȱstaticȱuniformlyȱdenseȱmodelȱwasȱnotȱaȱgoodȱfitȱofȱtheȱHisȬFNIII(1Ȭ2)ȱ
SAXSȱdataȱinȱ0.15Mȱandȱ0.5MȱNaCl.ȱInstead,ȱtheȱscatteringȱfunctionȱofȱbarbellȱmodelȱ
bestȱfitȱtheȱSAXSȱdataȱfromȱtheseȱtwoȱconditions.ȱTheȱbarbellȱmodelȱandȱits’ȱscatteringȱ
functionȱareȱdescribedȱinȱChapterȱ4.5.ȱEssentially,ȱtheȱmodelȱdescribesȱscatteringȱfromȱ
twoȱidenticalȱspheresȱheldȱatȱaȱfixedȱdistanceȱfromȱoneȱanother.ȱTheȱlinkerȱbetweenȱtheȱ
twoȱspheresȱisȱmodeledȱasȱanȱexcludedȱvolumeȱGaussianȱcoilȱandȱtheȱmassȱofȱtheȱlinkerȱ
isȱexplicitlyȱaccountedȱforȱinȱtheȱscatteringȱfunction.ȱTheȱfittedȬforȱparametersȱinȱthisȱ
modelȱareȱtheȱradiusȱofȱtheȱspheresȱandȱtheȱcenterȬtoȬcenterȱdistanceȱbetweenȱspheres.ȱȱ
TheȱbestȬfitȱparametersȱforȱtheȱHisȬFNIII(1Ȭ2)ȱ0.15MȱNaClȱSAXSȱdataȱareȱaȱradiusȱ
ofȱ20.6ȱ±0.03Åȱforȱtheȱsphericalȱdomains,ȱandȱaȱcenterȬtoȬcenterȱdistanceȱofȱ66.0ȱÅ,ȱwithȱ
Λ2ȱ=ȱ1.05.ȱTheȱmodelȱdoesȱnotȱaccountȱofȱallȱofȱtheȱfeaturesȱobservedȱinȱtheȱexperimentalȱ
scatteringȱprofileȱ(Figureȱ35A).ȱHowever,ȱbasedȱonȱtheȱgoodnessȬofȬfitȱstatistic,ȱitȱisȱstillȱaȱ
reasonableȱmodelȱofȱtheȱdata.ȱTheȱdifferenceȱbetweenȱtheȱmodelsȱscatteringȱprofileȱandȱ
theȱdataȱatȱhighȱscatteringȱanglesȱcouldȱbeȱaccountedȱforȱbyȱtheȱnonȬspherictyȱofȱtheȱ
domains.ȱTheȱlongestȱdimensionȱofȱaȱfibronectinȱdomainȱisȱ43.6ȱÅ,ȱandȱatȱscatteringȱ
anglesȱbetweenȱ0.15ÅȬ1<ȱqȱ<ȱ0.3ȱÅȬ1ȱ(correspondingȱtoȱrealȬspaceȱdimensionsȱofȱ21Ȭ42Å)ȱ
intraȬdomainȱscatteringȱisȱlikelyȱtoȱdominate.ȱTheȱcalculatedȱRgȱofȱthisȱmodel,ȱusingȱaȱ
66ÅȱcenterȬtoȬcenterȱdistanceȱbetweenȱspheres,ȱisȱ33ȱÅ.ȱHowever,ȱonlyȱtheȱmassȱofȱtheȱ
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sphericalȱdomainsȱareȱconsideredȱinȱthisȱRgȱfunctionȱandȱnotȱtheȱmassȱofȱtheȱinterȬ
domainȱlinkerȱorȱNȬterminusȱisȱ(Kaya,ȱ2004).ȱTheȱRgȱcalculatedȱfromȱtheȱbarbellȱmodelȱisȱ
largerȱthanȱtheȱcalculatedȱGuinierȱ28ȱÅ.ȱTheȱdifferenceȱinȱRgȱcouldȱbeȱdueȱtoȱtheȱmassȱ
andȱarrangementȱofȱtheȱinterȬdomainȱlinkerȱandȱtheȱNȬterminus.ȱAlthoughȱtheȱfitȱofȱtheȱ
barbellȱmodelȱtoȱtheȱdataȱisȱnotȱperfect,ȱthisȱsphericallyȱasymmetricȱmodelȱstillȱfitȱtheȱ
experimentalȱscatteringȱdataȱbetterȱthanȱaȱuniformlyȱdenseȱstaticȱpolymerȱmodel.ȱTheȱ
modelingȱresultsȱsuggestȱthatȱHisȬFNIII(1Ȭ2)ȱpredominatelyȱpopulatesȱanȱexpandedȱ
conformationȱinȱ0.15MȱNaCl.ȱTheȱtwoȱdomainsȱareȱseparatedȱbyȱanȱaverageȱdistanceȱofȱ
approximatelyȱ25ȱÅ.ȱ
Likewise,ȱtheȱscatteringȱdataȱforȱHisȬFNIII(1Ȭ2)ȱ0.50MȱNaClȱwasȱbestȱfitȱbyȱtheȱ
barbellȱmodelȱ(Figureȱ35B).ȱTheȱbestȱfitȱparametersȱforȱthisȱmodelȱareȱ20.3ȱ±ȱ0.03ȱÅȱforȱ
theȱsphericalȱdomains,ȱandȱ71.1ȱ±ȱ0.31ȱÅȱforȱtheȱcenterȬtoȬcenterȱdistanceȱbetweenȱ
domains.ȱTheȱΛ2ȱstatisticȱisȱ1.01.ȱTheȱradiusȱofȱtheȱsphericalȱdomainsȱisȱ0.3ȱÅȱsmallerȱ
thanȱtheȱradiusȱdeterminedȱfromȱtheȱ0.15MȱNaClȱdataset.ȱBecauseȱtheseȱtwoȱdatasetsȱ
wereȱfitȱindependently,ȱtheȱnearlyȬidenticalȱdomainȱdimensionsȱsupportȱtheȱuseȱofȱthisȱ
modelȱtoȱfitȱtheȱdata.ȱȱTheȱcenterȬtoȬcenterȱdistanceȱbetweenȱsphericalȱdomainsȱisȱ71.1ȱ±ȱ
0.3ȱÅȱwhichȱcorrespondsȱtoȱanȱRgȱofȱ35.5ȱÅ.ȱAgain,ȱthisȱisȱlargerȱthanȱtheȱGuinierȱRg,ȱbutȱ
theȱdifferenceȱcouldȱbeȱaccountedȱforȱbyȱtheȱadditionalȱmassȱdistributionȱofȱtheȱinterȬ
domainȱlinkerȱandȱNȬterminusȱthatȱareȱnotȱaccountedȱforȱinȱtheȱRgȱcalculatedȱusingȱtheȱ
barbellȱmodel.ȱThisȱfitȱofȱtheȱbarbellȱmodelȱtoȱtheȱdataȱsuggestsȱthatȱatȱ0.50MȱNaClȱtheȱ
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twoȱHisȬFNIII(1Ȭ2)ȱdomainsȱdoȱnotȱfullyȱpopulateȱaȱconformationȱwithȱaȱdesolvatedȱ
interface.
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Figureȱ35:ȱFitȱofȱtheȱbarbellȱmodelȱ(red)ȱtoȱtheȱHisȬFNIII(1Ȭ2)ȱ0.15Mȱandȱ0.50Mȱȱ
NaClȱdataȱ(black).ȱA)ȱFitȱofȱHisȬFNIII(1Ȭ2)ȱ0.15MȱNaClȱSAXSȱdataȱtoȱtheȱbarbellȱmodel.ȱ
Λ2ȱ=ȱ1.05.ȱB)ȱFitȱofȱtheȱHisȬFNIII(1Ȭ2)ȱ0.50MȱNaClȱSAXSȱdataȱtoȱtheȱbarbellȱmodel.ȱΛ2ȱ=ȱ
1.01.ȱC)ȱFibronectinȱdomainsȱ(pdb:ȱ2HA1)ȱsuperimposedȱonȱaȱsphereȱofȱ20ȱÅ.ȱTheȱ
parametersȱforȱtheȱbarbellȱmodelȱareȱindicated.ȱTheȱbarbellȱmodelȱadequatelyȱ
describesȱtheȱscatteringȱinȱ0.15Mȱandȱ0.50MȱNaCl.ȱTheseȱresultsȱsuggestȱthat,ȱonȱ
average,ȱHisȬFNIII(1Ȭ2)ȱdoesȱnotȱformȱaȱdesolvatedȱinterface.ȱ
ȱ
TheȱresultsȱofȱtheȱpolymerȱmodelingȱsuggestȱthatȱHisȬFNIII(1Ȭ2)ȱinȱ0MȱNaClȱisȱ
bestȱdescribedȱbyȱaȱsingleȱstaticȱmodel,ȱwhileȱatȱhigherȱionicȱstrengthȱtheȱproteinȱ
exploresȱaȱlargerȱregionȱofȱconformationalȱspaceȱand,ȱonȱaverage,ȱtheȱtwoȱdomainsȱareȱ
notȱinȱpermanentȱcontactȱwithȱeachȱother.ȱTheȱpolymerȱmodelingȱisȱconsistentȱwithȱtheȱ
Guinierȱanalysisȱabove.ȱItȱisȱalsoȱconsistentȱwithȱtheȱEricksonȱlabȱdataȱthatȱdemonstratesȱ
thatȱatȱphysiologicalȱionicȱstrengthȱFNIII(1Ȭ2)ȱdoesȱnotȱfullyȱpopulateȱaȱcompactȱ
conformationȱconsistentȱwithȱtheȱNMRȱmodel.ȱInȱorderȱtoȱfurtherȱverifyȱthisȱconclusion,ȱ
aȱtheoreticalȱSAXSȱprofileȱcalculatedȱfromȱtheȱNMRȱmodelȱwasȱcomparedȱtoȱtheȱ
experimentalȱdata.ȱ
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CRYSOLȱwasȱusedȱtoȱcalculateȱaȱtheoreticalȱaggregateȱSAXSȱprofileȱfromȱtheȱ
2HA1ȱstructuralȱensembleȱ(Svergunȱetȱal.,ȱ1995).ȱTheȱfitȱofȱtheȱprofileȱandȱtheȱ
experimentalȱdataȱwereȱoptimizedȱusingȱadjustableȱparametersȱforȱtheȱhydrationȱlayerȱ
(seeȱChapterȱ2.3).ȱTheȱfitȱofȱtheȱmodelȱtoȱtheȱdataȱisȱpresentedȱinȱFigureȱ36A.ȱTheȱ
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CRYSOLȱΛ2ȱisȱ0.82,ȱandȱtheȱresidualsȱareȱnearlyȱstochasticȱinȱtheȱentireȱqȬrange.ȱTheȱfitȱofȱ
theȱmodelȱtoȱtheȱdataȱindicatesȱthatȱtheȱNMRȱmodelȱisȱaȱreasonableȱmodelȱofȱtheȱHisȬ
FNIII(1Ȭ2)ȱstatisticalȱconformationȱinȱ0MȱNaCl,ȱandȱatȱthisȱionicȱstrength,ȱFNIII(1Ȭ2)ȱ
predominatelyȱpopulatesȱaȱcompactȱconformation.ȱ
TheȱtheoreticalȱaggregateȱSAXSȱprofileȱofȱtheȱNMRȱmodelȱwasȱalsoȱcomparedȱtoȱ
theȱexperimentalȱdataȱinȱ0.15Mȱandȱ0.50MȱNaCl.ȱTheȱresultsȱareȱpresentedȱinȱFigureȱ36Bȱ
andȱC.ȱTheȱCRYSOLȱΛ2ȱofȱtheȱfitȱofȱtheȱ0.15ȱMȱNaClȱdataȱtoȱtheȱNMRȱmodelȱisȱ2.25,ȱandȱ
theȱCRYSOLȱΛ2ȱforȱtheȱfitȱofȱtheȱ0.5MȱNaClȱdataȱtoȱtheȱNMRȱmodelȱisȱ2.51.ȱInȱbothȱ
instances,ȱtheȱoverallȱdimensionsȱ(visibleȱinȱtheȱlowȬqȱregionȱofȱtheȱscatteringȱcurve)ȱareȱ
smallerȱforȱtheȱtheoreticalȱSAXSȱcurveȱcalculatedȱfromȱtheȱNMRȱmodelȱthanȱtheyȱareȱinȱ
theȱSAXSȱdata.ȱTheȱrigidȱbodyȱanalysisȱconfirmsȱthatȱtheȱHisȬFNIII(1Ȭ2)ȱNMRȱmodelȱisȱ
inconsistentȱwithȱtheȱSAXSȱdataȱinȱhigherȱionicȱstrengthȱconditions,ȱandȱsuggestsȱ
expansionȱofȱtheȱstatisticalȱconformationȱatȱhigherȱionicȱstrengths.ȱȱ
TheȱpublishedȱNMRȱdataȱwasȱcollectedȱatȱpHȱ7.0ȱwithȱ0.15MȱNaCl.ȱItȱshouldȱbeȱ
notedȱthatȱtheȱEricksonȱlabȱbiophysicalȱexperimentsȱwereȱperformedȱinȱphosphateȬ
bufferedȱsaline,ȱpHȱ7.4,ȱasȱwereȱtheȱSAXSȱexperiments.ȱTheȱHisȬFNIII(1Ȭ2)ȱSAXSȱdataȱ
supportsȱtheȱEricksonȱlabȱconclusionsȱthatȱtheȱtwoȱdomainsȱdoȱnotȱpredominatelyȱ
populateȱaȱcompactȱconformationȱinȱ0.15MȱNaCl.ȱTheȱpHȱdifferenceȱinȱtheȱexperimentalȱ
conditionsȱcouldȱresultȱinȱaȱdifferentȱstatisticalȱconformation,ȱthoughȱthisȱisȱunlikely.ȱItȱ
isȱpossibleȱthatȱtheȱNOEȱconstraintsȱthatȱledȱtoȱanȱNMRȱstructureȱwithȱaȱstaticȱinterfaceȱ
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betweenȱdomainsȱwereȱactuallyȱtheȱresultȱofȱtransientȱinteractionsȱbetweenȱdomainsȱthatȱ
areȱnotȱheldȱbyȱaȱrigidȱlinker.ȱIndeed,ȱthisȱhypothesisȱisȱsupportedȱbyȱtheȱNMRȱdataȱ
(Vakonakisȱetȱal.,ȱ2007).ȱTheȱchemicalȱshiftȱperturbationsȱcausedȱbyȱFNIII1ȱandȱFNIII2ȱ
domainsȱwereȱsmall,ȱandȱtheȱinitialȱNOEȱandȱresidualȱdipolarȱcouplingȱresultsȱwereȱ
ambiguous.ȱTwoȱdistinctȱconformationsȱfitȱtheȱdataȱequallyȱwell.ȱTheȱinteractionȱsurfaceȱ
inȱFNIII1ȱwasȱdifferentȱinȱbothȱmodels.ȱTheseȱresultsȱsuggestȱthatȱtheȱNOE’sȱobservedȱinȱ
theȱexperimentȱcouldȱbeȱtheȱresultȱofȱtransientȱdomain:domainȱinteractions.ȱ
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Figureȱ36:ȱComparisonȱofȱtheȱHisȬFNIII(1Ȭ2)ȱSAXSȱdataȱ(black)ȱtoȱaȱtheoreticalȱ
scatteringȱprofileȱcalculatedȱfromȱtheȱNMRȱstructuralȱensembleȱ(red).ȱA)ȱFitȱofȱtheȱ
theoreticalȱscatteringȱcurveȱtoȱHisȬFNIII(1Ȭ2)ȱinȱ0MȱNaCl.ȱΛ2ȱ=ȱ0.82.ȱB)ȱFitȱofȱtheȱ
theoreticalȱscatteringȱcurveȱtoȱHisȬFNIII(1Ȭ2)ȱinȱ0.15MȱNaCl.ȱΛ2ȱ=ȱ2.25.ȱC)ȱFitȱofȱtheȱ
theoreticalȱscatteringȱcurveȱtoȱHisȬFNIII(1Ȭ2)ȱinȱ0.50MȱNaCl.ȱΛ2ȱ=ȱ2.51.ȱTheȱtheoreticalȱ
scatteringȱprofileȱofȱtheȱNMRȱmodelȱcanȱdescribeȱtheȱscatteringȱdataȱatȱ0MȱNaCl,ȱbutȱ
theȱstatisticalȱconformationȱisȱexpandedȱinȱ0.15Mȱorȱ0.50MȱNaCl.ȱ
ȱ
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5.2.4.1ȱTheȱaggregateȱscatteringȱprofileȱfromȱaȱRanCHȬgeneratedȱensembleȱisȱaȱpoorȱfitȱ
toȱtheȱexperimentalȱdata.ȱ
TheȱpolymerȱphysicsȱmodelingȱofȱtheȱHisȬFNIII(1Ȭ2)ȱSAXSȱdataȱinȱ0.15Mȱandȱ
0.50MȱNaClȱindicatedȱthatȱtheȱstatisticalȱconformationsȱcanȱbeȱdescribedȱbyȱaȱbarbellȱ
polymerȱmodel.ȱThisȱmodelȱprovidesȱanȱaverageȱcenterȬtoȬcenterȱdistanceȱbetweenȱ
domains.ȱHowever,ȱitȱdoesȱnotȱprovideȱanyȱinsightsȱintoȱtheȱstatisticalȱconformationȱ
otherȱthanȱtheȱaverageȱcenterȬtoȬcenterȱdistanceȱbetweenȱdomainsȱandȱtheȱsphericallyȱ
averagedȱsizeȱofȱtheȱdomains.ȱEnsembleȱmodelingȱmayȱprovideȱdistributionalȱ
informationȱaboutȱtheȱstatisticalȱconformationȱnotȱprovidedȱbyȱtheȱpolymerȱmodel.ȱ
Specifically,ȱensembleȱmodelingȱcouldȱprovideȱadditionalȱdistributionalȱinformationȱ
aboutȱRgȱandȱDmax.ȱ
RanCHȱ(Bernadoȱetȱal.,ȱ2007)wasȱusedȱtoȱgenerateȱaȱflexibleȱ10,000ȱmemberȱ
ensembleȱinȱwhichȱtheȱdomainȱorientations,ȱinterȬdomainȱlinker,ȱandȱNȬterminusȱwereȱ
randomized.ȱTheȱaggregateȱscatteringȱprofileȱfromȱtheȱensembleȱisȱcomparedȱtoȱtheȱ
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experimentalȱscatteringȱcurvesȱinȱFigureȱ37.ȱTheȱΛ2ȱforȱtheȱfitȱofȱtheȱaggregateȱscatteringȱ
profileȱtoȱtheȱ0.15MȱNaClȱdatasetȱisȱ1.13,ȱandȱtheȱΛ2ȱforȱtheȱfitȱofȱtheȱ0.50MȱNaClȱdatasetȱ
isȱ1.08.ȱInȱbothȱcases,ȱtheȱintensityȱofȱtheȱaggregateȱscatteringȱprofileȱisȱgreaterȱthanȱthatȱ
forȱtheȱdataȱatȱqȱ>ȱ0.10ȱÅȬ1.ȱThisȱ“flattening”ȱofȱtheȱscatteringȱprofileȱsuggestsȱthatȱtheȱ
statisticalȱconformationȱofȱtheȱRanCHȬgeneratedȱensembleȱisȱmoreȱelongatedȱthanȱ
suggestedȱbyȱtheȱdata.ȱInȱotherȱwords,ȱtheȱfitȱofȱtheȱaggregateȱscatteringȱcurveȱtoȱtheȱ
dataȱindicatesȱthatȱtheȱstatisticalȱconformationȱisȱmoreȱcompactȱthanȱwouldȱbeȱexpectedȱ
ifȱonlyȱhardȱsphereȱconstraintsȱlimitȱtheȱconformationalȱspaceȱofȱHisȬFNIII(1Ȭ2).ȱTheseȱ
resultsȱindicateȱthatȱenumerationȱofȱaȱminimalȱensembleȱfromȱtheȱdataȱwillȱyieldȱ
additionalȱinformationȱaboutȱtheȱstatisticalȱconformationȱ(seeȱSectionȱ2.5.4ȱinȱChapterȱ2).ȱ
ȱ
Figureȱ37:ȱFitȱofȱtheȱaggregateȱscatteringȱprofileȱfromȱtheȱRanCHȱgeneratedȱ
ensembleȱ(red)ȱtoȱtheȱSAXSȱdataȱ(black).ȱA)ȱFitȱofȱtheȱaggregateȱscatteringȱprofileȱtoȱ
theȱ0.15MȱNaClȱdata.Λ2ȱ=ȱ1.13ȱB)ȱFitȱofȱtheȱaggregateȱscatteringȱprofileȱtoȱtheȱ0.50Mȱ
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NaClȱdata.ȱΛ2ȱ=ȱ1.13.ȱBecauseȱtheȱaggregateȱscatteringȱprofileȱdoesȱnotȱfullyȱdescribeȱ
theȱdata,ȱenumerationȱofȱaȱminimalȱensembleȱisȱwarranted.ȱ
ȱ
5.2.4.2ȱTheȱRgȱandȱDmaxȱdistributionsȱofȱtheȱminimalȱensemblesȱconfirmȱthatȱHisȬ
FNIII(1Ȭ2)ȱexploresȱaȱlargerȱregionȱofȱconformationalȱspaceȱasȱionicȱstrengthȱincreases.ȱ
GAJOEȱwasȱusedȱtoȱselectȱaȱminimalȱensembleȱconsistentȱwithȱtheȱSAXSȱdata.ȱ
TheȱresultsȱareȱpresentedȱinȱFigureȱ38.ȱTheȱselectionȱofȱtheȱminimalȱensemblesȱwasȱ
robust:ȱthreeȱindependentȱcalculationsȱofȱaȱminimalȱensembleȱresultedȱinȱsimilarȱRgȱandȱ
Dmaxȱdistributions.ȱTheȱcalculatedȱminimalȱensemblesȱforȱtheȱSAXSȱprofileȱofȱHisȬFNIII(1Ȭ
2)ȱinȱ0.15MȱNaClȱhadȱanȱaverageȱRgȱofȱ27.ȱ15ȱÅȱwithȱaȱrangeȱbetweenȱ18.5ȱ–ȱ44ȱÅȱforȱallȱ
ensembleȱmembers.ȱThisȱisȱconsiderablyȱsmallerȱthanȱtheȱRgȱdistributionȱofȱ10,000ȱ
memberȱparentȱensembleȱ(17.25ȱ–ȱ54ȱÅ)ȱindicatingȱthatȱthereȱareȱfavorableȱ
protein:proteinȱinteractionsȱwithinȱtheȱHisȬFNIII(1Ȭ2)ȱstatisticalȱconformationȱinȱ
concentrationsȱofȱ0.15MȱNaCl.ȱTheȱDmaxȱdistributionsȱofȱtheȱminimalȱensemblesȱ
indicatedȱsimilarȱcompactnessȱ(Figureȱ38E).ȱItȱmustȱbeȱnoted,ȱhowever,ȱthatȱtheȱminimalȱ
ensembleȱresultsȱensembleȱareȱnotȱconsistentȱwithȱtheȱNMRȱmodel.ȱThereȱisȱaȱrangeȱofȱ
conformationsȱinȱsolutionȱthat,ȱonȱaverage,ȱareȱmoreȱelongatedȱthanȱtheȱconformationsȱ
inȱtheȱNMRȱdataȱderivedȱmodel.ȱ
Similarly,ȱtheȱminimalȱensemblesȱderivedȱfromȱtheȱRanCHȱparentȱensembleȱfitȱ
theȱHisȬFNIII(1Ȭ2)ȱ0.50MȱSAXSȱdataȱwell.ȱTheȱaverageȱRgȱofȱtheȱbestȬfitȱminimalȱensembleȱ
wasȱ29.85ȱÅȱandȱtheȱRgȱdistributionȱwasȱbetweenȱ19.5ȱandȱ44ȱÅȱ(Figureȱ38D).ȱThisȱ
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distributionȱisȱveryȱsimilarȱtoȱtheȱbestȬfitȱdistributionȱofȱtheȱminimalȱensembleȱ
constrainedȱagainstȱtheȱHisȬFNIII(1Ȭ2)ȱ0.15MȱSAXSȱdata.ȱHowever,ȱtheȱmean,ȱvariance,ȱ
andȱskewnessȱofȱtheȱtwoȱRgȱdistributionsȱareȱnotȱidenticalȱ(CompareȱFiguresȱ38CȱandȱD).ȱ
TheȱstatisticalȱconformationȱofȱHisȬFNIII(1Ȭ2)ȱinȱ0.50MȱNaClȱexploresȱaȱlargerȱbreadthȱofȱ
conformationalȱspaceȱthatȱtheȱ0.15MȱNaClȱstatisticalȱconformation.ȱWhenȱtheȱDmaxȱ
distributionsȱareȱcompared,ȱweȱalsoȱseeȱthatȱthisȱisȱtheȱcaseȱ(Figuresȱ38EȱandȱF).ȱ
Additionally,ȱtheȱRgȱandȱDmaxȱdistributionsȱofȱtheȱminimalȱensemblesȱforȱtheȱHisȬFNIII(1Ȭ
2)ȱ0.50MNaClȱfitȱareȱonlyȱslightlyȱsmallerȱthanȱthatȱofȱtheȱentireȱ10,000ȱmemberȱparentȱ
ensemble.ȱTheseȱresultsȱareȱconsistentȱwithȱtheȱpolymerȱphysicsȱmodelingȱresults.ȱ
Additionally,ȱensembleȱmodelingȱresultedȱinȱadditionalȱinformationȱaboutȱtheȱstatisticalȱ
conformationȱthatȱwasȱnotȱaccessibleȱbyȱpolymerȱphysicsȱmodeling:ȱtheȱRgȱandȱDmaxȱ
distributions.ȱThisȱisȱanȱexampleȱwhereȱjudiciousȱuseȱofȱensembleȱmodelingȱisȱ
appropriate.ȱ
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Figureȱ38:ȱMinimalȱensembleȱanalysisȱofȱHisȬFNIII(1Ȭ2)ȱinȱ0.15Mȱandȱ0.5Mȱ
NaCl.ȱA)ȱFitȱofȱtheȱaggregateȱminimalȱSAXSȱprofileȱfromȱtheȱminimalȱensemblesȱ(red,ȱ
green,ȱblue)ȱtoȱtheȱ0.15MȱSAXSȱdataȱ(black).ȱResidualsȱareȱbelowȱtheȱplot.ȱB)ȱFitȱofȱtheȱ
aggregateȱminimalȱSAXSȱprofileȱfromȱtheȱminimalȱensemblesȱ(red,ȱgreen,ȱblue)ȱtoȱtheȱ
0.50MȱSAXSȱdataȱ(black).ȱResidualsȱareȱbelowȱtheȱplot.ȱC)ȱTheȱRgȱdistributionȱofȱtheȱ
bestȱfitȱminimalȱensemblesȱ(red,ȱgreen,ȱblue)ȱtoȱtheȱ0.15MȱSAXSȱdataȱandȱtheȱparentȱ
ensembleȱ(black).ȱD)ȱTheȱRgȱdistributionȱofȱtheȱbestȱfitȱminimalȱensemblesȱ(red,ȱ
green,ȱblue)ȱtoȱtheȱ0.50MȱSAXSȱdataȱandȱtheȱparentȱensembleȱ(black).ȱE)ȱTheȱDmaxȱ
distributionȱofȱtheȱbestȱfitȱminimalȱensemblesȱ(red,ȱgreen,ȱblue)ȱtoȱtheȱ0.15MȱSAXSȱ
dataȱandȱtheȱparentȱensembleȱ(black).ȱF)ȱTheȱDmaxȱdistributionȱofȱtheȱbestȱfitȱminimalȱ
ensemblesȱ(red,ȱgreen,ȱblue)ȱtoȱtheȱ0.50MȱSAXSȱdataȱandȱtheȱparentȱensembleȱ(black).ȱ
Theȱensembleȱmodelingȱresultsȱindicateȱthatȱatȱbothȱtheȱdimensionsȱofȱtheȱstatisticalȱ
conformationȱincreaseȱasȱtheȱionicȱstrengthȱincreases.ȱ
ȱ
5.3 FNIII(1-2) SAXS data confirms the conclusions obtained by 
the analysis of the His-FNIII(1-2) SAXS data 
Toȱverifyȱthatȱtheȱresultsȱobtainedȱinȱsectionȱ5.2ȱdidȱnotȱreflectȱexpansionȱofȱtheȱ
NȬterminalȱHisȬtagȱalone,ȱaȱIȱperformedȱaȱcompleteȱSAXSȱanalysisȱofȱaȱnonȬHisȬtaggedȱ
variantȱofȱFNIII(1Ȭ2)ȱinȱ0.15Mȱandȱ0.50MȱNaCl.ȱTheȱSAXSȱdataȱisȱnoisyȱandȱrelativelyȱ
featurelessȱ(Figureȱ39AȱandȱB)ȱdueȱtoȱtheȱlowȱfluxȱofȱtheȱSAXSȱinstrumentȱandȱtheȱ
proteinȱconcentrationȱofȱtheȱsample,ȱsoȱonlyȱtheȱRgȱofȱtheȱtheȱstatisticalȱconformationȱcanȱ
beȱassessedȱusingȱthisȱdata.ȱTheȱRgȱobtainedȱfromȱaȱGuinierȱanalysisȱofȱtheȱdataȱforȱ
FNIII(1Ȭ2)ȱinȱ0.15MȱNaClȱwasȱ25.9ȱ±ȱ0.004Å,ȱandȱtheȱRgȱofȱFNIII(1Ȭ2)ȱinȱ0.50MȱNaClȱwasȱ
27.8ȱ±ȱ0.004Å.ȱTheseȱRgȱvaluesȱareȱ~ȱ2ÅȱlowerȱthanȱthoseȱofȱHisȬFNIII(1Ȭ2)ȱunderȱtheȱsameȱ
conditions,ȱwhichȱwouldȱbeȱexpectedȱgivenȱtheȱtruncationȱofȱtheȱflexibleȱNȬterminalȱtag.ȱ
TheȱRgȱofȱFNIII(1Ȭ2)ȱincreasesȱbyȱ2Åȱwhenȱtheȱionicȱstrengthȱofȱtheȱsolutionȱisȱincreasedȱ
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fromȱ0.15Mȱtoȱ0.50MȱNaCl.ȱTheseȱresultsȱareȱcomparedȱtoȱtheȱRgs’ȱofȱHisȬFNIII(1Ȭ2)ȱinȱ
0.15Mȱandȱ0.50MȱNaClȱinȱTableȱ6,ȱbelow.ȱThereȱisȱaȱsimilarȱincreaseȱinȱbothȱvariantsȱasȱ
theȱionicȱstrengthȱisȱincreased.ȱThisȱresultȱisȱconsistentȱwithȱFRETȱexperimentsȱthatȱ
showedȱthereȱwasȱaȱreductionȱinȱFRETȱefficiencyȱasȱtheȱNaClȱconcentrationȱofȱtheȱ
solutionȱwasȱincreasedȱ0.20Mȱtoȱ0.50Mȱ(OhashiȱandȱErickson,ȱ2011).ȱ
Tableȱ6:ȱRgȱcomparisonȱofȱHisȬFNIII(1Ȭ2)ȱandȱFNIII(1Ȭ2)ȱ
FibronectinȱVariantȱ Rgȱinȱ0.15MȱNaClȱ Rgȱinȱ0.50MȱNaClȱ
HisȬFNIII(1Ȭ2)ȱ 28.1ȱ±ȱ0.9ȱÅȱ 30.3ȱ±ȱ0.9ȱÅȱ
FNIII(1Ȭ2)ȱ 25.9ȱ±ȱ0.04ȱÅȱ 27.8ȱ±ȱ0.04ȱÅȱ

PresentedȱinȱFigureȱ39ȱisȱaȱsummaryȱofȱtheȱresultsȱfromȱtheȱlastȱstageȱofȱtheȱSAXSȱ
analysisȱofȱFNIII(1Ȭ2):ȱenumerationȱofȱaȱminimalȱensembleȱconsistentȱwithȱtheȱSAXSȱdata.ȱ
Interestingly,ȱthereȱisȱveryȱlittleȱdifferenceȱinȱtheȱRgȱandȱDmaxȱdistributionsȱthatȱbestȱfitȱ
theȱ0.15Mȱandȱ0.50MȱSAXSȱdataȱ(Figureȱ39CȬE).ȱTheȱaverageȱRgȱofȱtheȱ0.15Mȱminimalȱ
ensembleȱisȱ27.3Å,ȱandȱtheȱaverageȱRgȱofȱtheȱ0.50Mȱminimalȱensembleȱisȱ28.4Å.ȱTheȱ
differenceȱinȱtheȱaverageȱRgȱcalculatedȱbyȱtheȱGuinierȱanalysisȱandȱthatȱcalculatedȱfromȱ
theȱminimalȱensemblesȱcanȱbeȱexplainedȱbyȱtheȱrelativelyȱnoisyȱandȱfeaturelessȱSAXSȱ
data.ȱItȱisȱpossibleȱthatȱmanyȱdifferentȱensemblesȱwithȱaȱwideȱrangeȱofȱRgsȱcanȱbeȱfitȱ
equallyȱwellȱtoȱtheȱSAXSȱdata.ȱAdditionalȱdataȱisȱneededȱtoȱverifyȱtheȱFNIII(1Ȭ2)ȱSAXSȱ
ensembleȱmodelingȱresults.ȱNevertheless,ȱtheȱbreadthȱofȱtheȱRgȱandȱDmaxȱdistributions,ȱasȱ
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wellȱasȱtheȱaverageȱRg,ȱinȱbothȱsolutionȱconditionsȱsuggestsȱthat,ȱonȱaverage,ȱFNIII(1Ȭ2)ȱ
populatesȱanȱexpandedȱconformation.ȱȱ
ȱȱ
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ȱ
Figureȱ39:ȱMinimalȱensembleȱanalysisȱofȱFNIII(1Ȭ2)ȱinȱ0.15Mȱandȱ0.5MȱNaCl.ȱA)ȱ
FitȱofȱtheȱaggregateȱminimalȱSAXSȱprofileȱfromȱtheȱminimalȱensembleȱ(red)ȱtoȱtheȱ
0.15MȱSAXSȱdataȱ(black).ȱResidualsȱareȱbelowȱtheȱplot.ȱB)ȱFitȱofȱtheȱaggregateȱ
minimalȱSAXSȱprofileȱfromȱtheȱminimalȱensemblesȱ(red)ȱtoȱtheȱ0.50MȱSAXSȱdataȱ
ȱȱ
167
(black).ȱResidualsȱareȱbelowȱtheȱplot.ȱC)ȱTheȱRgȱdistributionȱofȱtheȱbestȱfitȱminimalȱ
ensembleȱ(red)ȱtoȱtheȱ0.15MȱSAXSȱdataȱandȱtheȱparentȱensembleȱ(black).ȱD)ȱTheȱRgȱ
distributionȱofȱtheȱbestȱfitȱminimalȱensemblesȱ(red)ȱtoȱtheȱ0.50MȱSAXSȱdataȱandȱtheȱ
parentȱensembleȱ(black).ȱE)ȱTheȱDmaxȱdistributionȱofȱtheȱbestȱfitȱminimalȱensemblesȱ
(red)ȱtoȱtheȱ0.15MȱSAXSȱdataȱandȱtheȱparentȱensembleȱ(black).ȱF)ȱTheȱDmaxȱ
distributionȱofȱtheȱbestȱfitȱminimalȱensemblesȱ(red)ȱtoȱtheȱ0.50MȱSAXSȱdataȱandȱtheȱ
parentȱensembleȱ(black).ȱTheȱensembleȱmodelingȱresultsȱindicateȱthatȱatȱbothȱ0.15Mȱ
NaClȱandȱ0.5MȱNaClȱtheȱconformationalȱspaceȱofȱFNIII(1Ȭ2)ȱisȱveryȱlarge.ȱ
ȱ
5.4 Discussion 
TheȱensembleȱmodelingȱresultsȱforȱbothȱHisȬFNIII(1Ȭ2)ȱ0.15Mȱandȱ0.50MȱNaClȱ
SAXSȱdataȱandȱFNIII(1Ȭ2)ȱ0.15Mȱandȱ0.50MȱNaClȱSAXSȱdata,ȱcombinedȱwithȱtheȱanalysisȱ
inȱsectionsȱ5.2.1Ȭ5.2.3,ȱdemonstrateȱthatȱwhenȱtheȱionicȱstrengthȱofȱtheȱsolutionȱincreases,ȱ
theȱconformationalȱspaceȱexploredȱbyȱtheȱFNIII(1Ȭ2)ȱstatisticalȱconformationȱalsoȱ
expands.ȱTheȱmostȱcompactȱstatisticalȱconformationȱisȱobservedȱinȱ0MȱNaClȱandȱtheȱ
theoreticalȱSAXSȱprofileȱderivedȱfromȱtheȱNMRȱstructuralȱensembleȱisȱconsistentȱwithȱ
theȱSAXSȱdataȱinȱ0MȱNaCl.ȱ
Weȱmustȱask,ȱwhatȱareȱtheȱcontributingȱpropertiesȱofȱtheȱproteinȱandȱsolutionȱ
thatȱresultȱinȱthisȱobservedȱexpansionȱofȱconformationalȱspace?ȱBothȱsolvationȱandȱ
chargeȬscreeningȱofȱtheȱinterfaceȱbetweenȱtheȱtwoȱdomainsȱandȱtheȱ35ȱresidueȱlinkerȱcanȱ
contributeȱtoȱexpansionȱofȱconformationalȱspace.ȱ
Mostȱlikely,ȱelectrostaticȱinteractionsȱatȱtheȱinterfaceȱofȱFNIIIȱdomainsȱ1ȱandȱ2ȱ
helpȱtoȱstabilizeȱtheȱinterfaceȱatȱlowȱionicȱstrengths.ȱAtȱpHȱ7.4ȱtheȱoverallȱnetȱchargeȱofȱ
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domainȱ1ȱisȱpositiveȱ(pIȱ=ȱ9.45)ȱandȱtheȱoverallȱnetȱchargeȱofȱdomainȱ2ȱisȱnegativeȱ(pIȱ
=3.79).ȱAsȱtheȱionicȱstrengthȱofȱtheȱsolutionȱincreasesȱtheȱresultantȱionicȱscreeningȱshouldȱ
destabilizeȱtheȱsaltȱbridgeȱthatȱmayȱbeȱpresentȱatȱlowȱionicȱstrength.ȱCampbellȱandȱ
colleaguesȱfitȱtheȱinitialȱNMRȱdataȱtoȱtwoȱdifferentȱmodels:ȱoneȱinȱwhichȱaȱsaltȬbridgeȱ
stabilizesȱtheȱinteractionsȱbetweenȱdomainsȱ1ȱandȱ2,ȱandȱanotherȱmodelȱinȱwhichȱotherȱ
nonȬspecificȱchargeȱinteractionsȱconstrainȱandȱstabilizeȱtheȱcompactȱconformation.ȱTheȱ
observedȱNOEsȱwereȱsmallȱandȱtheȱinitialȱNOEȱandȱRDCȱdataȱwereȱambiguous,ȱ
resultingȱinȱtwoȱmodelsȱthatȱfitȱtheȱdataȱequallyȱwell.ȱItȱisȱpossibleȱthatȱtheȱobservedȱ
NOEsȱwereȱtheȱresultȱofȱtransientȱdomain:domainȱinteractions.ȱByȱusingȱtheȱNOEsȱasȱ
distanceȱconstraints,ȱtheȱresearchersȱmayȱhaveȱbeenȱbiasingȱtheȱdataȱtowardȱcompactȱ
conformations,ȱwhen,ȱinȱreality,ȱtheȱFNIII(1Ȭ2)ȱstatisticalȱconformationȱmayȱbeȱcomposedȱ
ofȱconformersȱlackingȱdomain:domainȱinteractionsȱinȱadditionȱtoȱcompactȱconformers.ȱȱ
Theȱ0MȱNaClȱSAXSȱresultsȱareȱconsistentȱwithȱtheȱNMRȱdataȱcollectedȱinȱ0.15Mȱ
NaClȱsuggestingȱthatȱatȱveryȱlowȱionicȱstrength,ȱaȱcompactȱregionȱofȱconformationalȱ
spaceȱisȱpopulated.ȱHowever,ȱonceȱtheȱionicȱstrengthȱisȱincreasedȱtoȱnearȬphysiologicalȱ
ionicȱstrength,ȱtheȱchargedȱionsȱcouldȱbeȱshieldingȱsurfaceȱchargesȱofȱtheȱdomains,ȱ
resultingȱinȱanȱexpandedȱstatisticalȱconformation.ȱ
Chargeȱshieldingȱinȱtheȱlinkerȱregionȱcouldȱalsoȱbeȱresponsibleȱforȱtheȱobservedȱ
expansionȱofȱtheȱstatisticalȱconformation,ȱparticularlyȱinȱhigherȱionicȱstrengthȱ
conditions.ȱHowever,ȱgivenȱtheȱpaucityȱofȱionizedȱgroupsȱinȱtheȱlinker,ȱtheȱimpactȱofȱ
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chargeȱshieldingȱisȱexpectedȱtoȱbeȱminimal.ȱTheȱsequenceȱofȱtheȱ35ȱresidueȱlinkerȱisȱ
presentedȱbelowȱinȱTableȱ7.ȱTheȱchargedȱresiduesȱareȱhighlightedȱred.ȱTheȱcompositionȱ
ofȱtheȱlinkerȱisȱpolarȱandȱtheȱfractionȱofȱchargedȱresiduesȱ(FCR)ȱisȱ0.08,ȱsuggestingȱthatȱ
theȱlinkerȱisȱmostȱlikelyȱinȱaȱcoilȱconformationȱinsteadȱofȱaȱcollapsedȱglobuleȱ(Dasȱandȱ
Pappu,ȱ2013).ȱTherefore,ȱtheȱinterȬdomainȱlinkerȱisȱaȱweakȱpolyampholyte.ȱItȱisȱunlikelyȱ
thatȱanȱincreaseȱinȱionicȱstrengthȱresultsȱinȱanȱexpansionȱofȱtheȱinterȬdomainȱlinker.ȱ
Tableȱ7:ȱTheȱsequenceȱofȱtheȱinterȬdomainȱlinkerȱ
SequenceȱofȱtheȱInterdomainȱLinkerȱ
TȱSȱTȱSȱTȱPȱVȱTȱSȱNȱTȱVȱTȱGȱEȱTȱTȱPȱFȱSȱPȱLȱVȱAȱTȱSȱEȱSȱVȱTȱEȱIȱTȱAȱSȱSȱ
ȱ
Thus,ȱtheȱexpansionȱofȱtheȱFNIII(1Ȭ2)ȱasȱaȱfunctionȱofȱionicȱstrengthȱcouldȱbeȱ
reflectiveȱofȱtheȱrelativeȱpopulationsȱofȱtwoȱdistinctȱstatisticalȱconformations:ȱoneȱ
compactȱconformationȱwhereȱelectrostaticȱinteractionsȱbetweenȱdomainsȱconstrainȱtheȱ
conformationalȱspaceȱofȱtheȱproteinȱandȱanotherȱsetȱofȱexpandedȱconformationsȱthatȱ
resultsȱfromȱchargeȱscreeningȱofȱtheȱdomains.ȱOnceȱtheȱexpandedȱconformationalȱ
ensembleȱisȱfullyȱpopulated,ȱstericȱconstraintsȱmayȱbeȱtheȱdominantȱconstraintsȱonȱtheȱ
statisticalȱconformation.ȱBecauseȱtheȱensembleȬaveragedȱdimensionsȱofȱbothȱstatisticalȱ
conformationsȱareȱsoȱsimilar,ȱitȱisȱunlikelyȱthatȱtheȱdistinctȱpopulationsȱcouldȱbeȱ
distinguishedȱbyȱmeansȱofȱotherȱbiophysicalȱtechniquesȱlikeȱsizeȬexclusionȱ
chromatographyȱorȱglycerolȱgradientȱsedimentation.ȱHowever,ȱfutureȱSAXSȱstudiesȱofȱ
FNIII(1Ȭ2)ȱatȱhigherȱNaClȱconcentrationsȱcouldȱvalidateȱthisȱmodel.ȱ
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5.5 Methods 
6$;6VDPSOHSUHSDUDWLRQ
TheȱproteinsȱusedȱinȱthisȱstudyȱwereȱexpressedȱandȱpurifiedȱbyȱRiddhiȱShahȱandȱ
TomooȱOhashi.ȱFollowingȱpurificationȱtheȱproteinsȱwereȱflashȱfrozenȱinȱliquidȱnitrogenȱ
andȱstoredȱatȱȬ80ɃC.ȱTheȱproteinȱsamplesȱTheȱproteinsȱwereȱthawedȱandȱdialyzedȱagainstȱ
0.01ȱMȱHEPES,ȱpHȱ7.4,ȱ0.001ȱMȱDTT,ȱandȱinȱeitherȱ0Mȱ,ȱ0.15Mȱorȱ0.50ȱMȱNaClȱforȱ6ȱ
hoursȱatȱroomȱtemperatureȱusingȱaȱ3500ȱDaȱMWCOȱmicroȬdialysisȱunitȱ(Pierce).ȱ
SAXSȱdataȱofȱtheȱHisȬFNIII(1Ȭ2)ȱconstructsȱwereȱcollectedȱatȱtheȱAdvancedȱLightȱ
SourceȱatȱArgonneȱNationalȱLabs.ȱForȱALSȱdataȱcollection,ȱsamplesȱwereȱcentrifugedȱatȱ
16,000ȱxȱgȱforȱ20ȱminutesȱandȱthenȱtheȱconcentrationȱofȱeachȱsampleȱwasȱcalculatedȱbyȱ
A280.ȱSamplesȱwereȱdilutedȱtoȱaȱconcentrationȱofȱ5ȱmg/ml,ȱ2.5ȱmg/mlȱorȱ1.25ȱmg/mlȱusingȱ
dialysate.ȱTheȱsamplesȱwereȱstoredȱatȱ4°ȱCȱforȱnoȱmoreȱthanȱ24ȱhours.ȱ
SAXSȱdataȱofȱtheȱFNIII(1Ȭ2)ȱconstructsȱwereȱcollectedȱatȱDukeȱUniversityȱonȱtheȱ
Ganeshaȱsystem.ȱJustȱpriorȱtoȱdataȱcollectionȱeachȱsampleȱwasȱcentrifugedȱatȱ16,000ȱxȱgȱ
forȱ20ȱminutesȱandȱtheȱconcentrationȱwasȱcalculatedȱbyȱA280.ȱSamplesȱwereȱdilutedȱtoȱaȱ
finalȱconcentrationȱofȱ1ȱmg/ml,ȱusingȱdialysate.ȱ
6$;6GDWDDFTXLVLWLRQDQGDQDO\VLV
Dataȱwereȱcollectedȱatȱbeamlineȱ12.3.1ȱ(SIBYLS)ȱatȱtheȱAdvancedȱLightȱSource,ȱ
LawrenceȱBerkeleyȱNationalȱLabs,ȱandȱatȱDukeȱUniversityȱonȱtheȱGaneshaȱsystem.ȱ
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AtȱtheȱSIBYLSȱbeamline,ȱ25ȱΐLȱofȱ5mg/ml,ȱ2.5ȱmg/mlȱorȱ1.25ȱmg/mlȱproteinȱ
samplesȱwereȱloadedȱintoȱaȱsampleȱcellȱandȱthenȱexposedȱforȱ0.5,ȱ1,ȱorȱ4ȱsecondsȱatȱanȱ
energyȱofȱ12ȱkEV,ȱwithȱaȱsampleȬtoȬdetectorȱdistanceȱofȱ1.5ȱM,ȱcorrespondingȱtoȱaȱqȬ
rangeȱofȱ0.01ȱȬȱ0.32ȱÅȬ1.ȱDataȱwereȱcollectedȱfromȱanȱidenticalȱbufferȱsample,ȱusingȱ
dialysateȱfromȱtheȱequilibriumȱdialysis,ȱforȱeachȱproteinȱsampleȱusingȱidenticalȱdataȱ
collectionȱconditions.ȱAllȱdataȱwereȱcollectedȱatȱ10°ȱC.ȱBeamlineȱspecificȱsoftwareȱwasȱ
usedȱtoȱreduceȱtheȱdataȱandȱsubtractȱtheȱbufferȱsignalȱtoȱgenerateȱfinalȱscatteringȱdataȱforȱ
eachȱproteinȱsample.ȱ
OnȱtheȱGaneshaȱsystemȱdataȱ75ȱuLofȱ1.1mg/mlȱproteinȱsamplesȱwereȱloadedȱintoȱ
theȱsampleȱcapillaryȱandȱthenȱexposedȱforȱ5.5ȱhoursȱatȱanȱenergyȱofȱ8.027ȱkEV,ȱatȱaȱqȬ
rangeȱofȱ0.015ȱ–ȱ0.25ȱÅȬ1.ȱDataȱfromȱidenticalȱbufferȱsamplesȱfromȱtheȱdialysateȱwereȱ
collectedȱforȱeachȱproteinȱsample.ȱAllȱdataȱwereȱcollectedȱatȱ10°ȱC.ȱDataȱwereȱreducedȱ
usingȱtheȱSAXSGuiȱpackageȱ(www.saxsgui.com).ȱ1333ȱindividualȱdataȬsetsȱofȱ15ȱsecondȱ
exposureȱeachȱforȱeachȱproteinȱwereȱaveragedȱinȱSAXSGuiȱandȱtheȱbufferȱsignalȱwasȱ
subtractedȱfromȱtheȱdataȱsignalȱusingȱPRIMUSȱ(Konarevȱetȱal.,ȱ2003)ȱtoȱgenerateȱfinalȱ
scatteringȱdataȱforȱeachȱproteinȱsample.ȱ
GuinierȱanalysisȱforȱeachȱconstructȱwasȱperformedȱusingȱPRIMUSȱtoȱdetermineȱ
theȱradiusȱofȱgyrationȱandȱI(0).ȱTheȱbarbellȱpolymerȱmodelȱwasȱfitȱtoȱtheȱscatteringȱdataȱ
usingȱaȱnonlinearȱleastȱsquaresȱfittingȱalgorithmȱimplementedȱinȱMathematicaȱ9.ȱ95%ȱ
confidenceȱintervalsȱandȱstandardȱerrorsȱwereȱcalculatedȱinȱMathematicaȱ9.ȱComparisonȱ
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ofȱpolymerȱmodelsȱandȱfitȱofȱtheȱmodelsȱtoȱtheȱexperimentalȱSAXSȱdataȱwasȱperformedȱ
inȱSASView.ȱCalculationȱofȱtheȱΛ2ȱstatisticȱforȱallȱmodelsȱwasȱperformedȱinȱMathematicaȱ
9ȱusingȱtheȱreducedȱΛ2ȱstatisticȱreportedȱbyȱSvergunȱinȱ1995ȱ(Svergunȱetȱal.,ȱ1995).ȱ
(QVHPEOH0RGHOLQJ
CalculationȱofȱtheȱaggregateȱscatteringȱprofileȱfromȱtheȱNMRȱstructuralȱensembleȱ
wasȱperformedȱinȱCRYSOLȱ(Svergunȱetȱal.,ȱ1995)ȱandȱconstrainedȱagainstȱtheȱSAXSȱdata.ȱ
CalculationȱofȱtheȱΛ2ȱstatisticȱofȱtheȱfitȱofȱtheȱaggregateȱscatteringȱcurveȱtoȱtheȱdataȱwasȱ
performedȱinȱMathematicaȱ9.ȱ
Generationȱofȱtheȱ10,000ȱmemberȱparentȱensembleȱwasȱperformedȱinȱRanCHȱ
(partȱofȱtheȱEOMȱsuiteȱofȱprogramsȱ(Bernadoȱetȱal.,ȱ2007)).ȱ2HA1.1ȱwasȱusedȱtoȱgenerateȱ
theȱpdbȱmodelȱofȱtheȱrigidȱdomains.ȱRanCHȱgeneratedȱ10,000ȱstructuresȱinȱrandomȱcoilȱ
mode.ȱTheȱexperimentalȱSAXSȱdataȱwasȱusedȱtoȱconstrainȱtheȱcalculationȱofȱtheȱminimalȱ
ensemblesȱinȱGAJOE.ȱ1000ȱgenerationsȱwereȱperformedȱforȱeachȱGAJOEȱcycle,ȱandȱtheȱ
bestȱfitȱensemblesȱfromȱ100ȱcyclesȱwereȱcompared,ȱandȱtheȱensembleȱwithȱtheȱlowestȱΛ2ȱ
statisticȱwasȱreported.ȱ
ȱ ȱ
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&RQFOXVLRQVDQG)XWXUH'LUHFWLRQV
Inȱtheȱprecedingȱchapters,ȱIȱhaveȱhighlightedȱtheȱusefulnessȱofȱpolymerȱphysicsȱ
analysisȱandȱtheȱjudiciousȱuseȱofȱensembleȱmodelingȱtoȱdescribeȱtheȱstatisticalȱ
conformationȱofȱhighlyȬflexibleȱproteins.ȱAfterȱprovidingȱanȱintroductionȱtoȱSAXS,ȱIȱ
reviewedȱtheȱcommonȱmodelingȱmethodsȱusedȱtoȱinterpretȱSAXSȱdataȱandȱtheirȱbenefitsȱ
andȱlimitations.ȱThenȱIȱshowedȱhowȱaȱSAXSȱanalysisȱofȱfourȱdifferentȱproteinsȱcanȱyieldȱ
significantȱinformationȱaboutȱtheirȱsolutionȱconformations.ȱInȱallȱtheseȱexamples,ȱaȱ
polymerȱmodelingȱstepȱwasȱaddedȱtoȱtheȱtraditionalȱSAXSȱanalysisȱprotocol,ȱandȱIȱ
showedȱhowȱthisȱanalysisȱcouldȱcomplementȱexistingȱensembleȱandȱrigidȱbodyȱ
modelingȱmethods.ȱMoreȱimportantly,ȱIȱshowedȱhowȱaȱpolymerȱphysicsȱmodelȱofȱtheȱ
SAXSȱdataȱcouldȱprovideȱstatisticalȱinformationȱaboutȱtheȱconformationȱofȱaȱproteinȱthatȱ
wasȱminimallyȱparameterizedȱandȱpreferableȱtoȱensembleȬbasedȱmodeling,ȱwhichȱmayȱ
overȬfitȱtheȱexperimentalȱdata.ȱ
ThoughȱSAXSȱisȱaȱlowȬinformationȬcontentȱtechnique,ȱitȱisȱaȱtoolȱthatȱcanȱaddressȱ
someȱstructuralȱproblemsȱbetterȱthanȱstandardȱNMRȱorȱcrystallographicȱmethods.ȱItȱisȱaȱ
snapshotȱofȱtheȱthermodynamicȱshapeȱofȱanȱensembleȱthatȱcanȱbeȱappliedȱtoȱaȱwideȱ
varietyȱofȱsolutionȱconditions,ȱtemperature,ȱandȱparticleȱsizes,ȱsomeȱofȱwhichȱmayȱnotȱbeȱ
accessibleȱinȱxȬrayȱcrystallographyȱorȱNMR.ȱInȱflexibleȱsystems,ȱtheȱSAXSȱsignalȱdoesȱ
notȱbroadenȱorȱattenuateȱlikeȱNMRȱsignalsȱsoȱitȱtrulyȱcapturesȱstructuralȱinformationȱ
aboutȱtheȱentireȱthermodynamicȱstateȱofȱtheȱflexibleȱprotein.ȱȱ
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AsȱSAXSȱbecomesȱmoreȱaccessibleȱtoȱtheȱstructuralȱbiologyȱcommunity,ȱitȱisȱ
developingȱintoȱaȱmainstreamȱmethodȱusedȱtoȱvalidateȱstructuralȱmodelsȱobtainedȱfromȱ
NMRȱorȱcrystallographyȱstudies.ȱItȱisȱalsoȱusedȱtoȱconstructȱabȱinitioȱmodelsȱofȱproteinsȱ
andȱproteinȱcomplexesȱwhereȱnoȱatomisticȱstructureȱexists.ȱHowever,ȱasȱtheȱresearchȱ
presentedȱhereȱhighlights,ȱdescribingȱtheȱ“structure”ȱofȱaȱproteinȱbyȱsmallȬangleȱ
scatteringȱisȱnotȱstraightforward.ȱCareȱmustȱbeȱtakenȱtoȱinsureȱthatȱtheȱmodelȱisȱ
consistentȱwithȱtheȱlowȱinformationȱcontentȱofȱtheȱtechnique.ȱMinimallyȱparameterizedȱ
models,ȱsuchȱasȱpolymerȱphysicsȱmodels,ȱmoreȱaccuratelyȱreflectȱtheȱinformationȱ
contentȱofȱtheȱdataȱthanȱhighlyȱparameterizedȱmethodsȱthatȱenumerateȱaȱminimalȱ
ensemble.ȱSinceȱSAXSȱanalysisȱisȱbecomingȱmoreȱautomatedȱandȱ“blackȬbox”ȱ(Franke,ȱ
2012;ȱHuraȱetȱal.,ȱ2009),ȱitȱisȱmoreȱimportantȱthanȱeverȱtoȱdevelopȱmethodsȱthatȱvalidateȱ
proteinȱstructuresȱresultingȱfromȱaȱSAXSȱanalysis.ȱItȱisȱalsoȱimportantȱwhenȱaȱSAXSȬ
basedȱmodelȱisȱpublished,ȱthatȱtheȱinherentȱlimitationsȱofȱtheȱmodelȱareȱunderstoodȱandȱ
discussed.ȱIȱhaveȱattemptedȱtoȱdoȱthisȱinȱthisȱmanuscript.ȱ
Inȱtheȱfuture,ȱtheȱintegrationȱofȱSAXSȱanalysisȱwithinȱNMRȱandȱcrystallographyȱ
structureȱrefinementȱprogramsȱwillȱallowȱresearchersȱtoȱtakeȱadvantageȱofȱtheȱuniqueȱ
informationȱthatȱcomesȱfromȱSAXSȱdataȱwhileȱatȱtheȱsameȱtimeȱusingȱtheseȱotherȱ
techniquesȱtoȱgenerateȱandȱvalidateȱanȱatomisticȱmodelȱrepresentativeȱofȱtheȱsolutionȱ
conformationȱofȱtheȱmolecule.ȱSAXSȱconstraintsȱareȱalreadyȱimplementedȱinȱtwoȱNMRȱ
refinementȱprograms:ȱXPLORȬNIHȱ(Schwietersȱetȱal.,ȱ2003)ȱandȱFlexibleȬMeccanoȱ
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(Ozenneȱetȱal.,ȱ2012).ȱHowever,ȱtheȱonlyȱSAXSȬderivedȱinformationȱthatȱtheseȱtwoȱ
programsȱuseȱinȱstructureȱrefinementȱisȱtheȱensembleȬaveragedȱradiusȱofȱgyration.ȱAsȱIȱ
haveȱshown,ȱmuchȱmoreȱinformationȱcanȱbeȱdeterminedȱaboutȱtheȱstatisticalȱ
conformationȱthanȱsolelyȱtheȱaverageȱRg.ȱIȱwouldȱlikeȱtoȱexploreȱtheȱpossibilityȱofȱusingȱ
otherȱparametersȱdeterminedȱfromȱaȱpolymerȱphysicsȱSAXSȱanalysisȱinȱNMRȱstructureȱ
refinementȱofȱhighlyȱflexibleȱproteins.ȱForȱexample,ȱifȱaȱproteinȱcanȱbeȱdescribedȱasȱanȱ
excludedȱvolumeȱGaussianȱcoil,ȱthenȱtheȱFloryȱcoefficientȱandȱpersistenceȱlengthȱcanȱbeȱ
twoȱmoreȱparametersȱthatȱareȱusedȱinȱstructuralȱrefinement.ȱ
AnotherȱareaȱofȱfutureȱSAXSȱdevelopmentȱisȱinȱtheȱpredictionȱofȱscatteringȱ
profilesȱfromȱatomisticȱmodels.ȱAsȱIȱshowedȱinȱChapterȱ2,ȱcurrentȱpredictionȱprogramsȱ
cannotȱpredictȱtheȱscatteringȱprofileȱofȱanȱatomisticȱmodelȱwhenȱtheȱprogramȱdoesȱnotȱ
useȱtheȱexperimentalȱSAXSȱdataȱasȱaȱconstraint.ȱInstead,ȱtheȱsoftwareȱusesȱanȱadjustableȱ
hydrationȱlayerȱparameterȱtoȱoptimizeȱtheȱfitȱofȱtheȱtheoreticalȱprofileȱtoȱtheȱdata.ȱInȱ
theory,ȱhowever,ȱitȱshouldȱbeȱpossibleȱtoȱgenerateȱtheoreticalȱscatteringȱprofileȱ
unconstrainedȱbyȱtheȱdataȱthatȱaccuratelyȱpredictsȱtheȱexperimentalȱdata.ȱThisȱisȱoneȱ
areaȱofȱresearchȱIȱhopeȱtoȱexploreȱduringȱmyȱpostdoctoralȱtraining.ȱ
Inȱorderȱforȱtheȱpredictionȱmethodsȱtoȱbeȱimproved,ȱresearchersȱneedȱaccessȱtoȱaȱ
largeȱamountȱofȱexperimentalȱdataȱonȱwhichȱtoȱtestȱtheirȱalgorithms.ȱUnfortunately,ȱ
mostȱofȱtheȱpredictionȱprogramsȱareȱonlyȱtestedȱonȱinȱsilicoȱsimulatedȱSAXSȱresultsȱorȱonȱ
aȱsmallȱnumberȱ(<10)ȱofȱexperimentalȱdatasets.ȱSinceȱ2000ȱthereȱhasȱbeenȱanȱexplosionȱinȱ
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theȱnumberȱofȱpublicationsȱperȱyearȱthatȱcontainȱaȱscatteringȱanalysisȱ(Figureȱ40).ȱ
However,ȱthereȱareȱonlyȱ77ȱSAXSȱdatasetsȱofȱproteinsȱandȱnucleicȱacidsȱavailableȱinȱ
publicȱdatabasesȱ(www.bioisis.net,ȱ(Varadiȱetȱal.,ȱ2013).ȱUntilȱdepositionȱofȱdataȱinȱ
publicȱdatabasesȱisȱmandated,ȱitȱwillȱbeȱveryȱhardȱtoȱtestȱanyȱtypeȱofȱSAXSȱstructuralȱ
refinementȱsoftwareȱagainstȱexperimentalȱdata.ȱ
ȱ
Figureȱ40:ȱTheȱnumberȱofȱpublicationsȱperȱyearȱthatȱcontainȱtheȱkeyȱwordsȱ
“smallȱangle”ȱandȱ“scattering”ȱinȱtheȱPubMedȱdatabaseȱ
(www.ncbi.nlm.nih.gov/pubmed/).ȱ
ȱ
Inȱconclusion,ȱSAXSȱanalysisȱofȱhighlyȱflexibleȱproteinsȱcanȱyieldȱimportantȱ
informationȱaboutȱtheȱstatisticalȱconformationȱthatȱisȱinaccessibleȱbyȱotherȱstructuralȱ
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biologyȱtechniques.ȱHowever,ȱwhenȱfittingȱmodelsȱtoȱtheȱexperimentalȱSAXSȱdata,ȱitȱisȱ
importantȱtoȱstartȱwithȱminimallyȱparameterizedȱmodelsȱandȱonlyȱincreaseȱtheȱnumberȱ
ofȱparametersȱinȱtheȱmodelȱwhenȱdoingȱsoȱisȱsupportedȱbyȱtheȱdata.ȱ ȱ
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$SSHQGL[$7UDQVIRUPDWLRQRI&DUWHVLDQFRRUGLQDWHVWR
VSKHULFDOSRODUFRRUGLQDWHV
TheȱpurposeȱofȱthisȱsectionȱisȱtoȱderiveȱtheȱtransformationȱofȱCartesianȱ
coordinatesȱtoȱsphericalȱpolarȱcoordinatesȱinȱorderȱtoȱproveȱequationȱ1.21.ȱȱ
ȱ
Theȱrelationshipȱbetweenȱtheȱcoordinateȱsystemsȱis:ȱ
ݔ ൌ ݎ  ߠ ߔȱ ȱ ȱ ȱ ȱ ȱ A.1ȱ
ݕ ൌ ݎ  ߠ ߔȱ ȱ ȱ ȱ ȱ ȱ A.2ȱ
ݖ ൌ ݎ  ߠȱ ȱ ȱ ȱ ȱ ȱ ȱ A.3ȱ
Nowȱweȱdefineȱx,y,zȱasȱfunctionsȱofȱr,Ό,Π:ȱ
ݔ ൌ ݂ሺǡ Ʌǡ Ȱሻ ൌ ݎ  ߠ ߔȱ ȱ ȱ ȱ ȱ A.4ȱ
ݕ ൌ ݃ሺǡ Ʌǡ Ȱሻ ൌ ݎ  ߠ ߔȱ ȱ ȱ ȱ ȱ A.5ȱ
ݖ ൌ ݄ሺǡ Ʌǡ Ȱሻ ൌ ݎ  ߠȱ ȱ ȱ ȱ ȱ A.6ȱ
Theȱvolumeȱelement,ȱdVȱinȱCartesianȱcoordinatesȱisȱ
ܸ݀ ൌ ݀ݔ݀ݕ݀ݖȱȱ ȱ ȱ ȱ ȱ ȱ A.7ȱ
Andȱtheȱvolumeȱisȱcalculatedȱusingȱaȱtripleȱintegral:ȱ
ܸ݋݈ݑ݉݁ ൌ ׬ ׬׬ܨሺݔǡ ݕǡ ݖሻ݀ݔ݀ݕ݀ݖȱ ȱ ȱ ȱ A.8ȱ
Similarly,ȱtheȱvolumeȱelementȱinȱsphericalȱpolarȱcoordinatesȱisȱcalculatedȱusingȱaȱtripleȱ
integral:ȱ
ܸ݋݈ݑ݉݁ ൌ ׬ ׬׬ܩሺǡ Ʌǡ Ȱሻȁܬȁ݀ݎ݀ߠ݀ߔȱȱ ȱ ȱ A.9ȱ
ȱȱ
179
Inȱequationȱ9,ȱdVȱthereforeȱis:ȱ
ܸ݀ ൌ ȁܬȁ݀ݎ݀ߠ݀ߔȱ ȱ ȱ ȱ ȱ ȱȱȱȱȱȱȱȱȱȱȱA.10ȱ
ȁܬȁisȱtheȱabsoluteȱvalueȱofȱtheȱJacobianȱthatȱtransformsȱfromȱtheȱCartesianȱcoordinateȱtoȱ
theȱsphericalȱpolarȱcoordinateȱsystem.ȱInȱorderȱtoȱsolveȱforȱdV,ȱitȱisȱnecessaryȱtoȱderiveȱ
ȁܬȁ.ȱFirstȱweȱstateȱtheȱdeterminantȱofȱtheȱmatrixȱthatȱtransformsȱ݀ݔ݀ݕ݀ݖȱintoȱ݀ݎ݀ߠ݀ߔǣȱ
݀ݔ ൌ ఋ௙ሺ୰ǡ஘ǡ஍ሻఋ௥ ݀ݎ ൅
ఋ௙ሺ୰ǡ஘ǡ஍ሻ
ఋఏ ݀ߠ ൅
ఋ௙ሺ୰ǡ஘ǡ஍ሻ
ఋః ݀ߔȱ ȱ ȱ A.11ȱ
݀ݕ ൌ ఋ௚ሺ୰ǡ஘ǡ஍ሻఋ௥ ݀ݎ ൅
ఋ௚ሺ୰ǡ஘ǡ஍ሻ
ఋఏ ݀ߠ ൅
ఋ௚ሺ୰ǡ஘ǡ஍ሻ
ఋః ݀ߔȱ ȱ ȱ A.12ȱ
݀ݖ ൌ ఋ௛ሺ୰ǡ஘ǡ஍ሻఋ௥ ݀ݎ ൅
ఋ௛ሺ୰ǡ஘ǡ஍ሻ
ఋఏ ݀ߠ ൅
ఋ௛ሺ୰ǡ஘ǡ஍ሻ
ఋః ݀ߔȱ ȱ ȱ A.13ȱ
TheȱJacobianȱmatrixȱisȱsetȱupȱas:ȱ
ȁܬȁ ൌ ݀݁ݐ
ۉ
ۈ
ۇ
ఋ௙
ఋ௥
ఋ௙
ఋఏ
ఋ௙
ఋః
ఋ௚
ఋ௥
ఋ௚
ఋఏ
ఋ௚
ఋః
ఋ௛
ఋ௥
ఋ௛
ఋఏ
ఋ௛
ఋఃی
ۋ
ۊ
ȱ ȱ ȱ ȱ ȱ A.14ȱ
Toȱcalculateȱtheȱdeterminate:ȱ
݀݁ݐ อ
ܽ ܾ ܿ
݀ ݁ ݂
݃ ݄ ݅
อ ൌ ሺܽ݁݅ ൅ ܾ݂݃ ൅ ݄ܿ݀ሻ െ ሺܿ݁݃ ൅ ܾ݀݅ ൅ ݂݄ܽሻȱ ȱ ȱ
So,ȱ
݀݁ݐ ተተ
ఋ௙
ఋ௥
ఋ௙
ఋఏ
ఋ௙
ఋః
ఋ௚
ఋ௥
ఋ௚
ఋఏ
ఋ௚
ఋః
ఋ௛
ఋ௥
ఋ௛
ఋఏ
ఋ௛
ఋః
ተተ ൌ ቀ
ఋ௙
ఋ௥
ఋ௚
ఋఏ
ఋ௛
ఋః ൅
ఋ௙
ఋఏ
ఋ௚
ఋః
ఋ௛
ఋ௥ ൅
ఋ௙
ఋః
ఋ௚
ఋ௥
ఋ௛
ఋఏቁ െ ሺ
ఋ௙
ఋః
ఋ௚
ఋఏ
ఋ௛
ఋ௥ ൅
ఋ௙
ఋఏ
ఋ௚
ఋ௥
ఋ௛
ఋః ൅
ఋ௙
ఋ௥
ఋ௚
ఋః
ఋ௛
ఋఏሻȱ
ȱ A.15ȱ
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ȱ
ȱ
ȱ
Theȱfollowingȱderivativesȱareȱused:ȱ
ቀఋ௙ఋ௥ቁఏǡః ൌ  ߠ ߔȱ ȱ ቀ
ఋ௙
ఋఏቁ௥ǡః ൌ ݎ  ߠ ߔȱ ȱ ȱ ቀ
ఋ௙
ఋఃቁ௥ǡఏ ൌ െݎ  ߠ ߔȱ
ቀఋ௚ఋ௥ቁఏǡః ൌ  ߠ ߔȱ ȱ ቀ
ఋ௚
ఋఏቁ௥ǡః ൌ ݎ  ߠ ߔȱ ȱ ȱ ቀ
ఋ௚
ఋఃቁ௥ǡఏ ൌ ݎ  ߠ ߔȱ
ቀఋ௛ఋ௥ቁఏǡః ൌ  ߠȱ ȱ ȱ ቀ
ఋ௛
ఋఏቁ௥ǡః ൌ െݎ  ߠȱ ȱ ȱ ቀ
ఋ௛
ఋఃቁ௥ǡఏ ൌ Ͳȱ
ȱ
Thus,ȱȱ
ȁܬȁ ൌ ሺ ߠ ߔ כ ݎ  ߠ ߔ כ Ͳ ൅ ݎ  ߠ ߔ כ ݎ  ߠ ߔ כ  ߠ ൅ െݎ  ߠ ߔ
כ  ߠ ߔ כ െݎ  ߠሻ െ ሺെݎ  ߠ ߔ כ ݎ  ߠ ߔ כ  ߠ
൅ ݎ  ߠ ߔ כ  ߠ ߔ כ Ͳ ൅  ߠ ߔ כ ݎ  ߠ ߔ െ ݎ  ߠሻȱ
ȁܬȁ ൌ ሺͲ ൅ ݎଶ  ߠ ଶ ߠ ଶ ߔ ൅ ݎଶ ଷ ߠ ଶ ߔሻ െ ሺെݎଶ  ߠ ଶ ߠ ଶ ߔ ൅ Ͳ
െ ݎଶ ଷ ߠ ଶ ߔሻȱ
ȁܬȁ ൌ ݎଶ  ߠ ሺଶ ߠ ଶ ߔ ൅ ଶ ߠ ଶ ߔ ൅ ଶ ߠ ଶ ߔ ൅ ଶ ߠ ଶ ߔሻȱ ȱ A.16ȱ
ȱ
Usingȱtheȱidentityȱଶ ߠ ൅ ଶ ߠ ൌ ͳǣȱ
ȁܬȁ ൌ ݎଶ  ߠ ሺଶ ߠ ଶ ߔ ൅ ଶ ߔ ሺଶ ߠ ൅ ଶ ߠሻ ൅ ଶ ߠ ଶ ߔሻȱ ȱ A.17ȱ
ȁܬȁ ൌ ݎଶ  ߠ ሺଶ ߠ ଶ ߔ ൅ ଶ ߠ ଶ ߔ ൅ ଶ ߔሻȱȱ ȱ ȱ ȱ A.18ȱ
ȁܬȁ ൌ ݎଶ  ߠ ሺଶ ߔ ሺଶ ߠ ൅ ଶ ߠሻ ൅ ଶ ߔሻȱ ȱ ȱ ȱ ȱ A.19ȱ
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ȁܬȁ ൌ ݎଶ  ߠ ሺଶ ߔ ൅ ଶ ߔሻȱ ȱ ȱ ȱ ȱ ȱ ȱ A.20ȱ
ȁܬȁ ൌ ݎଶ  ߠȱ ȱ ȱ ȱ ȱ ȱ ȱ ȱ ȱ ȱ A.21ȱ
ȱ
Inȱequationȱ1.21,ȱweȱareȱintegratingȱoverȱtheȱwholeȱvolumeȱofȱr,ȱso,ȱ
݀࢘ ൌ ܸ݀ ൌ ݀ݔ݀ݕ݀ݖȱ
Whenȱthisȱisȱtransformedȱintoȱsphericalȱpolarȱcoordinates,ȱȱ
݀࢘ ൌ ܸ݀ ൌ ݎଶ  ߠ ݀ݎ݀ߠ݀ߔȱ ȱ ȱ ȱ A.22ȱ
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